The Area of the Cirele. . .

Presentation #3:

1,

2.

5.

Fresentation #4:

1.

2

3.

MEASTRING THE CIECUHFERENGCE

Show again the decagon and the cirecle. 1.
Recall the caleulation of the pecime-
ter of the decagon.

Give historical references to the 2.
search for "pl."” Archimedes cal-

culated the value of "pl™ betwesn

3 1/7 and 3 10/71, a remarkable calcu-
lation for hiz times.

THE SIMFLEST METHOD: Trace a straight 3.
line om the board. Take the LARGEST
CIRCLE (of 10 cm, diameter) and make a
mark at-a-certain point om the circom=
ferenoe, Mark also a point on the

line traced, Pot the marks togethar,
Then carefully ROLL THE CIRCLE ALONG
THE LINE., And mark the point on the
line where the merk on the circle again
touches the line; « .This line segment
is the measure of the circmmferance,

We know that the disseter of this eircle
iz 10 em, NELT WE WANT TO FIED OUT
HOW MANY DIAMETERS OF THIS CIRCLE ARE
CONTAINED IN THIS LINE SEGMENT.

o

¥e know how to calculate the perimeter
measurenent of this polvgem.

The length of the side X the mmber of
sides: aXn = P

How do we caleulate the circumference?
Bo one, in all the historical explor-
ation of man's mathematical work,

has been able to do it exactly.

We could take a string, pat it around
the cirele and then measuors the
string.

But this inaceurate method has another
defect: it will ba the measure of
onuly one circle, Every circle will
have a cireomference of a different
BEasure.

We CaAN DO STMILAR MEASUREMENT THAT
WILL GIVE U5 A COMPARISON BETWEEN

THE EIEEEEXEEVIHEEN CIRCTMPERENCE
OF THE CIRCLE AND THE DIAMETER:

What is the disseter?

It iz a line which croases tha ecirels,
pasaing through the center,

OBSERVATION:
mOTE,

I the line segment we have traced three dismeters and a fraetiom
At this point we are not interested in that exact fraction.

INTRODUCE RED (additional sturdy plastic) CIRCLES, a series which includes the

circles with diameters of 1, 2; 3, and & em.
which have diameters of 5, 6, 7, 8, and 9 cm,

WITH ALL NINE CIRCLES.

CORCLUSTION =

Add those cireles from the drawer
‘THE CHILD DOES THE ABOVE WOEE

For each cirele the digmeter Is contained in the corresponding cir-

cumference three times and a fraction more,

Establishing the Fractional Value of that Last Fart of the Line Ssgmend

BEetyrning to the circumference line of the 10 om, circle,
transfer the measure of the last fractionmal part to a |:|

gmall ecard.

Then, usiog that as the unit of peasure, discover how many times it is contained

in the dismeter of ome circle, as shown on the lina:
Therefore, it has a value of about 1/7 the
3 1/7 to express the ratio of the dismeter to the

something™ times in the disseter.
dismeter. S0 we can write:
cirevmforence,

SECOND METHOD OF ESTABLISHING THE FRACTIONAL WVALUE:
Since the diameter here is 10 em,, and

Hvide the dismeter inte 100 parta.

It is contained about 7 “and

A more accurate method.

the decimeter (10 cm.) corresponds to 100 mm., sach part will have the valoe

of 1 millimeter.
that it corpesponds te ABOUT 14 mm,

The comstant we have now comstructed is egqual to 3.14.
This i= a better and more accurate fractional walue 14

thans 3 1./7.

Uzing our previous measuring
0R 14,100 of the dismeter,

unit on the card, we discover
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The Area of the Circle. . .
Fresentation #4: Establishing the Fractionsl Value of the Line Segment, . .

4. Give the name "pf.”"

ROTE: There is published in the 1.5,
& book composed entirely of the compu-

ter-calenlated digits of pi. . .an

interesting item for the children, em-

rhasizing the fact that this nmmber

never finishes.

= 3.,18159, . . .

b,

For this wmlimited, irrational nuzber,
the Greeks chose the name *pi.* -
So instead of referring to the constant 1
as 3.15, we can say "pi” and we know

that we are naming a number which is

about 3.14.

We have discovered TWO DECIMAL NUMBERS

of thiz wmlimited decimal mmber-—

there are many many wmore digits.

HOTE: What numbers do we use to calculate 7 7 We can make a big circle, then
consider that polygon (of inereasing mumbers of sides) that is inscribed
in that circle and the polygen cireumseribed about it, The two provide
the limits for the fractional ealeulation; the greater number of sides
moving closer and closer to the actual value of 7

Presentation #5: Caleulating the circumfersnce

1: The problem: How can I cgleulate the 1,

ciresferenca?

THE STORY OF THE PYTHAGOREAN CIRCLE.

2. Lay cut all of the eircles in order,
vertically on the mat, diameters 1 -

10,

3. Taking the circles one at a time, ask 3,
the children to give the circumference:

writing in their notebooks, . .

2.

I know only the diameter of the circle,
It is a line segment so I can measure it,
And I have the secret key "pi™ to
calsulate the ciromferense,

It was for a lomng time a real secret:

the secret of Pythagorus and his friends.

We know that the diasmeter is comtained
in the circumference T tioes,

So we repeat the diameter 3 + (,14)
times,

With the dismeter of the circle = 1,
what is the circunference?
1 X 3,14 = 3,18
With the digmeter of 2: 2 X 3,14 =
6.28
With the diameter of 3, " s m &=

&, Conclusion: We have built another set of fived mumbers that represent the

sltiples of I .
{=portant.)

{That constant™ X 2 is particularly
BECATSE. . .If we know the radins of the girelas,
we must multiply by 2 and then times o . OR r X 2 (6.28),

5. Compose the formuola for the measurement of the ciremmference on the mat with
symbol and sign cards, INTRODUCING THE SIGH ~

6. Transform to:

In the foroula of
29TY, W recall
a vast history,

(eI e e

a0

Instead of 4, we can have {(3r),

We read: The circumference iz egual to
2 opl " oR Hith our new
congtant of 2/ | we have 6.28 X 1,

images, and the sound of the phrase: 2 grr.

EXERCISES: Invite the children to measure the cireumference of all the circles of
also additional ecircles contained im the box of
(Red circles, triangles and squares contained in

the material, using
additional figures,

thres divizions,)

ovn invention,

Invite them to do the same with circles of their



Area of the Cirele. . , -

Fart II: The AREA OF THE CIRCLE
Haterials
1: The plane inset figures of the decagon and the cirelas.
2. An envelope containing: a) Two whole circlaes (green and yellow) with the
eireumferences marked in heavy black line and
one radius drawm. (10 cm, diameter)
B) 10 vellow tenths, corresponding to the wellow cirele,
€} 10 gresn tenths, all sectors but ome are whole
Eenths, that one being divided by a radius in half,
d) Four rectangles, the height of which is equal to
the radius of the circle; the base equal to the
eircumference of the cirele: two vellow, two green,
Presentation: Calculating the Area of-the Cirele
We know the formula for the calewlatiom
of the area of the decagon:

l. Show the two plane figures of the 1.
decagon and the circle, On the decagon

show "A" and then form the formula on A = PXa
the mat with cards: A = P Xa 2
2 In the eircle the perimeter has a special

Show, then, "A"™ on the circle figure.
We want to show here the identity of fnd the apothem is called the radius,
the nomenclature hetween the polygon Let's ses if the Formula iz the same:
and the circle as we did with the A .

limes, F

Write the formula for the area of the N WE MUST PROVE IT,.

cirele on the backs of the cards

giving the decagon formmla.

name:  the circumference.

We gee that each of these two circles
has a diameter of 10 em, . .and is
congruent with the red cirele,

The new circles have the circmmfersnce
mderlined and one radius iz marked,

2. Take first the green circle and them 2.
the yellow, superimposing them on the
red plane figure to show congruence
and to establish the 10 cm. dismeter,

We see that cach of those sectors is
1/10 of the eirsle., {And corresnond to
the tenths of the fraction materigl,)
Our cirele is divided into tenths,

- 3. Intreduee the secters: censtruck 7 i
cireles with them,
SUFERIMPOSE THE WHOLE COLORED CIRCLES

TO VERIFY CONGRUENCE.

4. Put the two whole circles aside, and
indicate that, as in the prisr area
work, we begin by doubling the figure,
using these two circles formed of

5. TAEKE THE YELLOW SECTORS AND PLACE THEM
S0 THAT the tecth of the =zaw disappear,
(The last yellow sector is divided to

complete the figure into twentieths) The new fizure (top) is equal +o the

We have more of less a Tectangle Be= eirele. . timma 2,

cause the base is formed of arcs. . .BUT T ENOW THAT THE BASE IS EOUAL TO THE
CIRCIMFERERCE OF THE CIRCLE. If the sectors becoms smaller, the ares become smaller
= » «then the base will be formed of shorter arcs, closer to a straight line,
HemTHATTETSREIﬁHJLEIEmEHLTDEHBﬂLEﬁ.

It i2 not a very accurate rectangle,
Eut with this whele rectangle, we knem
that the base correspends to the efr-
cumference of the cirele. (Both the
base of the rectangle and the eircuse
ference of the circles are in bBlack.)

6, Eu.ptrinm the &0 Tectangle A,
Remove unt:ﬂr;ie aE sectors and

display only the whole rectangle,
State the equality of the rectangle
base and the eircumference,

Then, using a radius (limiting radius

of one sector), identify the height of
rectangle with the radius of the circle,

And we can Show that the height of the

rectangle is equal to the radius of the
circle,



-
H

=
~
]

A

III. 10,

B R il e e vt b f"':!""!.'.ﬂ-\.m_:_jj i e

The Area of the Cirele. . .
The Calculation of the Area. . «

7. Comclusioms: We can say that the area of this rectangle is equal to the area

of two cirelas having a radius equal to the height of the rectangle
and a cireumference sgual to the bass,

h“ = 1.‘|=

WD by = g

So we must divide the product of (¢ X r) by 2:

2 L F
"‘e'&
e il g

BE. Substituts the formula for "&" in the new formula for the area:

2w
2rr i rE

g =

A
A = T g2

P. NHOW WE WANT TO SHOW THIS AND VERIFY IT
WITH THE MATERIALS:
a) S5how both the vellow and green al

b)

el

da)

Y

-
o

whole circles adjacent to the

long green rectangle,

FOLD THE GREEN EECTANGLE im half b
and remowe ane eirele, . .the
gresn.

Tnfold the green rectangle and e)
intredoce the two yellow rectan-
g£les, mach one=half of the green:
superimposing the twe to wverify
CONETusnce,

Eemove one vellow rectangle and 4)
SH0W THE YELLOW CIRCLE ALONGSIDE
THE OHE YELLOW RECTANGLE. ADD

one yellow tenth sector.

Observe the black lines on the el
yellow rectangle,.

We koow that our rectangle is equiva-
lent to the two circles,

Ag with our work with the yellow
material , we now want to caleulate
the ares of only ONE CIRCLE,

We sees that each wvellow rectangle is
aqual to one=half the green rectangle,
20 the two vellow rectangles are
equal among themselves,

This yellow sector will be our
BEagsUCer: e can say that the sides
(limiting raysd of the sector ars
equal to the radins of the cirele.
The rectmgle is divided into three
squares + a fraction of a aquare,

What do the squares represent in relation to the radius

of the gircle?

: by = 1, (or s of the sector)
| hpy = 85 (side of the square)
8; = ¢ (and the other side)
CORCLUSIONE This rectangle is Ag = 2
constructed of the square of the
radius 3 and 0,15 times, . . How many squares are there? 3 +
this rectangle i=s Formad of (2 + 17 o 3.18)
taken T times,
Organize the formula again: A = X2
A = qr

HWOTE: We have constructed the formula for the area of the cirele in two ways: inm
the first method the important element was ¢ (circumference): and in the

second the important element was the radios ().

tula?

AREA OF THE PARTS OF THE CIBCLE

Presentation #1:

Material

1. The metal fnsets:

The Sector of the Cirele

circle fractioms,

2. Prame #14% of the insets of equivalence,

3. The Montessori protracter.
4. Identifying paper slips {for formulas.)

Which iz the =most uwseful



Aren of the Parts of a Cirele. . &

Sector. . .

l. Display the series of metal insets of the circles divided i{nto fractions: then
take one aside, (Here the thirds ussd.)

2. Showing the circle divided into thirds, 2. This is a sector of the circle,
remove one third, setting that aside, These remsining 273 also compose a
and IDENTIFY THE SECTOR OF THE CIRCLE gectar of the ecirele.

IN TERMS QF THE BEMPTY AND OCCUPIED The 'sector of the circle iz that figure
SPACES IN THE FRAME HOW. ; I Eormed by two radii and the intercepted
Define sector, reviewing the concept. are of the circls,

3. BRepeat the experience with all the fn= 3. This is a sector of the circle: and
sats, reooving one fractiom each time, the part remaining is a sector.

STOP WITH TENTHS AND EMPHASIZE: This secter correp onds to 1710 of the
cirele,

4. From frame #14, the decagon, take one &, We h]?!lﬂliﬂ that the circle iz a regu-
of the triangles, lar polygon with an infinite nmomber of
Display the two pieces side by side, §iden; and the decagon L8 a regular

pelygon with ten sides,
A

5. SUPERIMPOSE THE TWO. %y The twe figures correspond-——ALMOST

exactly, -
One i3 1imited by an arc, cne by a
straight line segment, I
6. Establish the nomenclaturs of the two figures simmltansously: i
|
b = base bage = are m a
b = height (line joining the height = that line which also crosses
midpoint of the side to the through the knob from midpoint
apex, crossing through the to apex AND
knob )} = r or the sides of the sector

7. Show the formula for the triangle on the mit with glips: then trenaform the
formula with the new elements of nomenclature into that for the gector, writing
the mew terma om the back of the slips,

—— A = E
Ay 4 2
The area of the sector of the circle is obtained by multiplying a X 5 .
8. THEN HOW DO WE CALCULATE THE ARC? I sust determine what fractional wmit of the

cirele the arc belongs to.

FIBRST LEVEL: Early Elementary (7)

Show the sector in the Montsssori pro-

tractor to measure the Fractional umit of the are,

SECOND LEVEL:

I know the circomference{c) of the cirele,

e = 9497 ¢

That is, the cireumference is obtained by dividing the diameter
into two equal parts, giving the measure of the radius (r),

Then, {if r = 5
o =

Lo.-= 3.1%

e know that to multiply by 10 gives us a movement of the deci-
mal point to the right one place, . .

so¢c = 3J)_k
And te caleulate the

arc of one-tenth of the eirele, that are

described by the Fractional inset 1/10, we have

1/10= ¢ = 3,14

(Bividing by
,ﬁﬁjﬁwmuﬁtqig:jrff amol. A =.5

«10)

Ji¥ x5
Aﬁ‘ e T

Flons o cabeulate the gocton o B Ay = [Bd- )xa]+ 2 (r=5)



Ares of the Parts of the Circle. . .
Presentation #2: The Area of the Segment of the Circlas

Material
l. Circle insets divided into halves, and thirds,
g 2, The inset of the inscribed triangle,
3. Slips of paper for the crgenization of the formula.

A

1. From the inset of the inscribed tri- 1. This is a segment of a cirecle,
angle, remove cne zegment and identi- And this (the space 3till occupicd in the
fy. DEFINE, frame) is a segment of a cirele.
The figure formed by a cord and its aske
is called the segment of the cirele,

2. STATING THE FROBLEM: Mote that the 7. We want to calculate the area of both
; formula for the two segments will have the lacge and the small sepments which
{ to be glightly different, we have identified in the frame, One
| is larger than 1/2 the circle and one is
| smaller than 1/2 the cirele,

3. Fxamine the segment smaller than 1/7:

ki a) Femove From the inset of thirds a) We see that the area of the scgment

i OME THIRD AMD FIT IN THE SEG= will be equal to this 1/2 of the

E HEKT. cirele MINIE this isosceles triangle
which is not covered by the segment
itself,

@ O

Agegment ® Mgector (1/3) = Atriangle

B) Identify the nomenclature of R ) | by = cord that determines segment

; the trisngle in terms of the top vertex of the triangle is at
- circle's parts. the center of the circle
hy = line from the center of the
girele to the midpoint of the
cord

e¢) Organize the formula: -"ﬂl:u., = Ayene. — A,

A, = (o laxe) = £ (B = coxd)

A A xv _ oeox R
v e 1 R ]

Aseey = :if — h%-ié'

A see, .i%_:_‘&_}@‘
-"ﬂ'-SEEE ir‘-'-%‘—i" r‘fmi. “"""i‘f =i

ey o)

&, The segment greater than 1/2: REMOVE THE SEGMENT FROM THE THIEDS FEAME: compare
it now with the segment as shown in the first frame (above.) We can see that
the segment greater than 1/2 is equal to the two sectors (two thirda) + that

same triangle: ""!"-JIEQ = iﬂr‘.{.%} = B, B K
5. FUT BOTH FORMULAS TOGETHER: r’%,ﬁn = LT RA

<
%ﬁmmm mwmm ﬂﬁﬁh_f_

N
1
g

n

rp.t."-'.'..——' B s LT

-

————————————— i N . o e e e o



Areg of the Parts of the Cirele, . .

Presentation #3: The Annulus
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AREA OF THE ELLIFSE

Haterial

L

5,

Enife

Presentation #l: What iz an allipse?

i

3.

Begin with the cardboard cylinder: 1.
DEFINE. OCive nomenclature.

Set the evlinder on the mat and with 2.
a shest af paper, define those

planes parallel ta the base and those
not parallel to the base.

CUT THE CYLINDEE on a plane ROT p
parallel to the bazes, Then show the
paper flush betwssn the parts,

REFEAT THE EXPERIENCE WITH THE CORE.

This econs has besn cut into two
parts following a plane not parallel
ta ite base,

Paplay the four parts on the mat, 5.
with the eut edges aligned towards

the children, INVITE THEM TO TRACE

THE CUT EDGES WITH THEIR FINGERS.

Frem the plane figures of the cabimet:
2. A cone and 2 cylinder,

Each time we have a #1ightly differsnt ellipse.

the ellipae and the lacgest cirecle

(Cardboard toilet tissuve roll and ice cream cone)

A CLASSTFIED NOMENCEATURE (prepared as described.)

This is a cylinder,
This fs the base of the cylinder; this
iz the other base of the eylinder,

This plane is parallel teo this base and
this hase.
This plane iz not parallel to the bases,

This cylinder has been cot inte two
parts following a plane not parallel te
the bases,

iR

This ie &n sllipss.

This is an ellipse equal to the first.
This iz another £llipse.

And this iz an ellipse egual te it.

Cat a series of the cylinders at
Amd

HOTE: An interesting study with the cylinders.

fraduated degrees, i

when we cut an angle of 907, we have cut a cirele, The limit.
Ba

7.

Using the inget of the ellipse in the frame, give the nomenclature.

Then present the corresponding classified nomenclature (picture cards, slips of

idenfification and defihitions):

o

—rrm

==

o

=
=

1)
2)

33
i)
£}

Ellipse

The conféal line that limits the surface
of the 2llipse: the ellipze.

Major axis of syometry. (Varticea)
Minor axis of symmetry. (Vertices)
Ceanter of syometry.

6) % the major axis; ¥ the minor axis of

(NN
U/
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The Ares of the Ellipse. . .

Presentation #2: Caleulating the Area of the Ellipse

Faterial

1.

4.

1, From the plane insets: the ellipse (figure and frame); the largest circle and

the circle of & cm, Jdiameter (figures ond Fraoes.)

2. A beoard, thumb tacks and string prepared for the allipsograph.

Fit the £11lipse into the frame of the 1. This is an ellipse.

largest circle: Define in terms of the "Ellipse™ means "Scmething is mizsing.™
elrcle and identify the major axis of This impliss that the allipse is compared
aymmatry. to another figure: the circle.

Which are the parts missing from the
circle? These uncowvered parts.

S0 from the ellipse something is missing
from the perfect figure which iz the
eircle.

The major axis of symmetry is equal to
the diameter of the circle,

Take the eircle of 6 cm, dismeter and 2. The ellipse is still an imperfect figure,
ingeribe it in the frame of the ellipse. How it is larger than the circle.
The fact that it is s=aller than the
cirele gives it the name ellipas.
The fact that it is larger tham the circle
gives it another special mame: the
FROLATE CTRCLE.
(From pro + late (fero): Latin meaning
forwvards + to bring or to pusk, )}
Sp the cirele vhoss side {5 pushed for-
BOTE: The concept of the prolate ecirele wards gives ug an elongated-sided figure,
iz an important one for later wvolume work: & stretched circle.
the concept of the prolate spheroid, The minor axis of symmetry iz equal to
* the diameter of this cirele.
« « «We See that, regarding the ellipse,
there are two circles invelved,

In a drawing, combine the two, . .

Compare ths nomenclaturs of
the circle and the ellipse:

Center Center cof symmetry

The circumference is the closed curved .~ The conie plane, that closed curwed
line eguidistant at svery point from 1ine which linitz the ellipse, is zlsc
the center, : callsd the circumference,

The dismeter of the circle can be compared to the major or minor axes of

SYTERe try.,
Then. . .the radius = semi-ms jor axis of symmetry.
and another radius = semi-minor axis of svemetry,

HERE IS THE DIFFERENCE BETWEEN THETWO FIGIRES: The radii of the cirele are equal;
the semi-major axiz of symmetry and the semi-minor axis of symmetry are not.

Organizing the rule: If we identify the major axis of syemetry as 2a, then we
have a s¢mi-major axis of a, Identifving the minor axis as
b, we have a semi-minor axis of b,
THE BADII ARE SEMI-AXES OF STRMETREY OF THE CIRCLE. We can
identify them alsc as & and b,
BUT: in the cirele a = &r©
b=
BO L.cd ™ b



The Area of the Ellipse. . .

6.

7.

Organize the formula: We must begin our caleulation of the area of the ellipse
with what we koow. . .Ehe ares of the circle
= 2
Ay =TT X Xr

A = TXaXhb
= T ab
. We have organized the formula for the area of the ellipse:
we multiply 7 X the lengths of the semi-axes.

We can do the OPPOSITE WOBE AS A FROOF: To caleculate the area of the ellipse we
have used two circles, The semi-axes are the radif of the two circles; that is,
they are the radif of two different cireles,

Mow we canm find the area of the ellipse and then caleulate the area of

the circles: we think of the cirels, then, as a particular case of the

e1lipse. It is, in fact, the 1imit, the perfection of the ellipse,

As the square is to the rectangle, so is the circle to the ellipse,

That iz, the circle is the perfection of the set of ellipses.

;'

Beginning with the formula for the area of the #llipse, the area of the
cloged Fipure which is the 1imit of the ellipses is:
Ay " 9T @b
In that figure, the semi-axes are equal, so
a = b f
Because a = b, we can designate r X r, and

.ﬂ.ﬁ’ﬂ"

Congtructing the Ellipse

1.

3.

Ad 5 catd to the pomenclature, identifying twe points
along the major axis of symmetry. We will call them
STARS, ., .or POCI (Focus). We designate the distance
between these notable points 2e. Them e = & the
distance between the points which we call F and Fy.
ROTE: It ig Kepler who fdentifiss these points for
us: and from them comes the FIEST LaW: the orbit
followed by the earth {or planet) iz an ellipse

where the sun occupies one of the two focl, (We

can imagine the earth traveling the orbit of our e EF
ellipse with the sun as one of those foei.) L

e = £0 = 0OF,

INTRECODDCE THE SIMFLE ELLIPSOGRAFH: The methoed of the string,
or the method of the Zardener.

2) Trace a line horizontally om the board,

b) Identify two point along the line with
thumb tacks.

c) Prepare a atring, the total lemgth of which,
from the end of one loop to the end of the
pther (as shown) is greater tham 2e; that

_ is, the total length of the string will
equil the major axis of sy=metry,

d) Enot the string, as shown to form the two
loops, The knots will be equal to the
tws feel on the string.

e) With a pencil, trace the line given by the lack in the string.

With this e=llipsegraph string we have traced a special allipse. Its axes are
B0 snd 24 respectively: that is, four times that of the allipse of the plane
figures with axes of 10 and 6. So we have similar ellipses.

= . ab A'E = 97 ab

= I 53 = 9 =12 The ratio of the linss iz 1:4.
= 15 = qr 240 The ratic of the area is 1:16.



A SIMMARY OF THE WOBK OF AREA: The Tiling Game

Material

1. A board 60 X 40 cm? which iz the pavement; bottom coversd in grey heavy naper.
2. A box containing 6 examples of sach of the Eollowing fligures present in the

cabinet (in heavy bright celored paper):

equilatersl triangles - red heptagons - pink

squares = yellow octagons - moss green
rectangles = dark browm nonagons - bright orange
thombii - light green decagons = tan

pentagons = bright green first flower - grey
hexagons - turquoise second flowers - red-orange

sssd0me other Figures....

fresentation: A Pythagorean problem

1.

Ze

Fresent the problem: We mmust pave o room. We want to discover with which fipures
here it ie possible to cover a surface completaly,

Begin with the triangles, taking all the available triangles and arranging in a
pattern to discover whether or mot the triangles will covar a surface. We discover
that it is possible to cover a surface with equilateral triangles.

‘Pmﬂ_md throegh the other figures, placing them on the pavement in warious patterns
to discover whether or not it is possible to pave a surface with them: the

result is that we discover only five figures with which it is possible: the
equilateral triangle, the square, the rectangle, the thombii, and the hexagom.

Line this five figures np horizentally 4. Why can we cover a surface with omly
on the pavement and analyze the reasons: thess figures?
We have studied the interior angles of
the polygom:
We know that the interior angles of the
triangle are equal to 180°,.; and that
in the equilateral triangle e=ach angle
L0*x b r 300° iz equal to 609

If we use the mila_t'?g_mm- we
e SR8, need gix triangles (60 X &) to measure
| ; a whole angle of 3607
| The triangle has angles which are con-

o x4 360‘;__._..1”;"2’,_’, ' tained sxactly 6 times in the whole
a0
i i angle,

| The angle of the square is 90% e
e —_— Then with four squares we have a whole

Ty angle: the angle of the square is cone
tained 4 times in a whole angle,

The same is troe for the rectangls
If‘.i"ﬂ'::.z}a- 180° = 360" The rhombus has two angles of 1% and
FI90 La .1,».,..&.#,,.51] two angles of 60%—-the angles are con-

20y 3 = 3en" E

J.

tained perfectly in the whole angle:
% G = and we can combine them in several

Q Aoo® different ways to form this whole angle.
a What are the angles (interior)of the
T

h ry
TE! gum of the interior angles of the
polygen: 180° X (n - 2)

= 180° X & = 720°

720°+ 6 = 1200

The bees use this wonderful combination
of 120° X 3 to form the whole angles
that cover the surface of their hives,

etk d = Feot

COMCLUSION: I can pave a surface with the equilateral triangle, the square, the
rectangle, the rhombus, and the hexagon becsuse their angles are
contained an exact number of times in the whole angle,



The Tiling Geame. . .Summary of Area Work. . .

6. Another Problem: If we want to cover a surface with the rest of the pelygons,
we sust use special other figuces:

A, BRegular Polygon: We need & special
rhombus, The sides are equal
to the sides of the pentagon,
We can see that:

Chtuse angles =
160° - 2(108°)

dcute angles =
360° - 3(108%)

(Each angle of the regular

pentagon = 108%; our formula
for the gum of the interior
angles gives us this amplitude.)

B, Begolar HAesptagon:  The
butterfly; formed by
joining two pentagons
along one side. Because
360° is mot divisible
by sewven, the calevlation
of the degrees which give
us this figure iz more
difficult.

Gs Regular Octagon: The necessary
extra Figure i1s the square with
the side e2qual to the =ide of the
octagon. A pettern which has a
vast application in the £ield of
architecture,

b, Eegular w: We need an irregular
dodecagon, each side of which is aqual
to tha, . «

a m aeaBide of
the nonagon. This interesting
figure can be cut in half,
one half turned over, and super
imposed on the other half. The
two halves are joined along a
side that iz not equal to
the side of the nonagon.
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6. . . Other figures. . .

E.

|

i
Regular Decagon: The extra “«.\\ ;’;
fipure necessary is an '

irregular concave hexagom - |
with =ides equal to the
side of the decagon. It
is formed of two equal
trapezoids united

along one side that is
not egual to the side

af the decagon,

Cireler Two pos— .
sibilities: .
E‘ln'valimnr SqUATE
ﬂuwahm.ur triang

Pirst flower: & curvalinest
octagon.

Second flower: A curvalinear
square; becamse the second
flower iz formed of four
snall eircles,




THE FOURTH PLANE: THE STUDY OF THE AREAS

INTRODUCT IO =

part of the plame limited by a closed lime:
a result we have two big groups:

The Difference Between the Concept of Surface and the Concapt of Area

We know that the area is not agual to the surface. In fact, the surface is that

a curved or a brokem clossd line. Asg
polygons and the circle group: ellipse, oval, ete,

In this sense all of the plane insets represent surfaces, It is precissly that thin
layer of paint which covera sach.
The area is a measurs, Without any relation to any specific system. What {8 the

relationship between the area and the surface? The area is the measuring of the sur-

face.

Thus {t cannot be said "calculate the surface.” But ratker "caleulate thke zres,

of the surface.”™ Simplifying it we may say "calculate the area of the (sguare, }"
(As opposed to "ecaleulate the area of the surface of the (squacel).™
Is the child prepared to face these concepts? Yes. Hs has had an indirect as well

as a direct preparation for both concepts.

In regard to surface: 1) the presentation

of the red cardboard square presented im comjunction with the four Fundamental concepts

in geometry and 2) the hundred-square,

Thus he has met surface in both his geometry

work and in his sany experiences with the decisal system——directly.

He hat beem prepared for area through multiplication, When he represents the
multiplication @ X 3, the child takes the bar of 9 three times. And when he was asked
to say how many beads theres wers, he showsd that result with 27 beada; that {5, two

ten-bars and one seven bar, (gensrally showm in vertical colusns as the product as

opposed to the horizontal surface he

ereates with the smltiplication representation,)

Materialt "Material of Area™ OR "The Yellow Material

Presentation #1: The Four Rectangles:

1.

e

A box containing 20 pieces. Included are:
a) Four rectangles

b) Twe common parallelograms, the second comnosed of twe pisces.
2) Pourteen pieces which, when combined, give a certain number of trianrles
which we ¢lassify by their angles omly.

1} 3 Acwte-angled triangles,
2} 2 Right-sangled triangles,
3) 7 Obtuse-angled triangles,

Showing only the reversse side of the 1,
rectangle marked with only very short
linez along two sides, give the NOMENZ
CLATURE OF THE RECTANGLE. (Refer to
Classified Momenclature definitions.)
BOTE: Why do we begin with the rectangle,
having shovm the rectangle as the second
term in svery case of the inmets of
equival emes?

Fropose the question of measuring the 2.
surface, Take a piece of paper {shoum
2% a Tectangle) and MARK A SEGHMENT OF
HEASURE, It must be 2 centimeters al-
though we say that it is a random mea-
Sure. CUT on that mark, giving a tool
of megaure, e

Begin with the long side, marking off 3,
the units of the chossn measure. Then
mark a short aide, BREVERSE THE RECT. =

Y o e e e |

Ievel One: How to Megsure a Surfaece

What iz this? A fectangle,

The part of the plane enclosed inszide
the pectangle is eallsd the surface,
3ides? Epme? Parimster? Anglea?
Vertices? Altitudey Disgonal?

Hew will I meazure the surface of this
rectangle?

I muat begin by deciding om a unit of
MeasUTE.

What SHAPE will our measure have that
meafures the surface’

Let's agres om this length of measure,
It is mot a centimeter. It is mot am
inch, It £z OUR MEASTUEE.

Lat's tranafer our measure te two
consscutive sides, ., .of our rectangle,
HOW OUR RESTULT IS THIS,

We have ten divisionz on one side made with
our “t-“ urk:l- # i“d Eive 'ﬂ.i\'iﬂim

on the short side made with four marks,
But WE STILL 00 HOT HAVE INOTUCH EVIDENCE

TO DETEEMIME OUR THIT FOR MEASURING THE
SURFACE.



The Four Rectangles:

e

9.

10,

11.

12,

Prolonging the marks on the long aide, 0.
we gshow rectangle 2z

Zhow the first board againm with only 5.
the marks and the progression to the
third rectangle:

Show the first three rectangles toge= 6,
ther: "7

1 s
Introduce rectangle A4 az a resule of
superimoosing #2 and #3,

Enphasize that the squarte may be ANY T
SOUARE,

COUNT THE SQUARES: It iz important te &,
actually count the sgquares while the

child watches,

USE BEAD BARS TO DEPRESEMT THE SAME 9.
CALCTLATED STRFACE:
A, First show five bars of 10.

Show the bars as horizontal rows

and coumt the bars by tens,

B. Then take ten bars of 5, counting
thiz time the VERTICAL COLIMNE by
fives.

INTRODUCE THE PACTORS OF 50, We sse then,
with the child, that two factors of 50
are found on the rectangle: the nwmber of
squares on the two consecntive sides,

50. . swe have said that 50 fe formed
count the divisions of the long side:
10 X

It"s here: the Factors -of 50.

CORCLUSTON:

I have found a way to caleulate the area of the surface,

How to Measure a Surface. . .

When we proleng the marks on the long
gida, our result iz thiz rectangle.

It seems that =y unit of measure is one
af these ten rectangles. . MO

We hawve to prolong the lines of the
shoet side, too,

Bow we obtain £ive lomg rectangles,
Is this =y unit of measure? HO,

Let"s create the unit of measure,

We superimpose the long rectangles (few)
om the short rectangles (many). 1

cannot see thoough the top rectangls hare,
but lat's imagine that it is transparent,
The cesnlt obtained is & series of
SQUARES,

Each 30UARE is the wnit of measure of
out surface.

I Ca¥ PUT THE FIRST THREE RECTAMGLES
ASIDE-——= I work with the last ome!!

It is important to know that the unit

of measure is A square: not this sqoars,
but ANY squatre.

Any squate can Deasure eny surface.

What is tha area of this surface?
Iz thers a way we can express the Ssasure-
ment of this surface?

Let"s commt the squares. 50

It ia boring to count squarss o calen-
late surfaces.

Iz there another way?

Lat's take five bars of 10,

IT IS THE S&HEz A SEFASE.  Dut here

the surface is composed of beads instead
of squares, Bath shoer 50 wnital!!

To know how many beads, 314 we counmt them?
BO—-how did we know there wera 507

I counted the long rows: 10, 20, 30, . .
I COTLD DO THE SAME THING WITH THE BAES
OF 5. Fow we will count the short columma
by fiwe=z:=: 5, 10, 15, 20 ., . .

Thare MUST be an sasier way.

What are the Factors of 50: 50 ix formed
by 5 X 10. (That*s here im our surface of
bead bars.) AND 50 iz Formed of 10 X S5,
i{That"s here in the bead surface, too)
of 10 X5 OR 5§ X 10, Let's

10 The shert sidez 5.

=% ‘that“=s B0,

I have

to multiply the divisions of one side times the divisfons of the other side,

GIVE THE PROPER BOMERCLATUHEE TO EBASE
AND ALTTTUDE OF THE RECTANMILE AND
RESTATE THE RULE:

12,

The area of the rectangle fs obtaimed by

maltiplying the measures of the base

times the measures of the altitude,



Area of the Rectangle. . .

Fresemtation #2: Sseond Level:

1.

1.

Fresentation #3: Third Level: Inverse Properties:
FIRST INVERSE CASE: Show, im place 1.
of the swmbol "h™ as shown in the

by

e

7e

Show the corresponding symbols for terms
used in the preceeding presentationm, showing
a series of slips on the mat:
In place of area, we can write. . . .
In place of base, . .

We also need: the

Thow all the symbols for the terms on the rectangle:

AEHHR

=
[(#]

All of this iz the surface,
symhal A for area,

Constructing the Pormmla

# = o

A
&
R

operationz symbols:

x

He show the

Reverse the symbols "b" and "h", showe | 3.This can also be named the base, , .

the base as both lony sides and the
altitude as both short sides,

WEITE THE FORMULA WITH THE SYMBOLS, .
Showr the standsrd writine of the
formla.

HOTE: All of this {& done on the mat
with the paper slips,

4.

figure above, a slip "7 *

and this the altitude.

I knosr that A = 50, b = 10 and h = 5,

I know that 50 = 10 X 5§,

20, . ,Amb Xh

That can be sioplified to A m b s &
and further to A = bh,

Corellaries

If I know the valus of A and the valne
of b, what w1l "Rh" bed

Ask the child to l1ist the special 2, 1IDX%? =50

cages of multiplicatiom, using two ran- T X8 =350 AKD 10 X 5 = 50

dom mumbers first and then transfering T=10X5 We have already used

all the nmbers to the corresponding 50=10X 7 this case--——s0 we can

calecalation: 50 = 10 X 5, 0 =7 X5 leave it out,

TX?m 50

Specify that case whish %ill fit the 3. I have 50 squaresj I know they are the

missing element in this problem. READ result of 10 (the base) times 7

the statement, including the missing I don't know what that height is,

element so that the CHILD CAN FIND THE 80: Fifty i=s the product of 10 taken

CORRESFONDING SPECIAL CASE, how many times? -
Spacial case: 50 =10 X 7

Show the caleunlation which repressnts &L,
the MENTAL OPERATION DONE TO SOLVE THE
SPECTAL CASE,

THEY SHOW OF THE MAT THE SAME OPERATION
WITH THE SYMBOLS,

BECOND INVERSE CASE:

We identify the special case: A = 7 X h

that: Fifty is obtained by taking vhat mmber 5 times?

calenlation im: S50 § = 10 o

SHOW THIS WITH THE SYMBOLS ON THE MAT:
enough to switch the b and h,

THIRD INVERSE CASE:
place of both b and B,
that 50 iz ohtained in =a diffarent

WAYS,
here, It is evident with the materigl, z

Here we have ONLY THE VALUE OF As
Bow we have ths special case 50 =

How did we solve this missing elemsnt?
50 =10 X 7 010 = %

®l E @ E E
0 o

How we show the gquestion mark where the symbol "B™ has been,

o 50 = 7 X S5, We gan read
Then our mental
ALth = & R B = &

To form the second inverse rule, it is

we show question marks in
? X ? Ve can shew
but only 10 X 5 and 5 X 10 will work



Area. . .The Yellow Materigl

A pommon parallelogfam

Presentation: The Area of the Farallelogram (Common)
L. 1. IDENTIPICATION OF THE FIGIRE. 1.
.,

2a

3.

COUNTING THE SQUARES:

Superimpose a second "identical™ para-
llelogram on the £irst, Then remcove
the first ohe-——we use the gecond as
the medigtor.

2.

—
I'-'I-

S

=
[ I e 1

=

We discover that we cannot count all the
squares because some are incomplete.

Bow can I find out how many there are?
By magie-—-—of course,

We superimpose an Ldentical parallelegram
on the firat,

In reality, though, this is not the same,
It is formed of two partS—==divided by

a perpendicular traced to the lomger side.
We can separate the two parts.

These two parts constitute a medistor
that allow us to pass from the common
parallelogram to another Figure-—

A RECTANGLE.

Fow can we count the squares? YES

Superimpose the setual rectangle on the two-part rectangle, as formed above:

VERIFY CORGRUENCE.

yi| : the sen- &,

sorial experience of equivalence,

How I can say that this common parallelo=
gram iz equivalent to the rectangle
because I have transformed the parallelo-
gram to a rectangle,

. 5+ ORGANIZATION OF THE RULE POR THE CAL= 5. How do we caleulate the area of the
5 CULATION OF THE AREA OF THE PARALLELO- common parallelogram?
GRAM, The same as we do for the rectangle,
Using the rectangle and the coomon para- Why?
llelogram figures, show by juxtaposition Because they have the same base and
that both bases and heights ate the same, Theight.
CONCLUSION: To caleulate the area of the common parallelegram, we multiply the
base times the height,
T . 6. ORGANIZE THE FORMULA: show with symbols on the mat: A = bh
7. STATE AND ORGANIZE THE INVERSE FORMILAS: If 1 know the area (A) and the base (b),
¥ With the children, do sewveral examples how 4o I calculate the height (h) 7
" of the inpwerse cases, showing the T = 0D h = A%D
missing element with a question mark Bow do I calenlate the base when I know
on the actual figure for clarification, the ares and the height?
Fresentationt The Area of the Trisngls
l. Display the three acute-angled trisngles which can be constructed with the pieces
from the box:
Y IIFW A A
AR \
I"f_T' v ‘i'l" N
Ry IR /
B ' / \
I.r_d _l I .1'1 i
L ) /
! i\ i h,
i _ N : - £ : A
Heg | . 2 - g
We note now that each iz am IS0SCELES ACUTE-ANGLED mmn:uﬂaﬁmﬁﬁ_,;m.
2. To COUNT THE S(UARES we see that a mediator is necessary:

a) Verify congruency between the triangle in fig. 1 and those twe triangles

which form the triangle in fig. 2



Area, . .The Yellow Material, . .
The Area of a Triangle. . .

2. . .counting the squares, . .
b) TUsing those two triangles of fig. 2 (each half of the iscsceles acute-
angled triangle), form a square with the whole triangle as shown in fig, 1.
c¢) NOW WE CAR COUNT THE SQUARES: there are so many. . .how many? 100,
We have simply mmltiplied the base of the square times the height,

3. SLIDE THE WHOLE TRIANGLE DOWE OUT OF 3. We see that we have a square which is

THE CENTER OF THE SOUARE. Show the formed of two triangles that are equal.
formation of the square and its What f{s this triangle?
relation to the triangle, It is 1/2 the square,

8. ORGANIZE THE RULE: I can say that the original triangle is equal to 4 the rectangle
having the same base and height,
Then, how do we calculate the area? ¥e multiply the base times the height.
But that is for two triangles.
I want the area of omly ome, S0 I divide the product by 2.

5. ORGANIZE THE FORMULA: Ay = Bh/2

Show firat with identifying slips "b" and "h™ on the actual figure as seem in fig, 1.
Then erganize on the mat, verbalizing, . . . .A = BXhas 7
substituting = bh

]

BOTE ON THE CALCULATION OF THE AREA OF THE TRIANGLE = THREE FOBMULAS
We can calculate the area of the triangle with three formula expressions:

- (1) b: {calenlation of area based on the l:'-;a of
EF t:i;glu: thus we divide i
ﬁr P————.J—___// ‘_‘_ h calca ‘Et-im h:::a on hl.l! ;ﬂ‘;
F]

xtz} > . triaugle t-‘-ﬂ-ﬂ‘- the Mnt}
st i il A St el i e i i
(3) » -g— (ealculation based on half the height

times the base)

In our analysie of the calculation of the area of the triangle, we consider, for each
kind of triangle, all three formulas. WE ALWAYS BEGIN WITH #1 in which both alements
are divided by 2: a clear passage of transition from the area of the rectangle to the
more complicated formulation of the last two formulas.

We consider each of the three kinds of triangles as classified according to angles,
In the first presentation we comsidered the acute-angled triangle, giving formula 7.
How we procsed to formulas #2 and #3, with the acute-angled triangle.

fresentation #2: Area of the acute-angled triangle: PFormmla #2

L. 1. Identify the triangle, the whole triangle as seen in fip. 1, We see that we
cannot count the squares. We need a mediator,

Taing the trisngle divided into two right-angled triangles (fig., 2}, super-
impose on the first, verifying congruency, Note that the second is identical, but
has been divided by one of its heights, Put the first one aside: wi have n
Btdintor,

FLIP THE RIGHT HALF: X MOVE THE RIGHT HALF UP TO i
We see the only piece in 2 AN ADJACENT POSITION ON THE !
the bex which has the ji__, HYPOTENUSE, THUS FORMING [ i
squares on the back: ﬂ.- ] THE RECTANGLE: i
!F'r Superimpoze the real rec- #'l";".[.i'f
tangle, verifying equiva-
:?’ lence.
v COMPARE THE LINES OF THE TRIANGLE A ND THE

RECTAMGLE: the base of the rectangle is
equal to 1/2 the base of the triangle.
Heights are the ssme,

STATEMENT OF BQUIVALENCE: This Tectangle is equivalent to the triangle h &l
its base two times the base of the ueu%}; an
equal height " O0& the triangle is equivalent to that
rectangle with an equal height and a base & that of the A\,
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The

Pregentation #2:

11,

IIl.

Presentation #3:

L.

II.

111,

Yellow Material of Area. . .

Organizing the rule:

. ¥We note that the base of the ree-
tangle fa 1/2 the base of the triangle,
We can show, them, reconsttucting the
whole triangle, that the base of the
rectangle is 172 b (of the triangle.)
The height Tesaing the sase.

Organizsing the formula: 20: .

Bagin with the whole acute-angled triangle (fig. 1).

e Sl

Acute-angled trisngle, formmla #3

Acute-angled triangle, formula #1. . .

What iz the area of the rectangle? b X h

What ig the area, them, of the triangle?
Becanse the rectangle iz equivalent to
the triangle, we can calculate the
area of the rectangle. But to express
that in terms of the trisngle, we see

that by = % by .

P xn

the triangle,

as shown in fig] 3; that one divided by a line connecting the midpointz of the
sides drawn parallel to the base, which results i{m the trapezoid amd a tridngle

gimilar to the original ome.

by an altitude, giwving two right-sngled triangles.

This smaller trisngle is then subsequently divided

PUT ASIDE THE WHOLE TRIANGLE:

WE HAVE A MEDTATOR IN THE DIVIDED TRIANGLE.

REARRANGLE THE PIBCES AS SHOWN:
Bow we see that we can count the
gquares, 'SUPERIMPOSE THE REAL
RECTANGLE TO VERIFY EQULVALERCE,

Organize the rule:

Azain we can calculate the area of the triangle in terms of

the rectangle we have constructed that is equiwalent.

But im this cass in order to express the area’ in terms of
the triangle, we zee that we have multiplied the base (of
both the rectangle and the triangle) times 1/2 the HEIGHT
OF THE TRIANGLE, WVerify sensorially the height of the
rectangle as 1./2 the height of the triangle.

Organize the formula: OR THE MAT:

-

A = bhX(h= 2)
A = b%

BOTE: The work of period I, in esch case, is the work of the insets of equivalence

Iv.

repeated; and s, in fact, parallel work with that of the insets.
we are relating all the figures to the rectangle.
lated the area of the rectangle FIRST.

In both
Therefore, we have calcu-
The work of period II is also imclu-

ded in the early experiences here with area and provides a forther under-
standing of the insetz of egquivalence,

The Inwerse Formulas:

A gnd b, how do we calculate h?

For all three formulas
Qur consideratiosn ia primarily of Foroula #F1l: A =

bhy/2,

If we know

ROM WE AGATH USE THE 2, BUT IN A DIFFERENT WAY,

a) Losking at this figure, we can see that
the total area is 100, the area of the
triangle is 50, them the base is 10.
And we can calenlate the beisht gt 10,

b) BUT we must consider that we have TRD

Write a secord

slip For A, tear it In two, and show

TIMES A IN THIS FIGURE:

that we have A + 3A + 3A,

¢} And because the npmerical value given
for A is the area of only ONE TRIANGLE,

we =ust indicate in our formula for

this inverse tule the divisien of the

double of the area by 2 in order to

caleolate the atea of only ome triangle,
d} SHOW ON THE MAT BOTH SLIFS OF A, one
then replace with

the ™2" A, And complete the formula.
@) Remove the ? from the formula and ses

on top of the other:

the incorrect result:

s L L W i



The Yellow Material of Area, . .
I¥. The Inverse rules for all three formulas: acute-angled triangles.

Bepeat the experience with the unknown element

as by NOTE that it is only necessary to switch B = -%
the positions of b and h.

Presentation M: Right-Angled Trisngle: Formula #1

Material:
/ R R
/ o A
P i
|
{ ! W
l I
Yo | |
A
A1 |
 ¥am -6
The rectangle: for The whole right-angled The right-angled triangle formed
reference, triangle, of two pieces; that right-angled

triangle being divided by an axis
dravm from one of the legs perpen-
digular te the hypotenuse,

.. L« Begin with the whole right-angled triangle: IDENTIFICATION., We see that we
: cannot count the squares: we have only HALF A SQUARE. Take the divided right-
angled triangle as showm in £ig. 6; SUPERIMPOSE TO VERIFY CONGRUENCE. Then
form a square with the twoj as indicated in fig. 6.
We have doubled the first figure: which is econsis-
tent with the formulation of our first formula,
Hews we can count the squares,

II. Orgenize the rule: Show labels on "b™ and "™ on the figure, EMPHASIZE THAT WE
MUST DIVIDE THE PRODUCT -BY 2 or we will have the area of
twe triangles,

III. Organize the formula: A = (bXh)=+2

bh
e

Presentation #5: Right-Angled Trisngle: Formula #2 Material the same,
I, Identify the right-angled triangle, using that one divided (fig, 6). We cannot

count the squares, VERIFY CONGRUENCY WITH THE WHOLE TRIANGLE. Note how the
mediating triangle has been divided:



The

Yellow Material of Area. . .

Right-=Angled Triangle: Formula #2, , .

SHOW THE DIVIDED TRLANGLE IN THIS POSITION: Note

drawing a perpendicular from the
aid-point of the base (axis). . .
This indicates that the base has ‘?L
been divided into two equal parts,

ITransform the triasngle inmto the Tectangle.

re———
that the triingle has been divided by

——

Show the real rectangle superimposed on

the one formed: STATE CONGRUEMCE, .

SHOW THE WHOLE TRIANGLE: State EQUIVALENCE:
Compare the lines of the rectangle formed and
those of the whole triangle, identifying with
slips "™ and "h" of the rectangle as showm.

o]

IT. Organize the rule:  We have fdentified the base of the rectangle as 1/2 the total

III.

Fre
L.

11.

ITI.

base of the trisngle. (VERIFY SENSORTALLY) So in ocder to
caleulate the area of the triangle which is equivalent to this
rectangle, we multiply the "h™ (same for both figures) times

4 the base of the triangle (which iz the base of tha rectangle. )

b

Organize the formula: A = =h

sentation #5: Right-angled triangle: Formula #3

Show the divided right-angled triangle now
in this position. IDENTIFY: Now the hefight
ie divided into two equal parts. (Show this
sensorially)
VERIFY CONGEUEMCE WITH THE WHOLE TRIANGLE.
TRANSFORM INTO THE RECTANGLE AS SHOWN,
VERIFY CONGRUENCE WITH THE WHULE RECTAMCLE,
STATE BEQUIVALENCE,
How we can count the squares,

Organize the rule: The base of the triangle T
corresponds to the base of

the rectangle. But we see that the height of the rectangle is
equal to & the height of the triangle, 30, to caleulate the
area of the triangle (which is equivalent to the rectangle),

we multiply the basze times one-half the height.

Organize the formmlac A = —; b

L e e R e e

Inveras forsula: for A = BB

&) Show the square composed of the two
right-angled trisngles: identify each
with A,

b) rroblem: If we know A of the triangle,
and either b or h; locking for the e
other element, ] A

¢) EMFHASTZE: When we know the area of the
triangle, we have two times that ares
when locking for "b™ or "h". I MUST
DIVIDE THE DOUSBLE OF THE AREA BY THE

ELEMENT WHICH I FNOW IN ORDER TO FIND +-
THE OTHER ELEMENT. We mmst hgve that

2ZA because we have two figures on which

we base our seatch for the base or

g
height, ?..{_ iy ;_::5
d) With slips on the mat, organize the
formula, showing the elements firse
on the figure, then utilizing the 0
2 to indicate two times the area, 2

_ .28



The Yellow Material of Ares. . .

Presentation #7: Obtuse-Angled Triangle: Formula #1

Materials: As shown in fig, 7: One o |
whole obtuse-angled triangle: o \
a second one constructed of three =4 A
Parts. "'-\_“‘ ?_
I. IDENTIFY THE WHOLE OBTUSEZANGLED TRIANGLE: | ESG A 9
¥We cannot count the squares. \(l ““"':..,q
VERIFY CONGRUENCY BETWEEN THE WHOLE By ar
AND THE OBTUSE-ANGLED TRIANGLE PORMED \1 x‘i“bh

OF THREE PARTS, superimposing.
Show the two together: identify the resulting cosmom parallelogram,

II. Organize the rule: We know how the calculate the drea of the common parallelogram:
= bh . . .BEOT we don"t want the area of that common

parallelofram. We want the area of only one triangle which
we know i1g one=half the figure. So we divide the formula

by 2.
II1. Organize the formula: Ap =(bXB) 2 o8 A = BB
Fresentation #8: Obtuse-angled Triangle: PForgula #2 o

I. VERIFY CONGREUENCY BETWEEN THE WHOLE OBTUSE-

ANGLED TRIANGLE ARD THE DIVIDED TRIAMGLE.
Showr that divided triangle as in fig, B.
IDENTIFY BASE AND HEIGHT: we must prolong
the base in order to determine the external
altitude, ~C(HOTE: here only the height is
HOT 10)
Transform to the common parallelogram.
We can continue and transform this parallelo-

gram into the rectangle, but it is not nece-
ssary becsuse we ENOW H0W TO CALCULATE THE
AREs OF THE PARALLELOGRAM,

II. Organize the rule: We can calculate the area of the common parallelogram by
ealtiplying the base times the height. We know that the
triangle is EQUIVALENT to this common parallelogram, (VERIFY
by showing the tranaformatism.) To axpress the area formula
for the triangle we have the same height, but we see that
the base of the triangle is only one-half that of the
parallelogram. (NOTE the median drawnm from the base)

II1I, Organize the Formula: 50 we caleulate the area b b
of the triangle: A-wm o K R on A = '2" h
2

Presentation #9: Obtusze-Angled Triangle: PFormmla #3 -

I, Here we change the position of the triangle
noting now that line parallel to the base
which ig drawm from the mid-point of the
side to the mid-point of the adjacent side:
we have divided the height intc egual (2)
parta, The result is an obtusc-angled
trapezolid and a triangle similar to the
original one,

VERIFY THE BOUAL HEIGHTS OF THE
SHALL TRIAMGLE AMD THE TRAPEZOID
SERSORTALLY .,
Transform the triangle inte the common
parallelogrem as shown in £ig. 9.
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The Yellew Haterial of Ares. . .
Pregentation #9: Obtuse-angled triangle:

II. Organize the rule:

Formula #3

We can calculate the area of this common parallelogram by
cultiplying the base times the height.

We have shown that

the height of the triangle is one-half the heipht of the

rectangle.

Therefore, we can caleulate the area of the

trisngle which is equivalent to this compon parallelogram

by emltiplying base

h:i

III, 0

Organize the formula: A =

ACTIVITIES

for the number of squares:
problem of measure, a later work)

Pericd I (of all the work):
Period II: &
Period III:z 9
Period IV: 10

DIRECT AIMS: 1.

2. Concept that the sguare is the measure of area,

times 4 height.

.ﬂ.-b—h—

R 3

Invite the child to comstruct the figures with squared paper, using
different measures than those of the material,
not the size of the square which is a

{We are looking =till

Parellel to the Imsets of Eguivalence

The calenlation of the aresa of some plane Eipures,

(A conjinctive

concept with that of the triangle &5 the constructor,)

INDIRECT AIM: Preparation for the caleulatiom of

lateral smd total surface of sclids.

e i e e shole ok gl i il

AREA OF THE SQUARE

Material
1, From the plane insets, the whole zquare,
2. The rectangle from the vellow material,

3. White labels: ﬁ- ‘.ﬁ, T ?

X112l A

Fresentation

I, Identification and Equivalence:

1. Showing the square from the plane insets, 1.
identify the base and height of the square.

2. OSgperimpose the metal square inset on 2.
the yellow rectangle.

A (4)

t ()
3, Count the squares: analyze how the b
mmber of squares was obtaived,
TURN OVER THE SLIPS SHOWN ON THE FIGURE
WHICH READ "B"™ and "h"™ and write on
both "s"

1. Organize the rule:
g another aide: = X =,

IITI, Organize the formula: A = aXag
HOTE: The "2" we unsged as a

dencminator we will neow use as
an ﬂpﬂl‘rﬂtf

When this zide iz the base, this
side is the height, , .we can show
ancther base, another height.

By comnting the aguares of the
yallow figure’which is now shosm,
we ses that we have a square: it
iz the same square that we have in
the inset, but this one iz divided
into 1ittle squares,

g in our =quare,
5X5

There aTe 25
Hoer was that 25 obtained?

What is 57 the base., AND the height,

BOTH DIMERSTONS ARE THE SAME:
The base¢ equals the height,
We will call both "side™=-=="8"

Te ealeulate the stes of the square, we multiply one side times

OR A = gt

the technique of fractions at the arithmetie lewel,



The Area of the Square. . .

IV. Inverse BEule: an interesting inverse rule because we Find that owur rule is
the sqoare root of the srea (A),
The Problem: If 1 give you the square of 100 beads,
what iz the aide? 10
If T give you the square of &4 beads,
A - 2 what is the side? 8
* If T give vou the square of 25 begds,
] what is the side? 5
Herg the beads are squares,
Bow==={rom the number of squares, we are locking for the szide of the equare,

REVERSE THE PORMULA: s = A SHOW THE INVERSE: ? = A

REMOVE THE EXPONENT=--FREFARE THE If I remove the exponent, we have divided

SQUARE ROOT SIGH AND SHOW: the side by itself,
When wa remcve the expopent, we have

5 W divided "s" by itself; we have carried out

the sguare Toot of "s™ 80, , .= must
carry out the square root of A,

And, Iin Fact “i."';: = 5 The square roct of A will be ™a.™

THE AREA OF THE BHOMBUS
The rhombus is a special parallelogram with four equal sides, We can caleulate
the area of the rhombus in four ways:

1) Ay = bh Because the rhombus is a special case of the parallelogram,
we know that we can calculate the area of the rhombusz as
we would caleulate the area of the parallelogram,

Da WE RECALL THIZ PASSAGE FROM THE IMSETS OF BQUIVALENCE,

2) Ay = = D is the long diagonal of the rhembus; 4 is the short
diagonal, The ares can be caleulated as the semi-product

D of the two.
3) Ay, = T4 Corollary #1 of the second formula. As in the resulting
o

formulas #2 and #3 of the trisngle area.
-] Carall ary &9
2

Bacause we have already discoversd the area calculation £or the parallelogram, we
begin our investigation of the caleculation of the srea of the rhozbus with forsula #2,

Material

1. & sheet of paper, rectangular,
2. Euler, scissors, three pens of different colors, (Wide tips)

3. From the INSETS OF EQUIVALENCE: #2, b, W17

Presentation #1: Formula #2 for the Area of the Ehembus: Pgper Comstruction

1. Fold the Tectangular piece of paper
along the longest side: opan and
trace the fold with a eslored pen-—-
& wide lime that goes on both sides
of the faold,

2. Pold the paper along the short side,
and trace the fold with a second
coler,

3. Comnect the end points of the two
lines in & third color.

4. Cut out the rhowmbus so that the solored
line shows on both pieces of each cut, ’,,f//

/

5, Beconstruct the rectangle, showing the
two possible orientations of the rhombus:

6. Identify with labels D and d: I am omly
interested in the diagonals for this work.



a-#‘!;- Paper Construction

| L - Bt
o 7 IDETIHTTHEB&SEGFTHEPAR&LLMLS"Q“mﬂtMHBIG‘EﬁE

i; : Suiteh the labels to that position,

Area of the Ehombus, « =
Presentation #1: Formul

D) of the rhembus is uq?:li I: :];:ﬂ
base of the parallelogram, and the short d L':‘lm:.“.u =

to the height of the parallelogram, we can

gras of the rheoobus ag A = DX d,

BUT :
5 ghess that product divided by 2

the area of two rhoabl,

11, Organize the rula: Because the long diagenal ¢

SHOW THE SBOORD
RROMBDS, £irst taking
the corner pieces

verifying congruéncy

We have
or we will have

with the firat rheoumbus; ]
and then forming the -
gecond Thombos: B ® kil
DX d
11I. Organize the formula: & = —

Presentation #2: Pormula #3: First Corcllary for tha Area of the Rhombus: Paper

a I,l1. Take the whole rhombus as constructed in
I presentation ¥ and make teo cuts:

bl

2. Join the two small triangles to the large = T
one along the green lines, thus tramf'umiug : d
the figure to a rectangle, Tdentify - and d. 1
II. Organize the fule: How we can calculate the area of :
that rectangle which we see¢ is equivalent
te the rhembus, The height (h) of the rectangle is aqual to

the long diagenal of the rhombus divided by 2 and the base
is equal to the short diagonal.

ITI. Organize the formula: A = g I%

Fresentation #3: Formula #3: First Corollary: with the Insets of Equivalencs
1, Show frome #2: IDENTIFY D and d. o

wi
2. Substitute in the frame the divided rhombus of 1E ﬂ TEi
frame #3, VERIFYING CONGRUENCE.

3. IDENTIFY the short diagonal (4) and one-half = E >
the long diagonal (Dy2). z
d

e e

%, Repeat the paper conversion to the rectangle.

5. We have a parpllelogras vhose dimensions are g X 4,

PFresentation #: Formula #k:  Second Corollary for Area of Rhombus: Paper Construction

I. With the three pisces nsed in the presen=
tation of the first corollary, reconstruct
the rheoobus, _% i
CUT the remaining half of the long diagonal. L
JOIH THO S4all. TRIANGLES ON THE HALF SHOET
DIAGCNAL AS SHOWH, forming a long triangle,.
Transform the figure into a rectangle,

II, Organize the rule: The height of the rectangle is equal to one-half ths short :
diagonal (4/2) and the base is the lony diagonal (D). 5o ;
we can calculate the area of the rectangle (and rhombus):

IIT., Organize the formulat A = DX %

—— — —— p— = e R - e p—.

[_ . o i T e L A T

i



The Area of the Bhombua, . .
Presentation #5: Formula #: Second Corcllary: With the Insets of Equivalence

1. Orient frame &2 ao that the long diagonal
is parallel to you: Put frame M aside.

& *7 i
@ @ $ ¢
— —p &
2. From the third fipure of frame F17, take §

the divided rhombus and substitute in
frame 71, verifying congruency,

3. Substitute the two right-angled triangles %'ﬂi
from frome # for one of the two obtuse-
angled triangles of frame #17, mow shown

in 2.

L, IDENTIFY THE LONG DIAGOMNAL (D) AND ONE- AND TRANSFOEM THE FIGIRE INTO THE
HALF THE SHOBT DIAGONAL (d). RECTARGLE,

5. Restats the corollaty and the formmla: A& = D x%

THE AREA OF THE TRAFEZOID
The area of the trapezoid can be calculated in three different ways:

1) As seen in the constructive triangles, Series #1:
Box #1 (red pair of triangles form the trapezoid)
and Box #2 (blue triangles). Both pairs of tri-
angles as found in these boxes construct an
fizsosceles trapezoid. The component parts of that
trapezoid are the right-angled scalene triangle
and the cbtuse-angled triangle (which is better
if it is not the special case of the iscsceles
obtuse-angled triangle: depends on the parti-
cular set of the materials,)

In our first work with thiz trapezoid, we
simply unite the two triangies to form the figure.
In the second work, the second box, we transform
that figure inte the triangle as showm:

HOTE: without the iscsceles cbtuse-angled tri-
angle, it is necessary to turn sver that Eri-

angle in this comstruction,
Because wa know the caleunlation for the area

of the triangle, we can new calculate the area
of the eqoivalent trapezoid as shown, using the
expression (B + b) to indicate the position of the
major and minor bases of the trapezoid as the base.

2} The passage directly Erom the trapezoid to the rectangle, without the inter=
Bediate passage to the triangle, as seen in the work of frame #10 from the
inzets of equivalence, In this work we conclude that the trapezeoid is equi-
valent to that rectangle having a base equal to the swm of the mafor and
minor bases of the trapezoid, and a height equal to & the height of the
trapezoid. With this information, them, we can calculate the area of the
trapezeid according to the formula for the area of ﬁ'hu rectangle:

Ap = bh Aee = (B +D) 3

3} The third mode of caleulating the ares of the trapezoid
igs preferred by mathematicisns. In it we go directly
from the trapezoid to the triangle as showm:
and that completes the caleulation of the
area of the trapezcid. IT IS THIS THIED
METHOD S ICH WE WILL UTILIZE TO SHOW THE
CALCULATION OF THE AREA OF THE TRAPEZOID,
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The Ares of the Trapezoid. . .

Presentation: Area of the Trapezoid

L. 1.

e

3.

II. 5.

III, 8.

From the drawing of the trapezoid, we first
YROLONG THE BASE,

On that base, we mark a segment which is as 5 ~ g
long as the minor basa (b), 3

Unite the wvertex to that point on the pro- 3. We haove dividsd the obl fque side of
longed base, the trapezoid into twoe eoual parts,

USING A PAPER FIGURE OF THE TRAFEZOTID NOW, MAKE THE SENSORTAL FROOF, folding slightly
to indicate the equal division of the oblique sides, then drawing a line from

the vertex to that fold, CUT. Then pivet that triangle from the upper part

of the trapezoid on the vertex: ome-half of the oblique side will coincide

equally with the other and the minor base (b) will coincide with the marked

segEent on the base,

Organize the rule: We have formed a triamgle, the base of which Iz (B + b) and
the height of which i3 equal to the height of the traperoid,
So, knowing that this triangle fs equivalent to the trapezoid,
we can calculate the area of the frapezoid:

Organige the formulas A = EL‘.‘#_E_.E
HOTE: We know that we must divide the product of
(E + b} Xh by 2 becanse that is ggr feromla for

the srea of the triangle: Ap = —

BUT WE ALS0 CAM OBSERVE that we must divide this

product by 2 or we will have the area for the

corresponding parsllelogram of the figure CR

the area of TWO trapesoids. FINALLY WE SEE THAT

WE COULD TRANSFORM THE FIGURE INTO A RECTANGLE:
the rectangle iz our arriving point,

THE AREA OF POLYGORS

The polygon may be:
A, Comcave: As seen in the Constructive Triangles, Series #1, Box ¥2, trans-

. forming the two triangles which form the trapezoid into a
eoncave gquadrilateral.

As gseen in the Constructive Triangles, Series #2, Box Wy, with
the formation of the "arrowhead,™
B Comrex:

1, Irregular: We have met the irregular polygons in the work of the
classified nomenclature. We have considered the area of the
commson quadrilateral as a transformation to triangles, moting
that we are unable to calculate that area as we would a rectangle
for lack of a base and altituda,

2, Regular: Again we have met the regular polygons through the work of
the classified nomenclature and in the gecmetry cabinet. We
hawe considered the caleulation of area specifically for:

a) The equilateral triangle: The consideration of the area of the
triangle includes this specinl case,

b) The square: A consideration first of the calculation of area as
a special case of the rectangle; and then as the regular
polygon (the only square) in the group of gquadrilaterals.

€} The pemtagen: In the work of the insets of equivalence, we have
approached the area caleulation for the regular pentagom in
the grour of pentagons, , .and ONLY the repular pentagenms,

d) The decagon: In the work of the insets of eguivalénce, we have
congldered the area of the dec ONLY the lar oT
in the group of decagons, i i e
WE HAVE NOT CONSIDERED THE CALCULATION OF AREA FOE

e) mnmlu polygons whieh £all between the pentsgon and the

£f) HNor those which take us beyond the decagon to "n" mumber of sides. . . '
g) Hor the limit of the regulsr polygons. . .the circle. -



The Area of Polygons. . .

How we examine the area of regular polygons. In the series of regular convex
polygons, we include the equilateral triangle and the square. We know the area cal-
culation for these two: we have considered the square as-a particular case of the
parallelogram; and the equilateral trisngle as a special case of the triangle, Now
wi inelude thess twoe beecuase the Formula we have constructed in the end i3 not the
formula uzed by mathempticians to calculate the ares of any regular polygon.

Hathematicians give a formula that is valid for all regular polygona:
To caleulate the ares of regulsr polygons: depy
p = perimeter
a = apothem

The general Formilat A =
E p _%

Corollary #1: Ap % a

Corollary #2: Aep = P %

In Montessori®s approach to regular polygoma with more than four sides, we have
met the zolution, through the insets of equivalence, for the pentaron and the decagon,
In the Montessori solution, we move directly from the decagon to the rectangles without
first going through the triangle. At the level of equivalence, we can make this
passage, Just as for the trapezoid we move to the rectangle in order to do the work
of counting the squares. DBut for the geometrical demonstratiom we must go from the

polygon to the trisngle,

If we shisr 4 center in the Tegular polygon, we imply
that we can circumseribe a cirele with that center aroond the
figure; and that we can inscribe a circle with that center
within. S¢ the apothem is the radius of the inscribed
eirele, The center represents the center of symmetrv.

¥hen we unite the center to all the vertices of the 5
regular pelygon, we divide it into triangles which are
equal among themselwes, The lines creating these divisions
represent the radii of the circumscribed circle. ,.-‘:": e
L=

S0 our zolution, with the regular pehtagon iz the
give equal trianglea which we have created., If we caleulate
the area of one of thosze triangles and emltiply that area times the mumber of sides
of the regular polygon, we have the area of the whole Figure. Thus we find the area
of sny regular. polygon. In our solutionm, the problem goss to the one sectiom which
iz in turn equal to all the other sections we have made in the figure. We have &
triangle whose base iz equal to the side of the regular polygon and whose altitude
iz equal to the apothes,

Theory of Constants: In this solutiom, we need to know only ™s™ Throuogh certain
passages we can £imd the area of the polygon from only this dimensicn. This implies
that there i3 a way, from the side, t¢ determine the apothem,

In a1l regular polygons (except ome) theres is a constant
irrational mmber vhich allows us to £ind the area, knowing only its szide,
Fresentation Fl: Area of the Begular Decagon
Haterial: Insets of Egquivalence: frames #13, #15, 716

1. SHOW THE DECAGON FROM #13 on the mat In 1. OQur conclusion from the insets of equi-

a horizontal pesition with the two ree- valence: This decagon is egquivalent
tm’.ll of fraomes #15 and #16, to bath rut‘m‘l‘

2. WUzing the decagon and the rectangle from 2. The decagon is equivalent to that rec-
#15, organize the nomenclature for tangle having a base equal to % the
Corollary #1 for the area of the regular perimeter of the decagon and a height
polygont USE SMALL LAPLES equal to the apothem of the decagon.

-HID--EE.I -ﬂﬂIhh--%i



The Area of Fegular Polygens. . .
Regular Decagon. . .

3.

Using the decagon and the rectangle from 3. The decaron is equivalent to that ree-

Erame #16, organize the nomenclatvre for tangle having a base equal to the peri-
Corollary #2: o meter of the decagon amd a hefght equal
A = p= to one-half the apothem of the decagon,

e ;

Presentation #2: The Study of the Apothem

Material

1.

2.

l. The drawer of regular polygons free the geometry cabinet.

2, The circle metal inset with the triangle inscribed,

3. The square metal inset showing the square divided into fourths by the diagonals.
4. From the draver of circles of the geometry cabinet: the largest circle.

DISFLAY Horizontally on the mat:

The Triangle (taken from the The 3quare (removing The Pentagon

center of the inget: this cne two fourths from the The Texagon

chosen because it is inscribed metal inset frame to The Heptagon

in a eircle of 10 cm, diameter; form a square that is The Octagon

the equilateral triangle from inseribed in a cirele The Nonagon

the plane insets has a side of with diasmeter of 10 The Decagon
10 ecma ) cm, ) THE CIRCLE

80. . .all the figures can be inscribed in the same circle of dismeter 1¢ em,

Using the circle frame (of 10 om, diameter) demonstrate that all the figures can
be inscribed in the ssme cirele,

Commentary on the apothem: We have sgen that sach regular polygon can be divided
in equal parts. The first figure, being the constructer (the triangle) can only
be divided into smaller triamgles. All the other figures can be divided into
equal triangles,

If we want to divide the circle into triangles, the base must be a point and
the oblique sides two rays (radii) which are superimposed above that point.

I have discovered that these are all regular polygons. And that thevy all
have an apothem: which is the radius of the inscribed cirele. Even the triangle
and the square have an apothem,

DEFINE APOTHEM: T can inseribe a efrele in the triangle (shesm) and the little
knob represents the center of that circle, corresponding to the center of the
£irst Tegular polygon of reality. The lfine uniting that center and the midpoint
of any side of the triangle is the apothem,

Does the square have an apothem? Yes. Uniting opnosite vertices we have a
center. The center of the square coincides with the center of the ecirele.
Joining that cemtar with the mid-point of the sides of the aquare glves us the
apothem (s),

The child traces the perimeter of each fipure and draws the avothem in red, Then
he identifies the side functioning as base by marking it in blue, This is the
beginning of the RESEARCH OF THE CONSTANTS WHICH WILL BE THE RATIO BETWEEN THE
RED LINE ARD THE BLUE, betiseen the length of the side and the apothem,
a) The child compares the lines of two different colers, first sensorially
with his eyes, judging which 1ine in each figure is longer,
b) He may write this evaluation, naming the lines "apothem” and "side.”
0f "The blue line is shorter than the red line,”
e} At a certain point it becomes difficult to make this judgment: the
child wses a ruler: He examines all the regular polvgons from the
triangle to the decagon in this way.

d) The child discovers that: the hom 18 Sither shortar
than the side, but never equal ::Eﬂ:ha Tengeh -nfrtag uidl:-t}mn or longer

e) NOW HE WRITES ON EACH PIGIRE: g s OB B &
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Area of the Regular Polygons. . .
Study of the Apothem. . .

10 Q)

S5 = o W Tmea 3

a = .5 o = 5 e = 5 i, = & i ===
&5 = a. L 5 =T A
ia =5 & =5 o, =9

£) We examine the statements the child has made; now he writes the
relationship again, with the first term consztant, (Abowve: fFirst
term is always =) AND second, the first term is always "a," Tivsw

g) We discover that: in the first four regular polygons of reality
the side is greater tham the apothem, All those regular polygons
which follow the ~hexagom show the opposite relationsBip: the
side im less than the apothem,

¥wikFor our next work, we MUST ESTABLISH "a™ AS THE FIRST TERMs

Presentation #2: Discovering the First Digit of the Constant: Sensorial level
With the child, we make the following observations based on his previous

work with the comparison of the "red and blue lines"™ in the regular polygons,

1)
2)
3)

We have discovered that: A, oES —> o B8

B. sTa —s s %o
We must establish "a™ as our first term because it is the apothen which we
want to know from the dimension of the side.
We have seen that from the triangle to the hexagon the apothem is less than
the side; and from the heptagom to the decagom to that regular polygon of
an infinite omber of sides, the apothem is greater than the side,
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Area of Begular Polvoons. . .

Study of the Apothem, . .

Presentation #3: Discovering the First Decimal Digit of the Constant: The
Batio Batween the Apothem and the Side

We know that the mumber we write will be = a
the resalt of. . . . . o
1. We begin with an examination of the square, The Square: How many times {s the
the only regular polygon, the constant for blue line contained in the red?
which will be a rational number, 4 tims

We have alrteady established that:

if a = 1 S0 the constant for the square is:
and a == & (square) 0.5
then a = 1

2+ In the same way, with the children we consider the ration between the red line
and the blue line in gach of the figures we have examined,
OQur consideration new is: How many times the blue line is contained in the
red? And we heve certain guide lines to fFollow accobding to the information

which we have gathered so far,
i S < Wi

30 for the pentagon:
In discovering the first decimal digit, we find that all other fimures five
an irrational number as the constant., We emphasirze this imperfect resolution
of the mmber, writing (. . .cir.) A chart showing the comparison of the
red and blue l1ines, marked off in units to indicate “mmber of times come
tained™ iz a help in grarhically demenstrating the formation of the constant,

. B

ROTE

3. Give the children the specific constants, as formulated by the book,™

BEquilateral triangle 0,388, ., .eir.

Sqguare 0.5.

Fentagon 0.688 . , eir,
Hexagon 0.866 , . cir.
Heptagon 1.0%% , . eir,
Oetagon 1.207 . . eir,
Honagon 1.373 . .eir.
Decagon 1.538 . . oir.
Eleven zides 1.702, . eir,
Dedecagon 1.B68 , .eir,
Fiftesn zides 2.352. ., eir,
Twenty sidaes 3.151 . .eir,

. Exsmining the list, we obserwve:

The increase in the whole mmber of the constant as the mmber of sides

increass,

We also ¥mow that the apothem increases with the mmber of sides incrsase,

And that the length of the side decreases with the inerease in number of sides,

Coneluding: The lemgth of the apothem progressively increases with the mumber of

sides: it begins smaller than the sides, then sradually becomes
longer than it becausa the polygons examined are a1l imseribed in
the same circle of diaseter 10 cm.

rresentation #i: Doass the Constant Change 7

We know now that there is a constant for each regular polygom,
this point is whether or mot that constant changes, -

To golwve this dilemma, Montessori suggests: that the ehildren construct the
regular polygons from the triangle to the decagon in three different oeasures:
a side of 1 em,, a side of 10 cm., and a side of 100 cm,

In this work, then, the child will have 28§ figures, representing eight groups of
three similar figures easch,

He discovers that: the constants are valid for all similar figures,

The question at

with
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Qrea. of Regutan/ Rotygons : ke Triamgle soboction

1.

2.

3.

Sa

We can show a regular pelygon,; such as the
pentagen, divided first by two lines from the
center to adjacent wertices, indiecatimg the
proposed division into triangles. Then we show
and identify also the altitude of that triangle fig. 1
in green (the apothem.)

We Eyrther divide that polypgon (pentagon) as
showvn in Eig. 1.

In £ig. 2 we showm the triangles
which compose our polyZon on a

long base representing the perimeter.
ROTE: The polygon (regular) divided £ig. 2
into triangles will always resulg
in a series of isosceles triangles,
the exception being the hexagon
where we have the equilateral tri-
angle, a special case of the
isoaceles,

fig. 3
In £ig. 3, then, we transform the

triangles into ONE TRIANGLE by
dttawing a lime from ANY VERTEX

to the end point(s) of the -
peTimeter, (When we bagin at the

center apex, the result iz the
fgoaceles triangle, possible omly
with the polygon of odd-pumbered
sides.) Here the result is a
scalene triangle. (Eig. &)

In figure 4, we see that triangle
which ;g'inu'u: the dimsnsiconz for Eig. 3

the ealewlation of the area of tha
polygon: A = -!.l"n.*!—

In fig, 5, we see the actual triangles into which the first five have been

transformed, Each is a trisngle equivalent to those first five which were congru-
ent smong themselves because all have equal base and equal altitude (apothem.)



THE AREA OF THE CIRCLE

Presentatiop #1: MEASURING THE CIRCIMPERENCE: The Cirele Understood as the Limfs

ATHM:

of the Regular Polygons

A sensorial identification of the cirele sas a regular polygom.

Haterial

1.

s

Sa

1, From the geometry cabinet: the drawer of the circles and the draver of

regular polygons.

2, Free the metal insets: the triangle inseribed in the circle (equilateral):

and the square divided into fourths by diagonals,

3. Wooden board, chalk, ruler,

Show on the mat the frame of the largest cirele (from the drawer of circles,)

Take first the inseribed triangle, 2, When we inscribe the triangle in the
putting aside the frame and othar circle, we see three big spaces uncovered,
parts; and show the triangle in the

frame of the 10 em. circle,

Repeat the experience with the square {two fourths from the metal inset, showm
as a square with a diagonal of 10 e¢m,), then the pentagon and all the other
regular polygoms, noting that with the square the spaces are smaller and there
are four; with the pentagon, the spaces are even smaller and there are Five. . .
Then, with the decagon, the spaces are very amall and there are ten,

"Imagime a regular polygon of twenty sidea, . .of 100 sides, , .of 1,000 sides:

the spaces would always become smaller and the mumber of them would increase,

Show the circle in the frame, using 5. The number of sides in our regular poly=
the 10 cm. circle. It Fits gons could increase to infimity. . .
exactly. : mtil we come to the circls,

HOTS: We now have a visual picture Bow many sides are thers?

of the circle asz a negative and posi- They cannot be counted.

tive of the same image. The circle iz a regular polygom of am

infinite mumber of sides. Each point
of the circumference is a side,

Pregentation #2: MEASURING THE CIBCIMFERENCE: Transfer of the Nomenclature of a

Begular Polygon to the Circle
Fhew, frem the geometry cabinet drawers, the plane figures of the DECAGON and CIRCLE.

Give the nomenclature of both simultanesusly, noting the corresponding terminology
for the corresponding pacta:

THE DECAZON THE CIRCLE
A, The surface of the decagon is limited The surface of the circle is limited
by a mmber of sidesa. by a curved closed line composed of
many points.

B. The sides together form the perimeter, The series of points form the circum-
ference of the circle.
C. The regular polygon has a center. . . The circle has a center, . .which is
which is equidistant from all vertices. equidistant from every point on the

circumference,
D, The line segment drawm from the center The line drawvn from the center of the
to the mid-point of the side of the eircle to any point on the circem-

regular polygon is called the apothem, ference is called the radius.

Conclusion: For both of these regular polygoms, the decagom and the circle,
we have the same lines, but we give them different nomes,



