THE SU OF THE EXTERIOR ANGLES OF THE POLYGOW, . .

EXERCISE: Usinr all the polveons from the
geometTy cabinet and the transparent protracter.,
&) With the protractor, the child measures

the interior and the exterior ancles.

(He measures the interior anrles as a
CONTROL because ke bnorsz that the exterior
anzle and its corresponding interior angzle
are always squal to a straight angls. 3o
he knows the total mmst be 180°) 4

B) He adds the exterior angles: [25™+90% |50"= 360"
e¢) At the end of all the experiences he reaches
the CONCLUSION:

=~ /BO"
F0® = 30"

The sum of the exterior angles of a polygon formed by extending each side im succession
{5 two strairht angles-———or a vhole angle.

AGE: The first wear of Sscondarvy Schoal,

THE GOLDEM CHAPTER OF GEOMETRY FOE THE ELEMENTARY SCHOOL: LEVEL III:
Congruence, Similarity, Egquivalence

IRTRODUCTION
This iz the most isportant chapter im the methodology for the elementary ehild for
it enables us to stody the areas and the volumes.

To five the child the concepts of congruence, similarity and equivalence, it ix not
necexsary to walt until he has finished the progrss to this point. It IS necessary that
he be able to recommize, withouwt doubt, ALL the figures. Therefore, the hast ame to ba-
Fin iz at ghout & vears. That is, more or less, after the study of the anvles. The pre-
cautious presentation of this chapter is necessary because the experfences done with
congruence, similarity and equivalence require a long time———in such a way that, L1f we
start very early, we will give the ¢hild the possibility to work with his hands and thus
he doss not receaive only the lessons that the teacher gives. The succession of presen-
tations of the concepts is the same: the first presentation at the sensorial lewel,
the aim of which iz to rive to the child an idea ofwhat we want to present, Then,
immediately afterwards, we give a languare lessom which gives the exact meaning of the

term. Then we have the lication of the acquired concept which is done with the spe-
cific material called the %EEmd Series of Comatructive Trianrles.

The last part of the work will comsist im the gompsrative study of equivalent figvres.
That is, the consciousness of the relationship between lines and equivalemt Firmres, e
will refer to some of the grometry charts. Finally, there will be a study of cartain

theorems ob emivalencs which takes us directly to the galsyglation of the area of plame
Eipures.

Fresentation: An Imtroduction to the Materials: the ¥ metal insets of the sguare AND
the 4 metal insets of the cireles,

KOTE: The child should have, at this point, worked with the Fractions, at lsaszt at
a sensorial level zo that he can pass easily from the fdentification of the circle as
a whole to the aquare a= a whela,

1, Present the 9 metz] insets of the square divided in two modes and display 1ike this:




CONGRUENCE, SIMILARITY, BOUIVALENCE. . .
Presentation: Introduction of the Moterfals, . .

2. RNote the comstuection of the variocus fractisnz of the square,

2) The whole: Thiz iz a square. A1l of the figures in thess Prames are squares,
but they are divided in different ways,

b) Top row, #1: This {8 a square Aivided into two parta by the diagonal,

e} Bottom row, #1: This is a square divided into two parts by uniting the mid-noints
of the opposite sidea.

d) Top row, #2: This square has been divided bv twe diagonels, resulting in four
triangles

e) Bottom row #2: This square has been divided by two lines uniting the midsoints
of the opposite sides, resuiting in four sguares.

£) Tep row, #3: In this square we have two disvonsls and alse lines miting the mid-
pointes of the opposite sides, resulting in eipght trian-les,

£) Bottom row, #3: Fers we have divided each of the squares in the preceeding figure
by joining the midpoints of one oprosite pair of sides. The result is aight
rectangles, |

h) Top row #: Here we have divided sach of the squares formed by uniting the mide
points of the opposite sides (as we did in the preceeding figure) by 2 diagonak,
just as we divided the square first by a diagonsl. The result is 16 triansles,

i) Bottom row, #4: Now we have joined both of the midpoints of the opposite sides
in each of the squares we formed in the second Fipure in this row.

3. Emphasize: that the diagonals always produce triangles and that the lines which
mite the =idpoints of the oprosite sidas always produce quadrilaterals of two kinds:
either squesces or rectengles,

&, PDisplay one of the fractions from each of those figures on the hottom rewr, Here
we gee that the lines uniting the oprosite sides produce: rectangle, square,
rectangle, square,

5. BEmphasize: that each part of a Figure is exactly one<half of the preceeding figure
fraction or double the zize of the succeedins ome, Demonstrate this by pointing
cut a series: This is true of the square and the triangles,

B EE A 4 <

BOTE: The material is made on the decimal systen base. The 1.114:1.5 equare has a 10 em,
side, Then the first rectangle is 5 X 10 em., second square is 5° em,, mewt rectangle
is 5 X 2.5 em., and the next square iz 2.5 em,”,

6, Introduce the series of small fraction labels. The children =atch a label to each
of the fractional pacts,

7. Present the triangle insets in the same way, Here there are fewer {nsets.

AAAA

2) To obtain the second figure, we trace the altitude which divides the figure
inte two equeal parts.

b) Then the thirds are formed by the bisectors of the angles, and each one is
1/3 of the vhole,

¢) 'The fourths are formed by joining the midpeints of the three sides, and we
form four equilateral triangles.



Presentation: FIRST LEVEL: THE CONCEPTS AND THE RAMES
Part I: The Concept and the Name of Congruent /Equal

Materiale: The 9 metsl squatre insets.

1. Give the concept of congruent, Take 1. let's imagine that this surface is form-
from the square insst divided by tws ed by an infinite number of points, , .
diagonals the two opposite fourths, and this one, too.

Superimpose the tio &0 that the child sees Mew wa superimpose them,
that both cover each other l‘f.-H:t:I «  Each point of the triangle below cofres-
ponds to each of the points of the
trianrle ahove,
Esch fimure covers the other flrore
1. The Lamguags Lesaon: priving the name. 2. These two firures have a apeefal
Uu.li“i

They are equal o congruent.

The word congruent is synonymous with t he
work e=qual.,

Flongruant” means "direct sguality” or
"superpositieon.”

3. Repeat the presentation with other equal pleces: the fourths (as ghown), the eichtha,
the sixtesnths.

EXERCISE: #1, The teacher invites the child to
bring twoe congruent parte. The child brings beth
parts and superimposes them, . .and we ask: Why afe these two parhs conpfrusnt?

#2. The tescher chocses ome part and askz the child to bring the part equal
to the one chosen,

#3, The child dravs two congruent fipures inm his notebook

and writes: Thess two squares are equal becavse each point of the surfsce -
of ome directly corresponds to each polnt of the other one,

4. REFEAT THE EXPERIENCE OF CONGRUENCY WITH PARTS TAKENM FROM THE TRIAMGCLE INSETS,

Fart TI: The Comntept and the Mame of Similarity
Presented when the child has understood well the concept of eguality/congrusncy,

1. Choose the whole square and the sixtesnth obtained by the suceessive union of the
mid-points of the coposite sides of the square, These are the two opposite mrts in
the set: the largest and the smallest souares,

2. Give the concept of similar, 1. What is this? A square.
What is this? A square,
[l T™ey are both squares,
Are they equally big?
Bo-—-thia one ia bigger; this ome smaller
They do not have the same walue, the
sase ared, the same waight, BUT they

And the neme, hawve the same shaPe. They have a spe-
elal quality: they are similar.
3, Then repeat the presentation, using other What does similar mean? It means “to
parts: the rectansles of the ¥ and the 1/B. look alike™ just as 2 bov resemhles
The triangle & and the 1/16. his father,

They have the ssme shaps, bot not the
same size, If they 4id, they would
k cover ons another,
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COMCEUERCE, SIMILARTTY, BODIVALERCE. . .
Fresentation: Part II: Concept and Hpme of Similarity. . .

EXERCIZE: Using the gencral pattern of those exercises presented for souvality, ask
the children to identify the concepts of sisilarity and squality. .

&,. REFPEAT THE EXPERIENCE OF SIMILARITY WITH PARTS TAEEN FROM THE TRIANGLE IRSEIS:
The whole and the }—both equilateral trianzleas,

EXERCISE: The child shows all the sguares: the whole, the 3, the 1716, and he writes:
These agqueres are sinilar because they do not have the same valoe nor the same size, Wit
they hmve the same shape. We ask then:  Are thess two similar? these twe?  thase twea?
We hawve discovered that all three are pimilar,
oft

The child takes the four right-sngled fscacelss triansles, each ona-half of the previous
one Fros the [rssts which hawe been divided by diagonals, repeating the same analyais of
the similarfity Beobween all four and writing the conelusion.

Part III: The Concept and the MHame of Eguivalence
THE ATM: {a to show that figures are equivalent when they have the same
walue (weight or areal); but different shapes. Thia fs the opposite of the
previous concept,

1. Giwving the concept: using the whele -7 . 1, We wvant to demsnstrate. that these
gquate gnd the two inssts of halves-—= are all squal==<that the inasts in
that one for=ed by the Jdiagonal and that eath of these three squares frames can

one Eormed by the l1ine joinine the midpoints go inte tha ssme frame,
of the opposite sides; exchange the ploces

of each, placing the twoe halves in the fraee

of the whole amd then in the frame of the

other halwes; repeating the experience with

the ather halves and the whole.

2, HEeview the concepts of ™fraction™ and "%, ™ 2. Fere we have taken the whole, traced
the disgenal and brekem It inte twe
parts—-the result iz two eoual parts;
one-half esch.

We call each of the saual parts resul-
ting from this division a Fraction.

5. Tegke the "half™ triensle and the "kalf™ 3. let's identify thess shapes:

rectangle; note their cdepial walve, Givs What iz this? A rectangle.

the nass of squivalence and define, What ia thia? A trismgle.
The two figures have diffsrent shapas
and different namea,
What s the value of this Friansley
What iy the value of this rectangle?d

k I Both are 1 of the whole.

Therefore they have the Eame valoe.
These two' figures hewe’ the quality of
equivalence,

Figures are esulvalent when they have
the same valwe, but different shapes,

AT THIS MOINT, WE CAN ORGAMIZE A CHAET WITH THE CHILD IN ORDER TO GIVE THE STMBOLS:

o| Comargt M|E!mmm Conabisatsnt
% SEERFRER (RUNuAG ENMSMEE SO8E KOEHC TR
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COMGRUENCE, SIMILARTTY, ROUIVALSMCE. . .
Fresentation: Yart III: Eq"u-i'b"llt'll-l'."t. rE ]

EXERCISES: TUsing the metal inssts, the child takes & particular group of the inssts,
fita then into the expty sguare frame to note exactly what value he i=
working vith and then disceovers figures and desipgns which are equivalent,
Epch time he forms a figure with that group of insets, he may roplace them
in the frame, noting the equivalence to the) original group,

"2l

a} The child here has ches  the trianglas formed bv the diagonals dividing the sousres
the 4, the 3, the 18, the 1/16,

b} Ba first £its them all & the squarr frame, noting that alscst the entire Frame
is £illed. Only 116 | isning.

e} He explores the possib  {es, first finding the pine tree. . .and then teying to
tranzfors that pine to ate another equivalent Figore. Be disecovers the teamot,
the animal, the f£lag. :h is eguivelent to the other,

d) He proves this by putt | all the parts again into the frame, and it alwayy fills
the frame with the 1ag ¢ 1716,

e} How he cuts out the £f  Es, using the mstnl insets = sg: and pastes the vericua
equivalent figures in = | notebook, writing: The pil "~E-_.1_1.r'_f_}l:1-nt to the flag.

ROTE: Other ideas: the | res and the Fectan AT

the | 15 s rin

+ha
There is an infinf and we must 1et
the child exercise

Fresentatien: SECOND LE .

Part I:

L

2.

These three concepts |
them more precizelvw.

The Congept of
Take the % cectangls

Then take one of the
another rectanpgle,
not proportional im
with the First and |

" T

Bear v oust defline

1 the 1/8 rectangle, and establish their similerity.

|
;*;I-r-n and present
bf paper that is

Fﬂ::t to the sides
£

What fa thia? and this? Poth rectanzles
They have the sams shaps,

They have the zame name,

BUT what was valid for the first two
rectandles 1 not valid for these two.
Thase two £ igutes, although they have the
same Shape and the same nase, are N0T
aimilar.

THEIR SIDES ARE MOT RESPECTIVELY PR
POBTTOMAL,,

-

ore not similar.

Showr the proportio
the tws fnset rect
their helpht and ¥

réctangles below the larger and to the =ids

to demonstrate that in
ofe han

2, first identifying

side twice that of the spaller,

Let's look at our first two Tectangles.
What is the bhase of the small one?

What 4% the heighe? Of the large ops?
liowr mamy timez larger is the lacse base
than the sall base?

The base of the larger iz double the hame
of ths =matler,

ARDr T can see that the haipht of the
hrﬁur is two times that of the =maller,
Both the short and the long side of the
large cectangle are respectively two
times longer than those of the smaller,

[y af the aides of 3,
.~ Then! show two amall

each aaps the larper

RS



CORGRUENCE, SIMILARITY, BOUIVALTNCE. . .
Presentation: SBOOND LEVEL: Part I: Sisdlarity. . .

HOTE: | These two rectanfles are constructed in the same way: made Fros the same SoaTes
thetefore, their sides are recpectively poeportionsl.

5,

=

7

Take now the & restangle and the othar b,
réectangle and make the comparison betwsan
the bases and hefghts., e see that we

havs an opresite rotis of dimemsions, . .
and prowve that they sie mot similar,

Fhow the three squares from the {nsetss: S5a
the whole, the 1 and the 1/16. Foto that
all sgusres mre aimilar,

How let's ecomnare our larger rectangle
with this new rectansle,

Ehat lg the baze? height? of the new?
First we compare the bases: we discever
that the baze of our new cectandle ia
Just a little smaller tham the base of
the § reetangle.

Kow let'"s measure the hedght of the 3
with the new rectangle height,

The hefight of ths new rectmangle is
nearly two times sTeater than the
rectangle,

Zp {ts baste ig soaller and itz helight
iz greater, . .than the regpective base
and height of the metal inaet frectansle
We have an eppesite ratic of dimensions.
Slm—=thaze two rectangles are not simi-
lar becanse the ratio betisen the two
bases iz mot egual to the ratio betwesn
the two altltudes,

These three fimares are si=ilar because
they are all souares and that is
anough,

In order for squares to b zimilar, ik
i5 encugh that they arezsgusres, WITT
What do we Tnow about the sides of the
Sqtare?

ALL SQUARES ARE STMILAR. AND ALL CIBCLES, AND ALL CUBES. AMND ALL SFHERES .,

Comaidering mewr the triancles, a speeial problem:
a) Take the two equilateral triangles &) All squilateral triangles ace similar

from the trianple 1nutu--t'h¢ whole
and the fourth. Show that all sidas

are proportional. '

becauss they are equiangular and all
the sidez are respectively proporticonal,

b) Shew the & square obtained by the b} What is this? A big triangle,

diagonal (right-anrled imosceles tri-
angle) and the corresponding 1/8,
Identifw the triangles, First by
size; them by aide and angle,

AND REDEFINE SIMILARITY.

h .

A bbb

What i=s this? A small toiandle.

They are gimilar becanse they have the
aame’ ghape, but oot the some valoe,
MW we muzt classify them according to
their sidea and their angles.

They are both right-ansled isosceles
triangles,

IN ORDER TO BE SIMILAR, TRIARGLES MIST
HAVE THE SAME CLASSIPICATION ACCORIE NG
TO THREIR S3IDES AND TVEIR ANGLES,

Bo thess two trianrles are not similar
ust because of their aimilar shape, buok
becauge they have the same angles and
the ssoe sides: we must place them fn
the same position *o ses that they
hawe respective angles eaqual and their
sides respectively in nroportiom,

80 thia risht anrle must coincide with
this ome, Thiz hypotenuse Bust coin-
cide with thls ome.

We can superimpose the two to see this
coineidence,

We can slsc check the proportiomsliny
of the three sides, it 1is 3:1.



CONGRUTNCE, SIMILARITY, ENUIVALRNCE, . .
Presontation: SECOND LEVEL: PFutther Study of Similacity. . .

ACE= SECOND LEVEL OF SIMTLARITY: about 10

Presentaticon: THIRD LEVEL: Purther Study of Similarity: The Criteris for the
Similarity of Trisngles

1. Comsider the three cases in which we
may sstablish similarcity: wuse the acute-
ansled mcalene trisngle.

CASE #: There are twe reapsctive ancdles equal
and the inclunded side: XIFNAENESEE i= proportional;
therefors, the other angle will be equal snd the
ather aides proportional, 50 the two triangles
ave similat.

e . a—

AN

CASE #7: Two pides are respectively proportions
al and the included angle i3 equal; therefcxe,
the thitd sides are proportional snd the other
two andles egual. The two triangdles are simllaz.

CASE #3: The three sides of the trian~les are ]f
respectively proportional therefors the ansles '
are equal. The twe triangles are aimilar, _

7.. Consider the d-square triangle and the squi= What is this? @ triangle that is &
Tateral half from the triangle insets. of the sguare,

What is this? a triansle that is §
of the equilateral.

Are they similaz? RO

We mustanalyze them according to the

sides and the angles,

Both hawve a right-angle, so hoth are

right-atgled triangles,

But one iz fiscsceles and one 18 scal-

BT,

Because we cannot identify them simul-

tanecualy according to the sides and

the anglas, they are NOT similar.

de Consider the 1,23 triangle of the squila- Let's classify each of these triancles.
teral inset and the 4 of that same triancle, One i8 a right-angied and the other L
is an obtuse-angled triangle. |
One g scalens: the other fsesceles,
Thess have two things against thef—=—
THEY ARE MOT SIMILAR,
They are similar only in name,

dctivity: The child constructs cardboard triangles; and determines whether thay are
similar of mot. Here the child may, for exasple, construct two obtuse-—ansled
triagies. He may determine that both are triansles, but that is not encugh.
They are both obtuse-smgled triansles, but that is not encugh. They are both
scalene triangles, but atill that iz not enough. He discovers that BOTH
OBETOSE ANCLES MDST BE THE SAME SIFE 02 THE TW0 TRIANGLES WILL ROT BEE STMILAR.

ROTE: It is through thess sxperiences that the child discovers that in the triangle
work, we must be much more precise when we consider the similarity of twof igures,

g
-



CORGRURNCE, SIMILARITY, EQUIVALERCE. . .

Bresentation: Part II: The Further Study of Equivalence

When we zay that two figures do not have the same shape; but that they are -l:i\'."l.li"a'i'ldn!.'.,
we indicate that they have a)the same ares, blthe same weight, ¢} the seme price, d)the
same value,

We have showm that the half of the sguare formed by united the midpoints of two opposite
sides (rectangla) and the half of the square formed by tracing one diagomal (the triangle)
are equivalent, but Bow we want to shew equivalence morTe precisely,

1. Daplay both the rectangle and the tri- 1. HWe knew that these tws firures are egqui-

angle halwves of the metal inssts, walent,

If we weighted them, they would hawe
Welgh the two 1€ possible. the sabe welght,

I they have the same weight and ave

made of the same paterial--=as we zew '

thay are-——they then would probshly

have ths mame price.

SD 1if T made theses two Eispures of card=
hoard, they shonld require the asms
ameunt of paper., Let'"s try it.

2. Show the commom alde, that side which 2. W%hen I try to guparimpose thess tws
Te an equal length for the tue, Putting figures, [ ses that thers is & part of
those two sides together, superimpose the each fi=mre not covered.
firures. . «then show how the 1/8 f.tl.'i.- Is there a fractional part from the inset

that corresponds to this space? d
YES——<the 1L/8 triangle fits both here
and heve.

3. Bepin then with the cardboard fimmre. 3. How we can do the seme process with the
Cot, cut of hesvy paper, the 172 tri- paper,
angle, Then fold one of the catheti I want to transform this triangle into
in half, back upon the £ipmre and cut this rectangle.
the piece, Show it as the top part of
the new Figurs which is the rectangle.

ROTE: TIFf veou hegin with the rectangle, #\\
transforoing it into the triangle, it

is neceasary first to fold the -“rectan-

gle inte & 200aFA—e=if halfe—-than fold

the sguete In half and out,

4, EYERCISE: The child Begins with the matal inset of the 102 triangle; and, by uaing
other inset parts, transforms that part into the Tectangle. e becdin by displarving
the 1/7 triangle and at the other end of the mat, the tight side, the 1/2 rectangle.
The chiild musc then discover the passage: here sxchanping the 172 triangle fof two
1/hs, then one 175 Eor tws 1/ 8w.

EXERCISES: OF transfeormation, Showing equivalences batween figures. Using the metal

ingets of the aquare as & bank, the child hegina with twe firures he knows to be eouviva-

lant. Then, through passages of exchanges, he secks to arrive at the ecuivalemt Cigure.
i i
2 ‘|‘
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