THE SUM OF THE ANGLES OF A POLYCOH

WORE SCHEME: The angles of the polygon cam be adinterior or b) exterior. We ean
consider a polygon in the divisions of triangle, quadrilateral, or polyson with more
than & sides, in regard te interior angles or exterior angles, '

First we must establish whick are the exterior and which the interior angles, When
we have thus identified them, we pass to the presentation,

According to the interior angles, thers is ome presentstion for the triangles, two
for the quadrilaterals and three for thae polygons. In the case of more than one pre-
sentation, the subsequent presentations represent a more advanced concept and thus a

higher level, There is only one presentation for each of the divisions according to
the exterior angles,

Materiasl
1. The plane ingats.
2. The box of sticks, the wooden plane,
3. The Montessori wrotractor,
L, Colored straws,
5. The third box of the first series of constructive triangles,
€. Three large envelopes entitled: 1) the Sum of the Interior Angles of the Triangle
2} the Sum of the Interior Angles of the
Comvex Quadrilatsral
3) the S3m of the Interior Angles of the Polwygons
with more than & Sides.

Each envelope contains a wide assortment of the named Figure. In the triangle

ervelope we find axamples of all the seven triangles of real ity in at least three

different sizes. (a total of at least 21} In the guadrilateral envelope we £ind-
many examples in different sizea of each of the six guadrilaterals plus the two
additional trapezoids—-—all in at least three different sizes and with 2 variety
of dimensions so that there are at least 24 quadrilaterals. In the polygom ene
velope, we find regular and irregular polygoas in all Aifferent sizes repressnting
all of the polyfons from the pentagon through the decagon. The figures are

cut from sturdy construction paper. The interior angles on almost all of the

figures are colored in, (MOTE: in constructing these colored angles, it is

important to use the same radiuns for 211 the anglée of the same figure or the
ensuing proofs will be off) A few of the figures in each envelope are blank

50 that the child may color im the angles himself.

NOTE: For the presentation of this material, certain figures from each enwelope
and used and cut, When the children work with the exercises later, they
may make models on their own paper from these figures in the envelope;
an obvious necessity in order to kesp the materials available to 21l
and to prevent the need to constantly make more, The child, in making
his model, simply marks the vertices of the fipure and thern draws the
lines with the tuler,

HOTE: Angles of one figure are alwavs same color; indicated with colored sector.

Presentation: 3Sum of the Interior Angles of the Triasngle

1. Using the plane insets of the geometry 1. What words can we use to classify this

cabinet, review the seven triangles of triangle? It is a right-sngled scalene
reality, pointing out the interier trianglse.
angles, These are the interior angles of the

right-angled scalene triangle because they
1ia within the surface area of the trisngls

2, Review the trianglea the child has 2. On each of the triangles in your notebook,
drawm in his notebook. He has indi- you can now add this classification:
cated the size of the angles in many interior angles,

cases and named those angles. Now,
for grester vnderstanding, he can also
identify each of the interior ansles,

3. Introduce the contents of the Triangle 3. This {s am equilateral triansle.
Envelope and choose one big and another This iz an interior angle. . .and
size (diffesrent type triangle) triangle this iz an intarisr ansle. . _and
for analysis. Put the rest away. i .
Clasaify, pointing out the interior this iz an interior angle,
angles. Each is colared the saome,
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4. Cuot each of the angles away. . We sust isolste the ansles (interisr) for

our work,

It doe=sn"t matter if I cot clos= in or I
far away. It is only important that I h
eut each of the angles away,

With the thres pieces, w can now ses why

it was necessary to color im the {nterior
anglea of eur triaogle.

3. Put the three intsrisr angles 5. I want to know the sum of the interior
together: angles of this triasngle,

I It ia a straight angle——_180 . -

6. ACTIVITY: Using the reconstructed triangle, the child does the same experience,
first making g model with the triangle as an inset, cutting his triangle out,
then marking the anples and cutting them away; finally, pasting the thrse angles
in the position as a straight angle and he writes: The sum of the interior angles
of this equilateral triangle i a straight angle, that is, 1807, (He most identify
the triangle specifically in his notebook because it iz displayed cut up:; and without

such identification, it is impossible to tell which triangle it is.) -,:-
7+ Repeat the experience with another of 7., The sum of the intarior angles of the
the triangles from the eovelope. triangle examined is still a straighe
angle, .
After many such experfences with the In any triangle (regardless of its size)
various triangles, arrive at a statement the sum of the intericr angles is equal
with the chila, to & straight angle,.
Presentation: The Sum of the Interior Angles of the Quadrilateral
l; PFrom the geometry cabinet exsmins 1. I know this iz a guadrilateral: thet it
2ll the guadrilaterals, identifying haz four equal anyles, each 90 .
the interior sngles, Then do the These are interior angles, (rectangle. )
fame with those in the child"s note-
book,
2. [Imtroduce the contents of the Quadri- 2. This is a parallogram,
lateral envelope. Here there are many ¥e want to discover the sum of the interier i
different sizes of sach kind so that angles, e
the generalization we make is based on We can cut ont guadrilater:]l on the diagonal
wide axperimental base, Choose two and we have twe triangles,
for analyais here and put the others Fow it's easye=-we know about the interier
gway, SHOW THE PIEST LEVEL METHOD: angles of the triangle,
eutting on the diagonal, then cutting
away the smgles of each of the trian-
zles and finally fitting the mosaie
togather to achieve 2 straisght angles.
We can go farther, isolsting the three I
interior anrlecs of each triangle. I
Then we put the mosaic together and we |
have achieved 7 straight angles. |

- -‘"l

3. The child makes a model from the figure, cuts it pastes the angles topether and
writes: The sum of the angles of this quadrilateral is 2 straight angles,
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b, SECOND LEVEL: SECOND METHOD. . . ., This time, In order to discover the mm
whan the ¢hild has worked with and of the interior angfles of the gquadcilateral,
masterad the method first presented, lat"s isolate all the angles just as they
Here tw: isolate the font angles of are, ., first diziding the figure inte two
the quadrilateral and them put them pieces and then into four,
togather, showing a whole angle, ﬂ
The child dresws the figure, cuts it, Putting the angles together gives =& o
pastes the angles together and writes: whole angle. I know that the whole angle
The sum of the [nterior angles of this iz masde of two straight angfles.

quadcilaters]l I8 2 straight angles. I

5. We can make a proof of the two straisht angles From thess four angles. Firat showing
the angles in paicrs of two, then cutting the plece freem the concowve angle wvhich -
will complete the second atraight angle. Thos we equalize the two and show the
two straight angles,

6. When the child has dome this experience mamy times with different cusdrilaterals
be Day declare that: In every quadrilater=l, the suwm of the Interior angles is
always equal te twe straight angles.

Presentation: The Sum of the Interior Angles of the Polygons with more than & Sideas,
1. BExamine the plane inset figores from the ecabinet, idermtifying the interior anglea.

2, Introduce the contents of the envelope 2. Bars we bnow there are resular und frregular
of the polyponz. NHOTE: Some of these polygons.
pelysons hawe Intermal zed circlas.

Ghoose two irresular polygons (neither
equilateral nor eguianguiar). Put
the rest aslide,

3, FIRST METHOD: FIEST LEVEL,
Here wu choose one vertex and dTew
all possible diagonals from it.
We cut on each diagonal, shoring
the triangles and conclude that the
sum of the angles (interior) of the
polygon i3 a=s many straight angles
ag we have trianglea,
The child drawe the figure, cuots, and writes: The s:um of the interior amgles of
this pentagom ls three straight angles,

&, SECOND METHOD: SECOND LEVEL,
Bonr we isolate sach of the sngles, Ta
put zll those angles together {n ozder
to show straight angles, it is necesssry
to cut ome or two of the pieces,[n oo
The child writes: The sum of the interior
angles of this irvegular hexagom Is 4
straight angles,

L, THIRD METROD: THIRD LEVEL,

a) Hare we uss a Tegulst polygon for
the presentation in order to have
a aituation later in which we have
aven atrafght angles, Later the
child ean do the work with the Temp-
lar and irremular polygons. ALSO
WE CHOOSE HERE A BLANE POLYGOM, with-
ont the angles colersd, i

%) First the child drsws the colored

EE’{H‘IEH to ghow each of the imterier
angleg.
¢} Then the child chooses o point and =arks

it with a red pameil ANYWHERE sn the {nternal part of the polydon.
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THIRD METROD: THIRD LEVEL. . .

d) Around that point which the child marks
on the internal part, he draws a circle,
using the same radins used to mark the
anglea of the polvgon: and he calers the
eirele,

¢} Unite the center of the red cirele to each
of the vertices of the polygon. Now we
have divided the polygon into triangles,

£) Out along the lines, cutting as pie pieces
each triangle,
HOTE: here we will have six different
triangles hecause the point was not made
at the center of the polygon; in that
caze, the triangles will Ba egqual.

£) Isolate sach of the 3 ansles of mach of
the triangles, cutting them away,

h) The child then separates the red angles
from the athers,

£) With the hlue angles he makes as many
straight andles as possible: &,

j)} With the red anvles he can make ?-——aluavs.

k) Finally, the child draws the figmure from the model used in the polygon
set of ancther similar one from the zet; he cuts it uwp as in the experience
hers, phstes the straight angles resulting together im his notebook, and
writes: The sum of the interier angles of *his refular hexagom is equal
to 4 straight engles,

m

="

6. The child contimues this work with the polygoms, using the third method, always
emphasizing the drawing of the internal peint and constructime both the straieht
angles formed by the interior angles and those created by the center point, Te
finishes pach experiment with a statement such as:

The sum of the interior amgles of this decagom is eight straight angles.

7. The child works now with the form "The Sum of tre Interior Angles of a Polygom"
answering ouestions 4) ‘How mamy:STRAIGHT ANGLES does your polyron contain?,
5} How did wou obtain the NUMBER of straight anglas?, and €) How many derrees
make up the SIM of the interior ansles of vour polvron? He deals with thase
questions as regarde the polygons from the triangle through the decagon, showing
three proofs for each (three figures explored because the form provides far 3),
He is moving tewards a generalizationm about the interior angles of the polvgon.,
He secs in his mmber of straight angles that there are always two less than there
are sides of the polyfon; therefore, he is able to say for m number of sides:
In the polygon with m sides, (m=2) represents the mmber of straight anvles
contained: in the sum-of the interior angles,

8. We help him discover how we reach this 8.  Bor did wou obtain the mimber of
conclusion, straight angles in the polygon?
Sides Str. Angles WBow many in the triansis? 1
e i ) 1 the gquadrilateral? 2
4 (5 -2) ? the pentagom? 3
5 (5 =-12) 3

§ 16 =12 4
S0 the nmumber of straight angles in the sum of the interior angles of the pelvgon
is the number of sidea minus a2 constant which is 2.

9. Observe with the child one of the 9. MNoer we want to discover the purpose of
polygons cut as in the third method the center point in this polygen.
and arvamged according to the We know that the mmber of the stralight
straight angles. HNote the two red angles of this polymon is the mmber
straight angles, of its sides - 2,

The 2 we subtracted are these twe
atfairht ansles formed with ths rad
angles,

If we explore the polygoms from the
smallest to the largest, this comstant
2 is alvays present.
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10, | A FIRAL GENERALIZATION:, The sum of the intarisr angles of every comvex polygon
s miven by the Eollowing relation: 'as many straight angles as there are sides
minus 2, |

AN TMPORTANT FORMULA: 180° X (n = 2) = gmof the interior
angles of the comvex polyromn

AGE: FIRST METHODS in work with the trianvles, quadrilatersls and pelysonn: BE
EEQND ANDTWIRD LEVELS:

THE S0 OF THE EXTERIOR ANGLES OF A POLYGONW

Presentation: [ILdentifying the exterior sngles

Matarials

1. The boxr of sticks.
2, GColored strars,

FOTE: Herm we are piving the comeept of exteriar angles,

l. Choose three sticks and unite them with paper fasteners having very long legs,

2. The child identifies the sides by coler 2.  This is the pink gide. . .the blue side. .

and them we| intreduce the consecutive the green side.
sides of each of those sides, noting that This is the bluve side,
the direction is important and giving Thiz is the Freen side,
etymology of conpecutive, Ihe green gide is conpecvtive to the
blve side.
i Clscboed s rovernsal azang - !
wio oernbesal s come after.” Those words {mply that we
Conageitry, referance

We must establish a directiom of rotatiom,
a direction for our movement I{f one side

Aladear
{s to ceme after another.
. How we can name each of the consecutive
% sides in a cleskwise direction as we have
: done, or we may say the sequence with
& counterclockwise movement,
THER [T I3 O3FI0US THAT MR. GREEN SIDE

WILL HAVE TW0 CONSRCUTIVE SIDES, according
to the direction in whick we move,
3, hoosing first one side and establishing 3. We'll consider the green side in relation

the direction, extend first one consecu- to the eonsecvtive pink aide,
tive aide with & stick of egual lemgth, We'll prolemg that pink side with another
then the other twa. Mark the exterior stick,
angles with tacks on the plane, An angle formed by the side of the pelyzom
b and the prolomgation of its consecutive
side iz called an exterior angle of the
polygran,
Thiz iz a sids,
LBl This is a consecutive side.
.1 This is the prolongstiom of that side,
# This 18 an exterior anrla.
.r"’ Wa have formed three exterior anvles,

4%, EXEECISE: Should be organized in coemand form. Daimg thée plane insetz From the
triangle to the decagon, the child idemtifies the exterior ansles of the polvgon
by I.'amh them with straws and marking cach with a tack. As a2 conciveion of
each exploration, vsing the Frame of the ineet, the child draws sach fimure im his

notebock, repeating the exercise, BOTE: / the 1 of 3
not impertant, ength of the prolongations here is
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Fresentation #2: The Sum of the Exterior Angles of a Polygom

Material
1. The box of sticks, the plane.
2. The third box of the first series of econstructive triansles: the 12,
3. The Moentessori protractor.

1. Take one of the trisnrles from the 1. It is a right-angled scalene triansle.
box and ask the child to identify it.

2, With the Montessori pretractor, the child measures each of the anrles and discovers
interior angles of 90%, 60° and 30°,

3. Using the stravs, identify the exterior anples of the trianglie:
a) Establish the direction,
b) Choose one side, them peint out the consecutive side and prolony it.
&) Identify the three exterior angless

B. Now, using the triangles which the child knows to be all equal———and thus to hawe
angles of 90°, 60° and 30%; measure the size of the exterior angles. We discover:
EXTERIOR AWGLE #1 = 90D
EXTERIOR ANGLE #2 = 90° + 309 = 120°
EXTERIOR ANGLE #3 = 909 +=50 = 150 &
By adding the three totals of the exterior amgles, we discover that the sum {s 360 ,

5. We show this: TAKE THE TRIANGLE FIRST PLACED FROM THE CENTER and remove the straws.
Then move the exterior angles together in the eenter, showing the whole angle whieh
together they form, We conclude that the sum of the exterior angles of this trismgle
is a whole angle or 360°,

6, ACTIVITY: The child draws the figures in his notebook, showing the additional triancles
as the sum of the exterior ancles and writes: ghe sum of the exterior
anpgles of the triangle is a vhole angle or 3607,

.
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Fresentation #2: The Sume Experience with the Quadrilaterals

Az we now consider the sum of the exterior angles of the gquadrilateral, we mote that we
are afain using the constructive triangles as our protrac because we have detarmined
the angles as 50 Eﬂ“, and 30, Thus we determine the sige of the exterfer amgles,
This knowledge also allows ue to write a caleulation proving the sum as @ whole anvle
af 380°, i !

1.

2.

T

We begin with the simplest figure formed
by these triangles: the rectangle,

We identify first the direction; then we

name the side; the sonsesutive side, the

prolongation of the consecutive side, the
exter lor angle,

¥hen the four exterior angles are Identi-
Eied, we show the triangles within thoase
exterior angles, always the right angle
fittingfem=tre have Four right ansles,

We remowe the center Firure and put together
thoae four right anples which form the exterior
angle te shtain a whele angle. .THE SMALL STAR! ,and write: GO0+ F0°+90°+90% 3L0°

The child, as before, using the trisngles to draw the Firure formed and then to shew
triansles which show the exterior angles, draws the experience as above in his note=
tock. . .then he may draw the four exterior angles when shosm together form the ghole
angle. OR the child may simply drew the center figure, extend the sides and iden-
tify the extedior angle, ' And he writes: The sum of the exterjor angles of this
quadrilateral fs egual to 360° (a vhole angla) or two straight asmgles.

THE DELTOID: the experience repeated as
above for this firvre, o

FO+ 6O +G0"+(Fo"+ 30" ) =
260"

Construct the LITTLE DIAFHEAGM.
And first consider the empty square,
the interior square. Identify the

gides, consecutive sides and exterior
anglas——_HERE THE DIRECTION IS ALBREADY
ESTABLISHED BY THE PROLONGATIONS. To

form' then the whole angle, we construct
the LITTLE STAR.

Then form the zame diaphrags and establish
the extericor angles of the exterior zgquare.

Bepeat the experience with the MIDDLE DIA*
PHRAGM. Tdentify first the exterior ) {
angles of the internsl hexason and  Prrealdes L.
then the external hexagem. d‘? T
RBepest with the BIG DIAPHRAGHM, z

L
a




