CHAPTER TREEE: of the GOLDEN CHAFTER OF GEOMETRY PFOR THE ELEMENTARY SCHOOL:
THE IMSETIS OF EQUIVALENT FIGURES

The study we have made with the constructive triangles has opened two roads to
ug: 1) The study of the relationship of 1ines in equivalent figures, one which
we have begun sensorially in the constructive triangles. Here we
gtudy thege relationships in detail.
2) The stody of the areas; the direct application of the study of the
relationship of limes,
With the insets of equivalent figures, we begin the first study: that of the
relationship of lines in equivalent figures. The materials for this study are the
insets (some plastic, the majority metal) of equivalence. There are 20 insets in all.
And they are grouped in families for our study. The first six families, A - B,
provide a comparison study in which the first term of the comparison varies from
family to Family, but Iin each of which the second term is the rectangle. The last
family G are three insets of the Pythagorean Theorem, the elassical application of
equivalence. Here again, wa see the aquivalence relationship in terms of the rectangle,
We note now the basic eomposition of the seven familfiea:

A) Eguivalence between the triangle and the rectangle: inset frame #1.

B} Equivalence between the rthombus and the rectmgle: insets #2, #3, #45,

C) Eguivalence between the common parallelogram dnd the rectangle: #5,

D) Equivalence between the trapezoid and the rectangle: #6, #7, #8, &9, 10,

E)} Egquivalénce between the pentagon and the decagon (#11, #12, #3, #14) and
the rectangle, (M5, #16,) Regular polygons and the rectamgle,

F) The Theorem of the Application of Equivalence: 17,
G) The Pythagorean Theorem: #18, 79, #20,
REFERENCE: The Montessorl Elementary Haterial, Vol. II; pp. I77 = 291

WOTE: Im the chapter of geometry in the volumn mentioned above, Dott.sa Montessori
unites the two experiences: of equivalence and area. This book, The Montessori Ele-
mentary Material, Vol.II, was first published im 1916. In 1935 Paycho=Geometry wWas
published. Prom 1934 until her death In 1952, Hontessorl continwed to work on the
sub ject.

In 191¢ she was referring to the material of equivalence for the diascussion of
area; because the materials for area did mot yet exist. Then, in Psycho=Cecmetry,
1934, she talked for the firat time about the area material, making a eclear diatinction
between the materials of equivalence and those of area. Thus our work with the insets
of equivalence deal solely with that relationship; and with further work we consider
ATE8s

The general afm of the work done with equivalence is to make the child sware of the
reason why certain figures are equivalent. The c¢hild has worked with the second
series of the comstructive triangles, concluding after many experiences that the
figures are equivalent because they are composed of the ssme pieces.

BH we find cut WHY these figores are equivalent. The reason is that a certain
relationghip prevails in the lines.

The presentations of these insets of equivalence follow a certain patterm consist-
ing of four pericds whieh are valid for all of the studies:

1) Eacognitiom of the two figurea in the frame: not only the red ones where
the figure is present, but also of that figoure seen in the empty frame,

2) Proof of the equivalence between the two figures: thiz fs dome by inter-
changing the pieces.

3), Precige identification of the 1ines of each Eisnrg: h“' ll"-it'ﬂ:dli ete,

4) Relationship between those lines,



THE IMSFTS OF EQUIVALENCE. . .
Introduction. - -

The first period-—-the recognition of the figures---iz a sensorial experience,

mach like that which the child sncountered in the work with the geometry cabimet,
The second periocd-——the proof of squivalentée——=is stil]l a sensorial experience, re-

calling the work with the szecond series of constructive triangles.

The third period-==

the precise [dentification of the lines of the figures--=is a work already mastered

by the child thremgh the work with the gecmetry nowmenclature,
the relatienship between the lineSe--is the new part.

The feurth pericd—--
And it is new only in a certaim

agpect becanse it fnclvdea all the information gathered in the previous three parts.

sgori, Elementary Materisls.)

b or 5§ ckildren.

S0 the fourth period of this study can be compared to the third pact of the three-
period lesson in which the child pives back what he has been given.
fod 5 the fondasenta
and the formation of formulas written with symbols.
ares of differsnt geometric forms and also to an intuition of some theorems.™

Thus this fourth

whieh takes the child directly to the study of area

"this will lead to finding the
{Monte-

The work with these insets is preszented im GROUP PRESENTATIONS, that is probably
There shemld be an interval of 4 or 5 dayes between the presentations,

even thoogh they involwe a progresszion of corresponding {deas, in order to give the
children time to experiment with their handas,

It is more important that the teacher ase the needs of the child, to knew when he

iz ready to work and whén he needs more time for a certain work, than it is for her to
know all of the material in its complexity.

Presentation #1:

Shemeimg that THE TRIARGLE iz equal te a rectangle wvhich has one aside

equal to the base of the trismgle, the other side equal to half of the altitude of the
triangle.

1.

2.

REECOCHNITION: Identify the two figures. 1.
NOTE:) We show an equilateral trilangle
here, wnfortunstely, as 1t is a pacti-
cular case rather than the general.

The trisngle is divided first by joining
the mid-points of the oblique sides,

thus forming an iscesceles trapezold
below this parallel line to the base

and g similar triamgle to the larger

one phove. Then one of the altitudea

of thiz second triangle is traced, giving
two right-angled scalene triengles.

FRODE OF EQUIVALENCE: we try to fit i
all the parts of the triangle into
the rectanpular space.

IDENTIFICATION OF LIKES: (first dis=
cussing completely one figure and then
the second)

A, Esplace the pileces in the triangle,

Soperimpose the two small right-
angled triangles on the trapezoid:
Bemewe one to show more clearly the
altitnde.

T3A.

This is a triangle,
This is a rectangle.

|

All of the parts of the triangle fit
perfectly inte the rectangle frame,
8o the triangle fs equiwvalent to
the rectangle.

Why are they equivalent? Because I
used the same numbar of pleces.

In the triangle the 1ine traced Erom
the wvertex to the mid-vpoint of the

base s the altitude. Now we divide
the obligque sides at the mid-points,
thus dividing the= into two equal parts.
AND we hawve thus also divided the
altitude inte two equal parts,
Therafore, we see that the altitude of
the smaller triangle is equal to the
altitede of this trapezoid.

B, Identify the base and the altitude of the rectmngle,

RELATIONSHIP OF THE LINES: Show the
traperoid base on the rectangle base,
Bow show the small trisngle as half the
altitode of the trisngle again and them
move the figure to the rectangle.

&.

The base of the trisogle is equal to
the base of the rectangle,

The altitude of the rectangle iz sounal
to balf the base of the altitude of the
triangle,

==




THE INSETS OF BOUTVALENT FIGURES, . .

Presentation #2: A RHOMBUS is equal to a rectangle which has one side equal to one aide
of the rhombus and the cther equal to the height of the rhombus,

1,

2.

IDENTIFICATION: BRhombus, rhosbus (for
the second rhombus chanpe the position
of the parts to {dentify it as a chombus)

Ehombus, Eectangle,
ROTE: The rhombus present in the second

frame iz special: that one constructed with
two equilateral triangles, as those foumd

in the constructive triangles. The rhombus
which i3 divided into three parts is formed
by an equilateral triangle and two right-
angled scalene triangles, one side of which
Eorma the base of the rhowmbus,

KOTE: WHere there are no empty frames. There
are several ways to calculate the area of
rhombl, depending on the position of the
rhombus. THUS THE IMPORTANCE OF THE VERTICAL
FOSITION OF THE LONG DIAGOMAL IN THE FIRST
TW0 AND THE HORIZONTAL POSITION OF THE SAME
IN THE THIRD.

FROOF: Here the first and last Eipgures,
the whole rhombus and the whole rectangle,
are the terms of comparison. The middle
two are the mediators. Thus we begin by
elimivating #2 and #3, arriving finally at
the point vhers we can use only the twn
Figures in #4 for the comparison.

2.

ROTE: The arrangement as shown in #5 of
the parts of the rhombus iz important,

REMOVE THE BAOMEUS-—=the rectangle will oot
£it in the space. Show the pieces of the
chombus in the rectangle space,

CORCLISTON =
IDENTIFICATION OF THE LIMES, 3.
RELATIONSHIP BETWEEN THOSE LINES. L,

Show that the baszes and altitudes are
equal, NOTE: MHera the position of the
right-angled trianglea in the rhowbus

is important as it allows us to identify
the altitode of the chombug,

2 -3

We begin then with the first and second
ingets (#2 amd #3), verifving congruency
by exchanging the pisces,

NOW WE CAN REMOVE THE PIRST FIGURE (#2)
and use the mediator, #3, the rhembus
divided intoc two parts.

Secondly we lock at the thombus in #3
and that in #: Do they have something
in common?

Verify congruency,

The rhoobus cut in a special way will
fit into the rectangle space,

The chombus i= equivalemt to the rectangle.

‘The base of the rhombtus s one of fts
sides.
Show the base of the rectangle.

The base of the rhombus s equal to the
base of the rectangle.

The altitude fs the rhombus is equal to
the altitude of the rectangle.

THE RROMPUS AND THE RECTARGLE ARE EQUI*
VALENT BECATSE THEY HAVE EQUAL BASES
AND EQUAL ALTITUDES.,

Fresentation ¥3: The Equivalence of the Common Parallelogram and the Rectangle.

1.

IDERTIFICATION: Common parallelogram

and rectangle. (These twe look like a
rhombus and & square: it is fmportant
that their identification be paralleleo-
gra= pnd rTectangle.) SHOW THE PARATIFLOE
GRAM BY EOTATING THE ANGLES--_SIDES ARE

NOT EQUAL,

FROOF: Take the parallelogram out, Fit
the pieces of the rectangle inm that frame,
IMrORTANT TO SHOW FARTS IN THIS WAY:

2,

u B

The common parallelogram fs equi-valent
to the rectangle.




THE INSETS OF EQUIVALENCE. . .
Presentation #3: Common Parallelogram and Bectansle. . .

3. IDERTIFICATION OF THE LINES: Using the large triangle, show that the twe altitudss
%, RELATIONMSHIF OF LINES: are equal and that the basea of ‘the two are aqual.

Presentation #4: The Equivalence of a trapezofd and a rectangle having one side equal

1., IDENTIFICATION: The whole trapezoid, Y
In the whole trapezoid we have a major

base of

by the altitndes gives a square in the
niddle whose sides ars & cm. Thus we have

are 10E®, acute angles are 720,

zofd,

oblique
that ia

iz sometimes callad & median.) This median
cuts the trapezold into

zoida,

z{des are joined glving two right-angled

Here the trapezoid frame is equal,
« «t0 the first. The mid-points of the

to the sum of the two bases and the other equal to half the height.

10 em, The trapezold subdivided

» Ubtuse angles

The subdivided trape-

sides have been joined by a line
perpendicular to the base, (Thia

two fsoscelas trape-
Then the mid-pointa of the pau!iui

trapesoids which ate, in turn divided into
four vight-wngled trapazoids. SHOW THAT THE 1. Trapeszoid. . .trapezoid. . .

mmms%nummsummm
EQUAL,

rectangle, . .rectangle. . .
(= z :

& O\ A [/ oeEE

A e ¥ Avcled.s

REFERERCE: Tlassified Nomenclature: PFS

2., TRODF OF E(UIVALENGE: Here we have two proofs: 1) Trapesoid with Eectangle #8,

2) Trapezoid with Rectangle #9,

As a consequance, the two rectangles will be equivalent, #7 {s the mediator,

1} Trapezoid with Bectangle #8

Ao

c.

F.

Exchange the trapezoids of #8 and #7, They are congruent. The only
difference between the two is the #7 has been divided into four parts,

Bemove #6: Show #F and #8 for the first equivalence proof.

With inset P8 exchange the rectangle into the empty frame showing that we
bawe the sase rectangle,. ]

Bote that we cannot fit the fectangle into the trapezoid frame, so we must
Eit the pieces of the trapezoid into the rectangle frame,

Ask the child to fit the pieces in without instructing him. There are, in
fact, many ways to fit the pieces in, aoms acceptable and some not. It is
important that the pieces are arranged here so that we do not show all of
the fractional portiicma of the major and minor bases of the trapezoid
intermally. If the child does this, we help with the rearrangement.

CONCLUSION: This trapezcid is equivalemt to this rectangle,

2} Trapezold with Rectangle #9

A,

B,

e fror

L ST Y S

Remowe the trapezcid pieces from rectangle #8 and place again in the trapesoid
figure: then show #7 and #,

Ask the child now, baving sheum both the rectangle in this frame to be the
smme, to fit the pieces of the trapezoid into this lomg rectangle,
Arrangement here is importamt, too: Show as drawm in the inset figure
above or the imverse position. (upside dowm) This iz most successfully

done by first taking the lower trapesoid pieces first and placing tofether center

AT -
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THE INSETS OF EQUIVALENCE. . .
Pregentation A3z The trapezoid and the rectangle, . .

C, CORCLUSION: This trapezoid is equivalemt to this rectangle.
3. IDERTIFICATION OF THE LINES: 3. Trapezoid: wminot base, major base,
altitode,
Bectangles: base, altitude,

4. RELATIONSHIP BETWEEN THOSE LINES: 1) Between the lines of the trapezoid and rectangle

Ly
2) Between the lines the trapezoid and rectangle
1) The traperoid and rectangle #8, w9, J}E&u.u,.u‘i .

A. Have the child arrange the pieces of the trapezoid in the rectangle
as shown in guide figure C. (Without this arrangement we find that
we sust give the corollary of the theorem First because the median
of the trapezeid will be shown as the base of the redtangle.)

B, HNote with the child that the base of the rectangle is formed by 2
elements of the lines of the trapezeid. BSHOW OHE PIECE OF THE TRAFPEZOID
WHICH. FOEMS THE BASE OF THE RECTANGLE IN THE TRAPEZOID: it shows us
that we have 4 of the major bass correspomding to the base of the rec-
tangle. SHOW THE SECOND FART OF THE RECTANGLE BASE IR THE TEAFPEZOID:
we have ¥ of the minor base corresponding to the base of the rectangle,

C. CONCLUSION: The base of the rectangle i= equal to 4 the minor base plus
1 the major base of the tr;gwld.

E""" = 4 = = ﬂﬂ

HOTE: HNow the child can see that the pieces must be arranged im a
certain manner which will show this relationship between the
lines of the fipures, With the arrangesent as in C we can
show the relationship using both of the top parts whish form
the rectangle or both of the lower pacts. Each gives B+h

D. Uaing now the two pisces which form the rectangle's base, reverse En
show in the trapezoid frame that the sum of the two parts of the rectangle
base (1 minor base and % major base) give a line which is equal to the
median, DEFINE median: The median of the tfapezoid is that line miting
the midpoints of the non-parallel sides,

E, CORCLUSION: THEOREM: The median of the trapezoid is parallel to the bases
and equal to 4 their swm,

F. Compare the altitudes of the two figures: they are equal,

G, CONCLUSION: These two figures are squivalsnt because their altitudes are
equal and the base of the rectangle i= equal to i the sum of the bases
of the trapezoid,

2) The trapezcid and rectangle #
A. Show the parts of the trapezoid im the rectangle frame by taking first the
tuo parts of the major base of the trapezoid, showing them in the center
and then fitting the twe upper parts of the trapezoid in the sides,

&_! %-l‘ﬂr'l'-E E B.,-‘Ff-"
B : + B *

B, OR take the top two parts which form the upper trapezoid (minor base)
and show them first in the rectangle frame, Then £it the other twe,

EBElE G- Frt+%-++8;

C. CONCLUSION: The base of this rectangle i{s equal to the smm of the bases

- =t of the hmlﬂi"j

s Shosr t the altitude of this rectangle is equal to the altitude of t
trapezoid by replacing the pieces in the trapezoid, Eiﬂuf.ng each pilecs s
of oneshalf the trapezoid im the rectangle freme and then showing thoss
two pieces to be sach one-half of the altitude of the trapezoid,

E, CONCLUSION: These two figures are equivalent because the base of the
‘F‘I'E‘I:I'ﬂ.gll is equal to the sum of the bases of the trapezoid and its altitude
is equal to 4 that of the trapezoid,



THE INSETS OF EQUIVALERCE. . .
Presentation #4: The trapezoid and the rectangle. . .

3) The two rectangles.

A, Show the whole figures from #6, #8 and #91 We have demonstrated the equi-
velence of C and A and why the twe are equivalent; we have shown that

C and B are equivalent and why, Since we have said that A = C

and E=C

them A =B

08t

C. We can cut paper figures: a) Beginning with A, fold so that the longer
opposite gides come together, them cut om the line. Form the longer

rectangle and superimpose the metal inset on it to show that they are
------ equal. b) Begin with B, folding it lengthwise, cutting and then rearranging

the parts to form A. Superimpose the metal {naect to prove equality,

D, Analyze the relaticnship of lines:
The altitude of A is equal to twice the altitude of B and its base is
one-hal¥ the base of B,
The altitude of B is squal to ome-half tha altitude of A and its base
is equal to twice the base of A,

Presentation #3: Part II: With inset 10 4
1. IDENTIFICATION: The trapezoid, the trapezoid l

divided into parts, the rectanglas,

2. FROOF OF EQUIVALENCE: Wenmote that the whole E T q :
trapezoid cannot be fitted into the rectangle's
frame, sc we must use the same trapezold divi-
ded for the proof:

a) TInterchange the trapezoids to wverify a) The trapezoide are equal, so we
congrusney. can uoe the sscond one divided for
our proof of equivalence,
b) Fill the empty frame with the four B) This trapezsid iz eguivalent to
pieces of the trapezoid az showm in this rectangle.
figure.
3. IDEFTIFICATION OF LINES: a) Trapezoid:~ We can identify the major base, the

mimor base, and the altitude which is
® line drawm perpendicular to the
base (we can imagine it as it iz mot
shown ).

b) Trapercid divided:The altitude of the whole trapezoid is
cut in half by 2 line drawn parallel
to the base, The result f{s two tra-
pezoida. The upper trapezold is divi-
ded by the two altitedes dravm Ffrom
each vertex to the base, giving twe
little triangles and one rectangle.

ce) Seperimpose the little triamgle or the Each has a major and minor base.
rectangle on the lower trapezoid The line dividing the uppar trapazoid
is equal to 4 the altitude of the
whole trapezoid.
d) Esctangle: Bage, altituda

b, RELATIONSHIy BETWEEN LINES:
a)} Fit only the two large piecss of the trapezoid into the empty frame:
The base of the reetangle is formad by the major base plus the minor base:
= L] b
b) Fow put the two small trisngles in the resmaining spaces, showing first that
the s=3ll triangle ;: equal to 4 the trapesoid, 35 the sltitude of the rec=
tangle iz equal to % the altitude of the trapezold. = = 3 ap



THE INSETS OF EQUIVALENCE., . .
Fresentation #3: Trapezoid and Rectanmgle. . .

e} CONCLUSION: The trapezoid is equivalent to the rectangle becauss the base
of the Tectangle is squal to the sum of the basss of the
trapezoid and its altitvde iz equal to 4 the altitude of the
trapezoid.

HOTE: The difference in the work with inset #10 iz that here ths traperoid in divided
8¢ that both the major and minor bases are left complete, Thus we are able to ses their
sum mote easily. {p. 280, Montessorl Elementary Materials)

Pregentation #5: The Equivalence betweenm a regular polygzon and a rectangle having one side
equal to the perimeter and the okher equal to half of the hypotenuse or

the apothem.
Haterial: Insets #11 = #16

Part I: The Regular Pentagon, insets #1, #12

1. IDENTIFICATION: Show that we bave a regu-
lar pentagon by rotating it in the fraoe.

2, ROMENCLATURE OF THE PENTAGON: The knob indi-
cates the center of the figure., Sides.
Perimetar,

Bemove the parts from the second pentagon: Imagine that we have joined the center to
Classify the trisngles. Verify congruency. each of the five wertices.
Catting along those lines we obtain 5 tri-
angles found in #12., . .acute-angled isos-
celes triangles,
They are all congruent,

3. Interchange the pentagons, vertifying congrusncy between them, NOW WE CAN REMOVE
THE PENTAGON #11; we have achieved the first mediater (#12),
ROTE: This is informatiom for further reference,

b. STATEMENT: Any regular polygon can be divided into as many equal triangles as it
has sides,

Part II: Division of the Descagom

¥While the pentagon is not developed in all its consequences, the decagon i3 now
thoroughly developed,
Matarial =

1. IDENTIFICATION: Regular decagon. The same decagon. A strange rectangle, And
ancther strange rectangle. But the first is different from the
second in the way it is divided., (Life two whole rectangles
to emphasize the differance i{n the division,

2. FROOF OF EQUIVALENCE: Between decagon and uﬂumm?luium#fﬁ.
whale thissgls fo—imvye—ssy

a) Show the two decagon insets #13 and 14, BExplals the division: we have
cbtained 10 acute-angled triangles by joinming the center with sach of the
vertices of the regular polygon with tem sides, the decagon. Show = of triangles,

b} Interchange the decagons to prove congruency. Eliminate #13, Now #14 is the
madiatar,



THE INSETS OF EQUIVALERCE. . .
Presentation #5: Part II: DHvision of the Decagon. .

el
d)

el

£)

Take inset #15, Superimpose the whole rectangle on the second half formed
af pleces. State conguency. et the whole rectangle aside.
From #14 transfer the parts of the decagon to the space left by the whele
rectangle in ¥15. BEGIN BY SHOWING FIVE OF THE TRIANGLES (% the decagonl,
AT THIS HOINT WE HAVE POEMED THE 4 BASE OF THE RECTANGLE TNSET, Then
rearrange the half-triangle piece in the rectangle to £il1 the space lacking
at the corner and finish transferring all triangles of the decagom Into
the rectangle,
CONCLDSION: There ars im this lomg rectangle the equivalent parts of
two decagoms, 50, . -this rectamgle (whole which has been set aside) is
egquivalent to the datagon.,

SEOW THE DECASON FROM #13 and THE WHOLE TRIANGLE PROM M5,
Prowe the sbove statement by replacing all of the small pieces now showm
as the rectangle im the two decagon frames.

CONCLUSION: One decagon is equivalemt to % this rectangle,
This rectangle is equivalent to two decagons.

4, IDENTIFICATION OF LINES: The decagon: 1. Center. Sids,

ROTE:

The reason for the % triangle in The decagon has no altitude.

the decagon is that it gives us the line But, if we lock at this one triangle im
which joins the center of the decagon with the decagom which has been divided in
the nidpoint of one side: thus the apothem, half, we find the altitude of the

triangle-—=thus the altitude of esach of
the triangles.

This line, in a regular polygon, which
joins the esnter to the mid-point of one
of the sides iz called the apothem,

Show the whole rectangle in the frame: Basa. Altitude.

B, BRELATINNRERIP OF LIMES:

2) HReplace the decagon pieces into the empty half of the rectangle frame
now, the other half occupied by the whole reetangle. BEGIN WITH ONLY
FIVE TRIANGLES, THUS FORMING THE BASE OF THE RECTANGLE {-} the whole
rectangle frame) WITH ONESHALF THE FERIFHERY OF THE DECAGON*®* (5 SIDES)

b)

GIVE THE COWCEFT OF PERTHETER: b) The perimeter is the total length of the
aidaz of a polyron,

CONMCLUDE: The base of the rectan- Bow many 2ides form this perimater?

gle iz aqual to one-half the How many sides have we used to form the

perimeter of the decagon, base aqual to the base of this tréctangle

Bhow the altitude of the rectangle, CONCLUDE: the altitede of the rectangle
super imposing the small # triangle "is squal to the apothem of the decagom,
on it.

STATEMENT: The decagon is squivalent to the rectangle having a base equal to cme-half
the perimeter of the decagon and am altitude equal to the apothem of the decagon,

A

PA, FROOF OF EQUIVALENCE: Between the decagon and the whole tectangle of inset 716

al

b)

el
da)

HOTE: The major base of the trapeszoid as seen in

;unti 5,
scagon. Hase angle of trapezold 1s T20
Angles of d“-gnnﬂmunl to 1447,

Superimpose the whole rectangle of #16 om that part composed of pisces

to verify congruency. NOTE THE TERMS OF COMPARISON: The decagon of 13
and the whole rectangls of FL6.

Transfer firat the small trapezoids of the rectangle to the frame of the
decagon (that decagon whose tem triangles are still showm as & of the
rectangle frame of the prior pressntation). We obtain two decagons,

Then complete the passage with the final 11 pieces of the Tectangle moved
to the interior deeagon, finishing with the two tiny halwves of the triangle.
The decagon i{s equivalent to the whole rectangle,

Prowe the statement by replacing the pieces in the rectangle. lil;l’ﬂ:: with
only the trapezoids in the rectangle again, we see that the base ol the
rectangle is formed by the whole perimeter of the decagom. [ x

#7, and 10 iz equal to the side of the

B
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THE INSETS OF BQUIVALENCE, . .
Presemtation #5: Part II: The Divieion of the Decagon. . .

3A, IDENTIFICATICN OF LINES: The decagon: PFerimeter, sides, center, apothem,

Rectangle: Base, altitude.

44, RELATIONSHIF BETWEEN LINES: Using the tiny The altitude of each of the triamgles

3.

half of one of the trisnglss from this set whish compose the Jdecapon has been divided _

of pieces, show that the altitude of that in half by a line parallel to the base.
triangle which it cuts im half is equal to S0 the trapezoid amd the tiny triangle
the apothem of the decagon. (by using both have equal altitudes, (SHOW THE DECAGOR
one can Show this superimposed omn one of the TRIARGLE AND THE TWO PARTS WHICH FORM IT.)
triangles of the decagon. « by taking the THEN, ., .each of the pieces which compose
1 of the decagon triangle used in the prior the half of the rectangle frame (that is,

procf, the two tiny triangles cam be showm which form a rectangle equal to the whols!
elearly to be half of the apothem,) is equal to § the apothem of the decagom
THEN SHOW THAT THIS (ME-HALF THE APOTHEM (the BECATSE THE APOTHEM IS EQUAL TO

tiny triangle) IS EQUAL TO THE ALTITUDE OF THE THE ALTITUDE OF THE TRIANGLE

WHOLE EECTANGLE. WHICH FOBMS THE DECAGOHN,

CONCLUSION: The altitude of the rectangle is equal to 4 the apothem
of the regular polygom,

By replacing only the trapezoids in the rectangle we formed the base. 3o
we see that the base of the rectangle is equal to the perimeter of the regular
polygon. ;

THIS DECAGON is equivalemt to the RECTANGLE having as its base the
¢ perimetar of the polygon and as its altitude ohe-half the apothem
of the decagon.

SHOW THE THREE WHOLE FIGURES: We have proved that this reetangle is equivalent
to the decagon; and that this rectangle is equivalent to the decagon. 5o the
TWO RECTANGLES ARE EQUIVALENT TO EACH OTHER.

- R
“HL

EEMOVE THE DECAGON: Esvisw the relationships of each base and altitude of the
rectangles to the decagon, CONCLUDE: The base of rectangle A is aqual to 4 the
base of rectangle B and its altitude iz two times that of B, OB The base of
rectangle B is equal to two times the base of A and its altitude iz &% that of
rectangle A, THE TWO RBECTARGLES ARE BONIVALENT.

c

Frove the statement by using a paper-cutting exercise. The child begins with
one of the rectangles, folds A so that the longer bases meet, cuts om the line,
then repositions the two pisces to show B. Superimposes the inset on the new

fipure to verify congrusnecy,



THE IMSETS OF EQUIVALERCE. . .
Fresentation #6: All triangles having the same base and altitude are squivalent,

HOTE: Here we do not nee the rectanfle as the second term of comparison as we have
in the previcus equivalence proofs. The rectangle frame shown im inset #17 is only
a referTence point in which we show the sgual aleis ”r of the three trisngles,
Haterial: TInset 17, Heres we have thres Jirur

figures plus the sapty rectangle frome.

The first rhonbus is divided into two equi- E I '
lateral triamgles, the rhombus being divi-
ded alomg the minor diagonal. The second
theabtus has been divided along the long dis=
gonal, The rectangle {z divided by one dia-

gonal vhich gives two right-angled triamgles.

Presentatien

1. IDENTIFICATION: BEectangle, Bhombus. Ehombus,

2. PROOF OF EQUIVALERCE:
a) Interchange the rhombi to verify congruency. We see that the only difference
is the way they have been divided., Show squivalence of first two figures,
b} Take one triangle from each figure and Right-angled triangle,
classify: Acuts-angled triangls, .
Obtuse-angled triangle.
We see that we have the three types of triangles as classified by angles
that we discovered in the geometry cabinet. Show the three insets as
4 comparizon,
e) Superimpose each of the three triangles on its corresponding half, verifying
congruency batween sach of the pairs,
d) Give each triangle a fractional walue as related to {ts whole figure: %,
e) Show in the empty frame % of each figure, that is, one of each of the thres

trionglas, | I I ﬂ

£} CONCLUSION: The altitude of these three triangles is the sams. (IN ORDER
TO MAFE THIS STATEMENT, IT IS IMPORTANT TO SHOW THE OBTUSE-ANGLED TRTANCLE
AS TH THE PISURE ABOVE.)

£} Verify the bases as being equal by showing each of the thres triangles im
each of the three empty frame figures on the tor row. In each case, we
know that it fits in one bass and then we show that it also #its in the
other two.

h) CONCLUSION: All the triamgles have the same ha=e,

STATEMENT OF EQUIVALERCE: Since we know that the three figures at the top (the
two rhombi apnd the rectanglel are all equivalent to each
other, we cam say that ome-half of sach of thoss figures
is equivalemt to the other halves.

AND We see that the three halves, these three triangles, have
the same base and altitude---the three have agual bases
and altitudes.

THEREFORE we ean say that triangles which have equal bases and
equal altitudes are equivalent to esch other.

ARD becauss sach of sne-half of an equivalent figure, the
halves are equivalemt to the other halves, That Ls, the
two right-angled triangles are equivient to the twe

acute-angled triangles. The two acute-angled triangles are
equivalent to the obtuse—angled triansles., The two obtuse-

angled triangles are equivalent to the two right-angled
triangles,

BESEARCHES AND EXERCISES TD POLLOW OR SUPFLEMENT THE INSET EQUIVALENCE WORK:

A, The child repeats individually the presentations given by the teacher,

B. The teacher prepares varicns figures: triangles, rhombi, parallelograms, trapezoids,
polygons with more than four sides, THEN, . .
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INSETS OF BOUIVALENCE. . .
Eesearches. . .

B, . .ask the child te prepare the rectangle equivalemt to each figure. Example:

From triangle ABC g ' He constructs the equivalent rectan-
Fle, cutting the triangle as showm as
l_
:I

a result of his sxparience with the
insets. RHa resets the pieces to form
the equivalent rectangle. . ARD HE
MAY TRANSFOBM IT THER INTO THE LONGER
RECTANGLE.
C. The teacher indicates the measurements of a figure and asks the child to construct
the rectangle squivalent to that figure. The maasurements can be indicated:
1} in unite, 2} in units of the metric aystem, 3} in uwnits of
Englizh syatem,
Example: The triangle [ want you to construoet has a base of 4 units and an alti-
tude of 8 unita. In order to construct the squivalent triangle, one
first must DECIDE WHAT THE UNIT LENGTH WILL BE. He is now working im
arsa without any system of messuressnt,

WOTE: We see hete the necessity for the child to carefully record each of the
equivalence statements he has Teached in his work with the insets of
equivalence. As he comes to this activity, he may Tefer to thoss proocfa
as a gulde for his comstruction on the basis of those statements,

THE PITHAGOREAN THEOREM

The materials used for the presentation of the Pythagorean theorem here are insets
#18, #19 and #20, as shosm in the following presentation figpures (az they appear in the
actual presentation.) Inset #18 presents the sensorial demonstration of the theorem,
#19 is used for the arithmetical demconstration of the theorem, and #2320 presents the
Euclidean thesrem, the geometrical demonztration. The work then procesds: 1) the pre-
sentation with the isosceles triangls, 7) the presentationm with the Pythagorsanm triple,
3} the presentatien with the Buelidean theorem, and &) the extensions of the Fythagorean
theorenm, already examined in the second constructive triangle work,

INTRODUCTION (for the teacher)

Ay the Pythagorsan theorem is based om the theory of equivalence, it is the conclu-
gpion of this work, The three frames could be sxamined in isolatiom, but the compre=
hension wveuld be leassened, In this presentation of the frames in conjunction with each
other, we can refer to experiences in our presentation that have zlready been examined,
Particularly sephisticated s frame #30, It is based on the Enclidean theorem, to pre-
cizsely demonstrate the first theorem of Euelid which fa:

I sach right-angled triasngle, one leg is the mean proportiom between the
hypotenase and the projection of that leg on the hypotenuse.

anesl BC:AC:: AC: HC
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THE INSETS OF EQUIVALENCE. . .,
Pythagorean TheorTem, , ,

Pressntation #1: The Pythagorean Theorem: Inset: V18

l. Using inset ¥18, isclate the right-sngled triangle:
the only triangle. IDENTIFY: it is a right-angled
triangle, It mmst be a right-angled triangle
because this iz our fundamental elemeant., It is an
isosceles triangle., (Thiz makes the demonstratiom
of the theorem @uch easier because the trianvle
is also half of the two smaller squares.)

2, VERIFY THE EQUALITY OF THE YELLOW AND ELUE SQUARES,

3. Using inset #18, show the same triangle in the
center, NOTE THAT IT IS CONGRUENT TO THE FIRST
TRIANGLE OF #18.

4. Show the congruency between the two blue triangles
which form cne square, Then that the two vellow
triangles are congruent., THEN SHOW THAT ALL FOUR
ARE EQUAL TO EACH OTHER.

5. Show the division of the red square., SHOW THAT
ALL POUR TRIANGLES ARE CONGRUENT TO EACH OTHER:
AND THAT THEY ARE CONGRUENT TV THE YELLOW AND
BLUE TRIANGLES.

6, Show that we have nine equal right-angled {=zcsceles triangles:

AN N ENEENE N N N N

7. CORCLUSION: We have proved that the two figures in the frames #18 are egual;
and that all the trisngles which form the figure in the sacond
one shown are squal among themsslves.

8, Now we want to show THAT THE SUM OF THE TWO
SMALL SOUARES IS ENUAL TO THE BIG SOUARE:
Freme =2 iz the mediater.

a) Eemove the red triangles from the large
smiare. . Fit the yellow and blun= tri-
angles from the small squares into
the bir sguoare.

b} BEearrange for interesting contrast,

e) CONCLUSION: The two small squares
together are esqual to the big sguare,

d) Eeplace the four red triangles in the
two omall squarss. NOT NECESSARY mOR
THE FROOF: BUT A NICE COMPLETION OF
THE EXERCISE,

9. THEMATICAL PROOF: The child coumts the 9, 1 +]1 +1 +] =
%ﬂ.ﬁ' in the large sguare; then he counts (1 +1) + €1 +1)
the two small sgquares. 1+l +1+]1 =
KWOTE: We can take the triangles as a unit b =
becanse we knewr that they are all agqual., 2 %+ 2 =

THEH the large square is €qual to the s3um of the two smaller onss,

BOTE: This material was originally constructed with the smaller squares having the
same color. THEN if all square were of the same color, one could more easily
show equal aress. But the thresz-—color scheme is now utilized becausze it is
a preparation for the next presentations,



THE IRSETS OF BQUIVALENCE. . .

THE PYTHAGOREAN THEOREM. . .
Pregsentation #2: Frame #19: Fomerical proof

Material: Inset #19 ghows the right-angled triangle

&) Beplace the red squares in the two smal-

with the squares bullt on each aide, as
in inset #18. The colors used are the
aame; but the positicning in the frase

is different. THE BIG DIFFERERCE IS THAT
HERE WE HAVE THE RIGHT=ANGLED SCALEMNE
TRIANGLE WITH SIDES 3, &, and 5,

Begin by diaplaying both insets #18 and #1%. Position #18 on a diagonal so that
the two figures are in the same position as the figure showm in #1%. With the
identical positions, we note the same figure in btoth £rames.

Take the two right-angled triangles out of the center of M8 (one figure) and #19;
superimpoze the two to show that THEY ARE NOT CORGRUENT,

Ask the child to classify this new triangle: It is right-angled (like the triansles
in #18): but it is SCALENE, mot iscaceles.
AND

By counting the sides of the squares that are lying on each side of the triangle:

minor leg, major leg, amd hypotenuse, we find that the minor leg is divided into

3 parta, the sajor leg is divided imte & parta and the hypotenuse is divided inteo
5 parts. THE SIDES ARE IN A RELATTIORSHIF OF 3, &, 5. This is the 3, 4, 5 relation=
ghip which is the fundamental Pythagorean theorem: the classical triple of feometIy.

Count the squares: [t is necessary to count
only one s=ide snd then to square that nomber
to get the total,
a) Count the red square first and Temove
them from the frame: 5 X 5 w 25 squares.
B) Flace the yellow squares in the red
square, counting them: O X 4 = 14,
e} Count the blue squares: 3 x 3 = 9,
and £i11 up the rest of the large
square frame.
d) THE LARGE FRAME IS FILLED: the proof
is made: the smm of the two smaller
squares is egual to the larger Square.

lar sguares to complete the exercise,

Arrange the new bi-coler square symmetrical-
ly: the child can copy the patterns in his

netebook, INVITE THE CHILD TO FIND AS MANY s — b=
NEW WAYS TO ARRANGE THE Twd COLORS OF SOUARES

&

AS POSSIBLE. 56 OF

Arittmetical proof: 3X3 = 32 =49 NOTE: The child =‘5w1e know that
BXI8 = &, =18 . IJxa = This particular
EXS = 5 =75 notation 15 iutrnduce-! in the

powvers and is particularly
important here,

EXERCISE: Invite the child to do this arithmetical proof with the list of triples,

as shewn in the introductory comments to the box of sticks.

ROTE: Por this presentation, the Inset should be prepared before the presentation.

However, due to the large number of very small pieces, a special box in which
these small pleces are kept may be advisable,



THE PYTHAGOREAN THEOREM, . .

iH

Presentation #3z
Frame #20: Euclidean
Theorem

Frome #20 is composed of three
parts:

1) The middle part is occupied
by the right-angled scalens
triangle (3,4.5,) and the cor=-
responding squares on each side.
The eonstruction of this figure
is the sama as that showm in
frams 419

2) The part on the left side iz formed of two frames, rectangles A4 and B, The
lemgth of these two rectangles is not particularly sisnificant (although, as we see,
the parallelogram and the small rectangle fit exsctly lengthwise in the first: that
is, the length is equal to the long base of the parallelogram plus the long base of
the small rectangle). The width of the rectangles is importamt, each width given by
the altitude of the corresconding parallelogram which is shewn in the rectangles im
the figure=eeand also in the frame itself, i{n this position. on first sentakion,

3) The part om the right side is also formed of two rectangles. And again it is the
width which is of importance. The width of rectangle C is equal to the side of the
large yellow square and also to the altirude of the yellow parallelogram with the
short side as the base. The second rectangle D has a width which is equal to the side
of the small blue square and also equal to the altitnde of the blue parallelogram
with the short side as the base.

The two parallelograme, blue and yellow, are the medistors in our proof of equivalence
between the two rectangles (the result of the division of the square ) and the two
squares, blue and yellow,

On the white right-angled scalene triangle the only internal altirude is traced as a
black line which results in a division of the hypotemuse into two line sesments: one
line semment representing the projection of the minor leg on the hypotenuse and the
second line zegment representing the projection of the major leg on the hypotenuse.

The square on the hypotemuse (c) is divided inte two rectangles by the prolongation of
this interior altitude which falls on the hypotenuse.

HOTE: Large cardboard pieces which corresnpond to each part of this frames are helpful
in showing this proof., Needed are the two psrallelograms, the two aquares, the
two Tectangles, the white triangle divided into two parts by the altitude, the
four long rectangles which represent the empty frames, and finally, two large
cardbosrd backup pieces which are joined to make the figure in the center,

Sfﬂ i f"ﬂ-j‘

x { Xty)=ct 9

We must prove that the rectangle x iz eguivalent te the square ¥; and that the rec-

tangle = is equivalent to t;\m ATHE n.z THERSy + m will be equivalent to x + z OR
& =+ [ e

l. To prove that the squares are equivalent to the rectanrles, we can trv to Fit the
rectangle frames or vice wversa: but it is imposaible. So we pust use the mediators,

2. ERemove both rectangles, slide the triangle to the bottom of the large smpty squATSE
frame; NOJ WE CAN FIND A CERTAIN RELATICNSHIP WITH THE NEW SHAPES,



THE PYTHAGOREAN THEOREM. . .
Presentation #3; The Buclidean Theotem. . .

WE HAVE DEMOMSTRATED WITH THE TWO MEDIATORS
that the Trectangles are squivalent to
the parallelograms because the mediators
fit exactly into the place of the
rectangles.

EMPEASTZE their equivalence by

holding a rectangle in ocne hand,

a parallelogram in the other:

they would weigh the same,

3. In order to go from the parallelograms
to the souares, we remewve the souares,
one at a time, slide the trisngle ko
the upper wvertex of that square and
fit the corresconding parallelogtam into
the vacated apace.

WE HAVE DEMOMSTRATED WITH THE TWO MEDIATORS
that the squares are equivalent to the
parallslograms because the mediators fit
exactly into the place of the Squares,

b, BReplace all pieces in their original
positions,

5. HKote that the mediater is the common term:

%*W_:

It £z mow possible to shew the eguivalence betwesn the twe souvares and the e Tes-
tangles because they are both holding hands with the parallelogram, WE HAVE DEMONSTRATED
THEIR EQUIVALERCE WITH THE TRARSIENT PROPERTY.

ROTE: Senscrially we have shown these egquivalences by the exchange of the figures:
it has been a wisual, tactile experience. NOW we want to know the reason ‘
why the fipnres are equivalent. This iz the same thing as locking for the
RELATIONSHIP WHICH EXISTS BEIWEEN THEIR LINES. The relationship of the
lines iz the last part of the seqguence for sach series of the inset eguivalence
work. And so it is here the last part of the proof of the theorem.

Presentation #3a: The Eelatfomship of the Lines of Eguvivalent Quadrilaterals

1. The first consideration is the egquiva- 1. The rectangle has & base and alititude.
1= the small rectangle and But thesze two elements of the nomenclaturs
m%. Identify the lines can be switched if we show the rectangle
of both figunres: HOMENCLATURE. We note in a different positiom,
that each figure has a base and altitude AND inm the parallelegram there are 2
but that the two elements can be switched bases and 7 altitudes,
in bath figures: 2 bases and 2 altitodes,
depending on the position of the figurs,

With the paralleslogram note both the Intetrnal
and external altitudes for both positiona,

2. SHOW that the two firFures must be ori- 2. The twe Firures Bust be oriented inm a
antad in a ecortain way for the proof. cectain way:
We will use the long side of the rectangle
asg the bage, and the long side of the
parallelogram as the base.

3. Superimpose the two pieces to show that 3. The base of the rectangle is equal to
the altitudes are egual, and place the the base of the parallelogram.
bases side by side to show that they The altitude of the rectangle iz equal
are equal. to the altitude of the parallelogram.



THE FYTHAGOREAN THEOREM. . .
Fresentation 3a: Euclidean Theorem: Relaticnship of Lines, . ,

L.

5.

G

Fit both figures into frame A showing that both figures have the same altiends,

CONCLUSION: Becaunse the rectangle and the parallelogram have equal bases and
equal altitudes, they are equivalent,

The relationship of the lines between the larger rectangle snd the vellow parallelo-
ﬁ- iz now conzidered, Give the nomenclature for the two figures, naming both

ses and altitudes of each figure. Denote the base and altitude which will be
considered: for both figures we consider the longer side as the base, Placing
the two bases side by side, we show the the bases are equal. Superimposing the
figures, we show that the two altitudes are equal, SHOW THE TWO FICURES IN
FRAME B TO VERIFY THE EQUALITY OF THE ALTITUDES. Becsuse this rectangle and
this parallelogram have aqual bases and equal altitudes, they are equivalent,

BOTE: 4 and #6 placement of the figures in the long rectangles of the inset is

8.

10,

shown in the figure of that inset; also the positions of the parallelogram
it relationship to the squares shown in the rectangles C and D,

The blus square and the blus parallelogram: We again identify the nomenclatures
firat; stating that now we must reverse the orientation of the parallelograzm for
this consideration. The short side fs now the base of the parellelogram, Show
that the two figures have equal bases and altitndes by suparimposition. Then
show the two in rectangle B, verifying the equality of the altitodes, EBecanss
the aquare and the parallelogram hawve equal bases and equal altitudes, they ace
esquivalent.

WOTE: We do this proof before the blues: an interesting obhservation sn the ATT AREE=
ment of the rectangles: imn the first set of two, we show the blue parallelo-
gram comparisen first, them yellow; in the second group, we have the
vellew first, then the blue. The same figures then are placed in different
orisntation,

The yellow square and the yellow parallelogram: Identify the nomenclature; show

that the short side of the parallelogram must new be considersd as the base.

Shews the bases as equal and the altitodes as equal with the twe fizures supecim-

posed. Then show the two in rectangle C, verifying the altitudes as equal.

Because the square and the parallelogram hawve equal bases and equal gltitodes,

they are equivalent,

Bewiew the relationship comparisons which 9. The small rectangle is equivalent to
have been made, Using the transitive pro- the small parallelogram.
perty, restate the result of the egui- The large rectangle is souivalent to
valences, the large parallelogram,

The large square is squivalent to the
\*M?Mf.ll_ = f large parallelogram,

The small squate L5 equivalemt to the

Aferones = s=all parallelogram,

FASSAGE FR(M THE RECTANGLE TO THE CORRESFONDING SOUARE: (the squars and the
Tectangle are not comeasureable: there is no common measure,)

AGES: Pythagorean theorem: #18 inset: 8%

The study of area dnd the metric syvetem must be considered before, . .
Arithmetical proof: #19 inset: &3

Then the child {8 ready to wort in this interim with the triples and extensions.
The Buelidean proof: #20 fnset: 11
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