FIRST LEVEL: BExploration of Figures. . .

The Constructive Trianzles:

First Series

Materials
The First Box of construvckive triancsies contains:

al
b)
ol
da)
e)
£)
)
h)

2 yellow right-angled isosceles triangles; black lines along one of the equal sides

2 gresn right-angled isosceles triangles: black line along the hyponteneuss,
2 vallow richt-angled scalene triangles; black line along the minor leg.

2 grey right-angfl ed scalene triangles; black line along the hypoteneuse,

2 green right-angled scalene triangles; black line along the major leg.

1 red right-angled scalene triangle; black line along the mafor leg.

? yellow equilateral triangle; black line along one side.

1 red chtuse-—anrled isoscelss triangle: black lime alone the lonmeat side.
(This is the companion of the right-angled scalene red triangle)

Fregentation

1.

2e

6.

7.

Show the two equilateral triangles 1,
and ask the child to classify them,
verifying that they are equal by
gupsrimpaging them one on the other,

Point out the two black lines and 2.
unite the two trigngles at those
black 1lines. . halding ome in
position and moving the other one

to it. Identify the new Figure.

Hawe the child now repeat the
positioning topether.

Proceed then with the two vellow 3.
fzogceles and dizcover the
common parallelogram.

Then the green iscsceles which &,
whern joined on the hypoteneuses

make o3 square,

The wellew scalene makes a 5
patallealoscam.
The grey. acalens, with black b

lines along the hypotencuses,
makes a rectangle,

The green right-angled scalens A
makes another common parallel-
TS,

Beview the £isures and what new B
figures hawve been formed with
their combination,

Activities:

What ims this triangle?
And £hiz oma?

Are they equal?

How shall we find out?

Hotiee the black lines om =ach of the
two triangles.

When we join the triangles on the side
ef the black lines, what new figure
do we formt

This looks 1ike a thombus!!

The equilateral triangles have givem
us a rhembus,

the children cut out the fimires of colored paper, then paste

them in theair new notebooks, writing the name of the new figurs,
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GEOMETRY COMMANDS

1.

PFlane Inzetas

2) Using the demomstration tray, take the square from its frame,

b) Then, one after the other, place all the ingets of the geometry figures in
the frame of the Squate.

¢) List all the fipures that fit within the frams.

Flans Insets
a) This line is 10 em. long:

Uging the frame, draw a black pencil, the contours of the firures faund in
the first draver,

b) Then, ome -Fftar the other, place on the red line that is on this o mmand,
the insets belonging to the fromes that vou have drawn,

e} Finally, with a red pencil, draw on that figure, the position of the line
fgqual te the red one,

d) Do the same work with the figures in the lst drawer.
e} Do the same for the Ind drawer.
£) Do the same for the 3rd drawer,
) Do the same for the Ath drawer,
h) Do the zame for the Sth drawer,
1} Do the mame fFor the &th drawver.

Flane Insets
a) On vour notebook, copy thisz table:

1 side i 2 sides 3 sides | more tham & sridu} the sideg are not pos=zible

| Lo count
| | |

b} Count the sides of each figure of all the drawers, and for each firure, write
the name of the figure on the proper place,

Flane Inasts

a}) Take these B insets: decarfon, square, heptagen, cirele, pentagon, squilateral
triangle, nonagon, hexaron, octagon.

b) BEotate each inset as vou would the wheel of a hicyele,

) Line up the figures and draw the firures: Besin with those that rotate easily
and finish with those that don't.rell.

d4) Answer: Which rell better? Those with manvy sides of those with onlvy a faw
sides.

Blue Constructive Triangles

a) Take the aquilateral triangles, join them and on a piece of paper, matk the
eantour of the auadrilateral that wvon have constrvected.

b} Do the same with the ascalens trianpgles,

¢) Do the sames with the isosceles triangles,

Blue Constructive Triangles

2) Answer: How many Figurss have vou construeted p=ing the {sosceles triangles?
Why? .

b} Answer: How many figures have you consttucted using the equilateral triangles?
Why?

¢) Answer: How many firures have you constructed using the scalene triangles?

: Why?
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GEOMETRY COMMANDS, . .

8.

10,

11.

12.

13.

14.

16,

1ir.

Constructive Trianries

a) At the window, copy by tracing, on a shest of paper, the desfism on thia
conrmand ., «l

oy
,'3#
-3 “it:.h a pencil, mmite the points follewding the order of the numbers: 1-7-3.4.1.
e} Joining two points, divide the fimure into ? parts.
d) Answer: What figures are formed by the 7 parts vou ebtained?

The Fimwheel
a) Construct s pirvhesl with 17 points.
b) Draw this pinwheel, following the sontoura of sach triangle.

a) Construct a pinwheel with & points.
b) Draw this pinwheel, following the contours of each triangle.

Fundamental Concapts

#) List the things that can be callsd "selid.™

B} TList the things that make you think of a surface.
d) List the things that make you think of a line.
e} List the things that make vou think of a point,

Fundesmental Comcapts

a) Take a box of beads, take one of them: it i3 the imase of a point.

b) Then place one next to another, then place many other, . . . . . . .points.
) MAnswer: What have you constructed?

Fundamental Concepts

a) From the box of 10-bars, take one bar: it is the image of a line.
b) Then, place it next to many other, ., . . .lines,

e) Answer: What have vou constfTucted?

Pundamental Concepts

a) From a package of shests for drawing metal insets, take one of the sheets: it
has the image of a surface.

b} Then, place the one om ancther, then many other. . . . .sucfaces,

¢} Angwer: what have you constructed?

Pundasental Concepts
With the material of the decimal system:
a) With the points: constroct a line.
b} With the lines: construct a surface.
e) With the surfaces: construoet a solid,

Straight Lime and Curwved Li.'uu

-r--rr--'_-r--—

WU NG

a2} Line & iz a straight lim,': ’ "
Anmwer: Which other l1imes are strairht? Mw |Mﬂﬁ.ﬂ4ﬂ.
b) Line 7 is a curwed lins:

Anzwer: What other lines are curved?
¢) Copy this table and complete it:
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GEOMETRY COMMANDS:

18.

19,

20.

21.

23,

b,

5.

26,

27.

28,

Straight Line and Curved Line
a) With a green pencil draw a curved line and with a blue pemcil draw a straight
line,
b} AnSwer: When iz a line straight?
When is it curved?

Straigkt Line and Curved Line

a) Copy the words and above them draw the grasmatical sy=bol:
===the 1ine
===the straight line
===the curved line

Straight Line and Curved Line

a) Make a list of objects in the room limited by straisht lines.

b) Make a list of ebjects in the room limited by curved lines,

) Make a 1ist of the obiects in the room limited by both straight anmd curved lines.

Straight Line and Curved Line
a) Copy this table:

Figures with contours made | Fipures with contours made
up of straight lines up of curved lines

b) One after the other, take all of the insets, touch the contourz of each and
decide Lf the contour is made up of straight lines or curved lines.
) Egch time, write the name of the figure fn the proper place.

The Straight Line and Its Parts
a) Draw a straight line,
b) Answer: Does a straight line have ends? Why?

The Straicht Line and Its Parts
a) Firat draw a straight lime.
b} Then, on it, consttuét & rayv.
Finally, construtt a sefment.
&) Answer: What is the difference between a line zeyment and a ray?

The Straicht Line and Its Farts

a) Draw a ray snd write the name of the point where it becins.

b) Draw a segment of a straight line and write the name of its polats-ef
beginning and &nd.

Positions of Straight Lines

Copy the werds and draw the grammatical symbols:
mm=g CUTYVE

-==g straight 1ine

=—=a herizontal straight lime

=g vertical straicht line

———gfi obligque straight line

Position of a Straight Line

a) 1Llist the parts of objects in the room, limited by a horizomtal straight line,
b) List the parts of objects in the room limited by a vertical straight line.
e) List the parts of objects in the room, limited bv obligque strafirht lines.

Positions of a Straight Line
a} Write with a blue pencil, draw a vertical straight line.
Then, draw a horizontal straight lime, in red.
Finally, draw an obligque straight line in violet,
b) In vour own words, try to write the definitiom of an obligue straight line,




I GEOMETEY COMMANDE, . ,

30.

31,

32.

33,

34,

35,

36,

37

38,

39.

FPositiona of a Straight Line

a)
b

On the horizontal plame, draw horizontal lines and wertical lines,
On a wertical plane, draw horizental lines and wertical lines.

Fositions of a Strairht Line

a) PFix 2 sticks on a horizontal plane

b) Fix 3 sticks on a vertical plane.

Two Lines

al Take two very sharp pencils: one red and one hlack and bhind them together
with a rubber band.

b) ©On a sheet of paper; draw a corved road.

e} On a 1ittle piece of mper, mark the distance batween the ? lines to see that
they are always equidistant.

d) Answer: When are 2 lines parallel.

Twe Lines

a) Draw an obligque straicht line.

b) Then draw omes parallel to it.

¢) BEepeat the work with a horizontal straight line,

d4) BEepeat the work with a wertical strairht line.

&) Answer: When are 7 straight lines parallel?

Two Lines

a) Draw, with a red pencil, 2 convergent arreows and with a gresn pencil, 2 divergent
ArTOoWS.

b) Answer: When are ? gtraight lines divergent?

¢) Answer: When are 2 straight lines convergent?

Two Lines

a) Draw 4 right angles, using "the measuring angle.™

b) Cot eut each right angle and join them together,

¢} Look at the zides of the 4 gneles and then answer: when ars 2 straight l1imes
pecpendicular?

Angles

a) Draw a whole angle. Then fold it into 7 parts and then fold it once aFain.

b) Answer: What type of angles have been formed with sach Fold?

Angles

a) Draw the square found inm the lst drawer of the cabinet of plane insets.

b} Then, using the measuring angle, "classify each angle of the square. ™
Each time write the name of the angle.

e} PFinally, write your conclusions on sach of the kinds of angles of the figure
exanined,

d) Do the same work with the triangle of the first drawer,

Anglesa

a2) Draw the geometric figures contained in the 2?nd drawer of the cabinet of
plane insets.

b) Then, using the measuring angle, classify sach angle of each figure, Each
time, write the name of the angle.

e) Finally, write vour conclusions about the kinds of angles found in sach
figure sxaminad.

d) Do the same work with one of the rectangles found im the 3rd drawer,

&) Do the same work with the figures in the 5th drawer,

£) Do the same work with the figures {m the fth drawer.

ingle and its Farta

a)
b)

Draw an angle: Coler: the sides in red; the vertex in blue: the gize of
the angle in yvellow.
In your own words, try to write the definition of these 3 parts of the angle,
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FIRST LEVEL:
Con=tructive TrianTsles:

Exploration of Figures. . .
First Series. . .

Presentation. . .

10.
the colors the same, the figuwres diffecent.
triangle,
DIRECT ATM:

The Constroctive Triangles:

When the child has worked with these for awhile, introduce the ? red triangles:

One is the scalane triansle, with

the black line along the major leg; the second is the abtuse-anrled fzosceles

To give to the child the concept of constructing plane Figures.

Together, joined om the black lines, they form the trapsszoid.

He has

alao dizcovered that by joining two figures of the zame kind, he isz able

to ersate certain new Figures,

First Serias:

Materials
The gecond baw contains:
&) 2 blue egquilaterial triangles, no lines.

b) 2 blue isosceles triangles, no lines.

Box #2

(right=angled)

&) 2 right-angled igosceles triangles, no lines.

d} a looze pair:
isosceles, both blue,

Fresantation

LIF;

2

3.

Repeat the introduction of the 1.
Eipures as in presentation #l:
elassifying the two fidures amd

noting what new figure they form,

Holding one of the two equilateral 2.
trianglea in place, alide the okhar
arcund the periphery until another
figure iz formed,

Child discovers here that with the
equilateral triangles he alwavs forms
the same figure.

Take the right-angled izosceles tri- 3,
angle and repeat the sliding process
to discover the paralleleogram and

the =

It appears that there may be twe
parallelogrrass.

Bepeat with the right-angled =sea- o,
lene.

Pointing out the characteristics of 3.
each grodp of figures and those new
ones they formed, state that we can
form as many quadrilaterals as there
are different measuTemsntz of aides,

one right-angled scalene triangle and one obtuse-—ansled

What is this figure? (chaombus

When we put two eguilateral triancles
what have we formed?

Tou may pat them tegether any way vou
want.

Hew let's try te slide one Figure aleng
the periphery of the other to £ind out
if we can form other Eigures.

What have we formed here?

It is =till a chombus.

dnd again we obtain a rhombus

We zluays obtain the same Flouvre with
these B esuilateral toiangles,

Mow we want to form as many quadrilaterals
as possible with these two triangles.
What are they?

Put them together however vouw ant.

What figure have you forsed?

How we glide one arsund the contour of
the other,

I have formed a parallelogram, & squats,
and many ancther parallelogr-m,

It"s hard te tell,

We form a parallelesgr-m, a rectangle,
and another common parallelogram,

We see that these parallelograms are
a 1ittle diffarant Frem sach other.

How many different measuresents do we

have for the sides of this eguilateral
triamgle?

We have only one measurement because

thiz =ide is eoual to this one and this one
How many different quadrilaterals

did I formy

le length for the sides——-one quadrilater-



FIRST LEVEL; The Exploration of Figures, ,
Constructive Trianrles: Second Series. . .
Presentation. . .

5. . «Dravims conclusieons.

Show the twe parallelograms formed
with the isosceles:

Then with chalk, draw the periphery
af one and discowver that the second
one dasg not fit unless it is tutned
over: that it is the mirrer image
of the first.

L

With the isosceles triangle, thers ia
ona length for the two e qual sides and
one other lemgth.

How many quadrilaterals 4id I form?

2 oFf J===I"m not sure,

This one looks like this one, but some-
thing is different.

If I have a tdangle with twoe different
lengths, I should be able to construct
just twe cuadrilaterals..

It geemg I have constructad 3,

Then let’s try to fit the second parallel=
ofram inte the silhovette of the first,

I ean't guperimposs them this way,

but I must be able to supsrimposs them
if they are =aqual.

I mugt turn this second one upside down.
It iz the mirror image of the Lirst one.
S0 we have constructed only one parallel-
OfTam and one SqUaTe.

With the scalene triangle, we have three
different lengths-—-and wa can form
three different gquadrilaterals.

Bevipw the fisures, how many lengths each has and the gquadrilaterals formed,

7. Take the last two triangles, the right-angled Sealtens and the obtuse-angled

izogceles and repeat the periphery process of sliding.

The ehild discovers

the trapezoid and the "concave guadrilateral ;™
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The Comnstructive Triangles: First Saries:

beean uaing.,
Fresentation

1. Begin with the twoe equilateral trian-
gles, The child discevers that by
torning one upside dowm, he is still
ahle to construct only one FifuTes=-=
the Thombus.

2. Then the two right-angled i=zoscelea,

3. The right-angled scalene triangles,

HOTE: The constrvetion of the deltoid
rhopbus is impertant for future work in
equivalences. It has perpendicular dia=-
gongls {1ike a rhombus), but unequal

asides, formed in such a way that only one
of the two diagonals is bisected, Ome dia-
gonal divides the other inte two parts

that are sauwal, but the other does not,

in turn, divide it ecually. In the Thombus
the disponals cut =ach other in half, For
one rhombus, thers iz an infinite number of
deltodds, the rhombus being the limit.

The limit of a deltoid with equal diagonals
i the sauare.

L. With the last couple of triangles--=the
right—angled scalene and the obtuse-
angled isosceles, we discever an imper-
tant triamcle: that one on which tha
area of the trapezoid is ealeulated,

Box &3 Yariations

When the child has worked with these triangles, constructing quadrilaterials,
for g .period of time, invite him to discover variations with the material. . .
to construct other gusdrilaterals OR new triangles with the same triangles he has

1.

2.

3.

Bow he may turn one over im order to discower these new Elmres,

We know that with these two eguilateral
triangies we can make only one
quadrilateral-=<the rhombus,

Mow let¥s try to find new figures with
these two triangles.

You may turn one of two of thesm upside
dewm.

5411 we can construct only one Thembus,

Thess two triangles formed a parallslo-
gram= and a sguare,

Llat"s ses {f it is possible to constroet
other guadrilaterals by putting one
upsfde dowm, Mo,

Mavbe we can construct other triangles.

S5 this new triangle is squivalent to
the hig parallelogram,

If we torm one triangle upside down,
the figure iz the same.

With these two, we formed a rectangle

a common parallelogram and anothet @ mmon
parallelorTes.

How let's turn one upside dovm.

We have three new figures: ‘
Maybe it is better to learn the correct

Two triangles and a kite.

name for this figure. . .the one that
mathematicians use,

Thiz iz a "d=ltoid chombus™ or "deltoid.™
The deltoid rhombus iz a quadrilateral
with diagomals perpendicular to sach
other, but those disronzls do not toth
divide sach other inte squal pacts—=
only one diagonal is divided into equal
halves,

Kow let's take sur last two triangles,

We hawe eonstructed with them a trapezoid
and a cencave guadrilateral.

Fow we can form this triangle:

If we turn One OVEr we have nothing new,



The Comstructive Triangles: FPirst Series: Box #2? Variations. . .
Pragsentation. . .

BOTE: The work done with the first hox of comstructive triangles and the second bex
is important because it constitutes an indirect preparation for ecuivalences (and
construeti om) of the plane fipures, It iz alse am indirect preparation for the cal.
culatien of area,

5. Important Activity: The child suts out the firures and pastes them as new figures,

6. Important: The ehild continues with the Geometry Commands.

The Constructive Trisngles: PFirat Series: Box #13

Materigl: A Rectangular bex containing 12 equal right-angl=d scalene trianrles,
blue on one side and white on the other. 411 twelwe trisngles reprasent
the left half of the egquilateral triangle #2 . the special construvetion
for which is shown in the figure opposite,

SIMPLE EXENCISES WITH A GREAT FUTURE: 3 Games: Let's Constroct the Stars
3 Comes: Let'= Construet the Diarhracms

Presentation: 3 Games: Let"s Construct the Stars

1. Show the box of new triangles, them 1. This is a scalens triangle,
take one triangle and analyvze it accord- It is right-angled.
ing to sides and angles. it i a right=angled scalene triangle.
2, Take a second triangle, showing it em 2. W¥e can form an ecuilateral trismsle if
its right side to form then an equil- we turn one of these triandles over
aterial triangle, and £it it with our first one.

3. Show that all the triangles are egual 3, By dividing this eguilateral trisngle
by putting the two halves together. in half, we show that all the triangles
are equal to one helf of the equilateral
triangle and equal to each other.

4. Give a simple nomenclature for the 4. Let's call this the big angle; this the
angles and the cides, medium angle and this the small angle,
And we will call this the Jones side, this

the medimm side and this the =hort side,
Both these anfles and sides hawve othar
gpeeial names.

5. Preparing for construction, set all
of the triangles om the mat, resting
on their hypotenueses and stacked
like dominoes.

6, With all 12, uniting the zmall angles 6. This iz the small angle.

at the center, construct the BIG STAR. Let"s construct a4 star by puttins all
the amall angles tofether.

Analyze the number of triangles and How many points does this star have?

and the numbar of points in the Fioure, Bow many triangles did we use?

7. Using the medium angle (60°), construct 7, This is the middle star, formed by putting

the MIDDLE STAR, and analyze, together the medium angles.
This star has six pointS——-and we have
used half of the trianglss,
So we can construct another one,
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The Construactive Triansles: First Series: Bex #3, , .
Presentation. . .

7. Using the 90° angles at the center, 7. This star has four points; how many
construeet the SMALL STAR, Analyze, triangles d4id I use,
I can form, then, two more stars like
this one with my triangies,

Fresentation: 3 Cames: Let's Comstruet the Diaphrarms

1. Start with the first BIG STAR, By bringing all the exterfor sides flush, form
the diaphragm. Analyze: the opening in the center has a certain form: 17 sides:
and the pariphery alsc iz formsd of 12 sides.

2. Starting with the MIDDLE STAR, form the diaphragm in the same way.
Anglvze: there are 5ix szides on the Fifure Formed at the cenker and six exterior sides.

3. From the SMALL STAR, form the diaphragm,

Anglyze: the interior and exterior fisur=s are formed of four egual sides, Two SQuares,

WOTF: From this demonstration we svelws the Prthagorean theory,
%. The child cuts out and pastes the stars and the diaphragms.
Presentation: Variations

1. Begin by formisg the BIG STAR, Them 1. When we use all of the triasnglesz in our

take half of it and form the MIDDLE big star, we can't make a variationm.

STAR, Add the second aix, by the With & of these, the middle star wis

90% angle, in the wvertices of the star, constructed,
Bow I can add thess other six in a special
way to form 8 new star,
I hawe besn able o uvae all 17 to form a
particul ar star.
The inside star i{s made of 6 triangFlese--
and the ocutside iz compozed of as many.

2. Begin with ths SMALL STAR, Add the 2. Lat"s ges whars we can £it the remaining

remaining & in couples (organized with eight triangles,

both 60° fitted into the 120° angles In comnles of 2, that is & couples, we

of the small star's periphery. can add them in a particular way to form
this star,

FLANE GEOMETRY: LEVEL 72: The Enowledge of the Figures fn Detail

THE CLASSIFIZD BOMEMCLATURES: Before being a work of geometry, the classified nomenclas-
ture f= a work of reading. Therafore, the materisls vsed
are for the two levels: reading of words and reading of
pentences. (labals For reading words: definitions for
rending sentences.) The presentation of materfals, then,
should take this into conmideration First.

Materiale
The Clagsified Nomenclatvres for Geometrv are divided imto 8 saries, sach marked
with 2 letter A - H and each constituted of:
1} The folder containimg: a) pictere cards with no words
k) ecorresponding labels
¢) definitions without the subject word
2) The wall chart, with the sape picture cards and the gitbfect written on sach,
Here the picture cards and the labels sre united and are the CONTROL for
the word dene st the level of readine words,
3) The hooklet: on the left side is the picture representation without the name
) on the right iz the subject and comnlets definition,
This is the COVIROL for the work done at the level of reading sentences,



THE CONSTRUCTIVE TRIANGIES IN EILEMENTARY SCHOOLS

3¢ ] : [ 3 ' ag to the children with

the matal 1nseta of a square div;de& into 2 tn 16 egqual parts, for
further and more advanced work in the field of eguivalence 8 and of
relative value between geemetrical figureg triangles are used. The
material consists of three boxes: one of them trisngulsr, the cther twe
hexagonal.

"I'he triangular box contains one large grdy eguilateral triangle the

*side of which measures .y and the same triangle divided into two,

three add four equal parts (see fig. 1). The halvea, each of wich is a
right angled triangle, are coloured in green; the thirds, each of which

i is an obtuse-angled triangle, are yellow; and the fourths, each of which
is an equilateral triangle, are coloured red. Bach peece has one or more
blgck lines to guide the child in combining the pieces so to reconstrud

[}I the laege eguilateral triangle. fhﬁﬁﬁ%wﬂmﬂwm

1 uﬁ_&'nume_mm

he basic elem g the obtuse-ansled
irisngle which is egual fo the thipda;, the previous box. The contents

of this hexagonal box are: cne large yallow equilateral triarngle of the
same size as the one in the triangular box, with black lines along all
three sides. Ten gbiuse_spngled trdangles esch 1/3 of the big equilatersl
triangle. Iwo of these are in red with black line along the largest
gide; two in grey with black line along one of the short aides; threee
in yellow with black lines along bothithe short sides; three in yellow
-E:;ﬂl bleck line along only the longest side.(@8f snacked wndl &epid £801 oot )

@ basic element in the Emallﬂr hexagonal btox is the eguilateral

e egual to the f o Therd™tleven of
®them in this box. 5ix of them are coloured in grey with black lines
drawn along two sidee; three in green one of which has black limes
drawm along two sides and the other twe only along the base; two are °
in red with black lines only along one of the eides. Other contents of
this same box are one eguilateral triangle the side of which measures
17 em.,coloured in yellow, and two sets of the same triangle divided in
three equal parts each forming an obtuse-angled triangle, coloured in
red with black line drawn along the longest side.
Thege last mentioned pieces are itroduced at a later stage and not in
the beginning. :

The three boxes have the purpose of (2) rewiewing what had been experi-
enced Hith the earlier ba: of Ennstrugtiva Trisngles; (b) extending the
: Age -1 ical figures 1 an f sides; and (c)

; g Fficmires in thej —r . =: This last is
done at a latar PErlﬂﬂ and in different stﬂpaf flrEt uaing one box at
& time, then more boxes.

All this is done in thoe elementary school. Put one can already introduce
this material as for = gensorial exgrcige in the @hildren's House where
children, like they did with the first box of @onstructive Triangles,
Join the phéces aleng the black line and construct varcius figures.

Each box is presented separatzly I : . sterial is taken
up in the elementsry level, before being introduced to the new part,
this part is done once again for some time so that the children may get
re-acquainted with the maturial and recall their previous g;yg_;encﬂ
upon which the new part muet necessarily be based.
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TAE PRESENTATIONS: There are two levels of presentation for each box: fitet the

sensorial level and then the detailed exploration which iz the new part and the second

lewal, The boxes are presentad as listed: T,, By, Hy and then all three together,
4. Presentation: T,
1. Ask the child to take the pieces from the box and to arrange then Tandomly om the
mat. Then have him arrange them by color, stacking the equal parte im groups.

2, Tha child then forms the figures of each color group alomg the black lines, He
mist move the pisces directly towards ome another—--—moving one or the other until
the Black lines Join-—-but mot sliding them up and down along those lines.

3. Bewiew the fractiomal value of each of 3. Thiz iz the whole,
the fractional parts. (The ehild should These two parts are squivalent to the
have worked with the fractions Imarithme- whole,
tic before these sxperiences.) They are also congruent to each other,
a) Superimrnge the two halves on the Eaeh part I5 a half,
whole, showing squivalence,
b)Y Then superimpoas the twe halves one
on the other.
e} Giwve the name of the pact, °

L, GAME, The ochild arrandes the four triansles shown now in order, beginning with
the whole, Then he names the triangles: This is the whole., This is the wWhole
made of halves, This is the whole made of thirds. This is the whole made of
Ffrarths. THIED PERIOD LESSON: et is the waloe of this pri?

E.  Bring the child"s artention to the wav in which each of the narts have basn obtained
Erom the-divigion of the whala,

fis‘- 1 L]

anfun’
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pmms thua cuma tn mcnnstruct -I:hn larga gr-ay u-iangla showing in this
way that the large triangle has been divided into two,trhee and four

aguu.l parl:s &

B&' cut'ting t.he triﬂ_ngl-a al-:rn.g the pﬂrpenﬂmula:' d.mm fr-:rm the vﬁrtex
-to _it"s bage the triangle has been higected. If one bisects all the

i'- angles in like manmer, the lines meet at a point which is the cehter of

! the trigpgle. Cutting along these lines the itriangle is divided intd
| three egual ports. By joining the midpointa of the sides and cutting
along those lines the triangle is divided into four egual parts ( red.
T g g

.ﬁgftcr these cnnstmtinna hgve been made the main element used at this

So thevthirds and the fourths

L are ram-:nw-ud from the box and one combines the two helves in aAS many
wags 2a _pa:naa:.b.‘l.u to u:crns'l:rutz'h u'a.rinua figures and Mﬂk‘ﬁjﬂ,ﬂﬁ.

alCdir (1133 e i . nelaTEs agu i 1o

P mee I:LE. ‘E-!}l *'I‘hia et i I‘EIIEtlul-ﬂn af what TR has done

| with the right-angled scalene triangles of the first box of Construetiwe

¥ Priangles in the Children's House, and much of it may be remembered by

s the child. However, whereas previcusly the exercise was merely a senso-

rial i:npmsamﬂ now the eguivalence is & new light thrown on the same

experience Lot :'3"""'?‘"‘*‘7 asforde=f = a=c

As parallel exercise
them cut of coloured paper, esch in s spparafe colour, showing ihe
eguivalence with the Jarge equilateral trisnglg. FaralleIly also the
" ghildren are encouraged to use the compees, ruler ete. to draw fhe
combination of figures.

A further step is to draw the attention. {!'f the uhi_‘Ld o cxn.mine thaI?

| Thus, for example, between the lavge {rq_u_ila!l:eral triangle and the rectsn
| glo formed by twe halves: the lomz side of the rectangle is equal to the
' height of the triengle and the short side of the roctengle is egual ET

half the base of the triangle. The diagonal of the same rectonglelis

iqnal to one of the si;lc-zs af_thﬁjjﬁmlz_{aﬁg_ﬂ&_}.}- This is an

In the same wa,g,a:m shown tl:u:t m]an;mg Emsm the Egggge and -l::wu
Flak: rewing g 5 i&c E

4 3 m Tna haan of one o ‘I:lm-

lelograms corresponds e short side & height tn the

long side of the rectsngle which can alao be regarded as it's height
{ see fig. 4 ). The base of the other parallelogram corresponds to the

long side and the-height to the short side of the T‘Eﬁtﬁﬂ. gec T1g.D)-
Likewise one can alsc study rslatic i the 8

themselves and between thase and the big equilateral triangle.

kasﬂing now to the big hexsgonal box: again, %o start with, one asks
| the child to group the pieces according to their colowur apd then Jjoin

them plong the bleck lines. The resulting figurcs are: g hoXasgon,

| g rhombus, & triangle and a parallclogram. Then join two of the obtuse-
angled triagles along the sides where thers are ne black lines one gets
an arrow head. {sec *":LE+ 6 ).

m& 'mrﬂgy.a f‘1 g in col ] wing eim

I iF at -
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“E'-‘gif-_!m icds -'uﬂ the Fourths, thas {mlati:uqz tm—hlwa—-the right= .
=1 e m.mu..,‘mtmmmmmm mtlitlﬁ"ﬁrﬂ-ﬁu‘lrth* o v
. ha hﬁﬁ_indth*whﬂa-_._ HEREEEESE - i 55 5 i S 1
_: ‘Study the 'n‘.-n__lr'rm. m-.ri..ﬁ_ ing the infor- 7. _inI-EF awe greemal | L0 P LT I iEs

‘mation the child already kmows, . Mhery are tegat | | (L LLI 0L LT LN
| | 'I:M.-:rm-q'nnl. I [
Each is equal to & of the prey tr!.:mgl“:,

: 53.. -Fow w'pmuedm construct with the two halves the greatest mmber of qnﬂrllnt:r:lt e

and triangles possible without considering the black guide lines, Wa can turn over
one of the triangles. We are able to comstrmet: RECTANGLE, PARALLELOGRAM, A SECOND
‘PARATLELOGRAM, - - OBTVIE-ANGLED ISOSCELES TRIANGLE, BEI.TGID. Eive ficures,

i '9; Iuvi& tlier :hi.];ﬂ o Em'l“r.'h.-u !Im'l'ru yoi l:l.m'e Eme-ﬂ and to give their 'nma_

particular is I.q:-nrtliﬁl:'f"ﬂu flip of one
mdmmrgmm:umtuh mbnthﬂtmttmtfﬂnnttheﬂmmle

" anad the parallelogram,
a) To _comstruct the mtnnglt, the « child can move the righe triangle or the
| {8 AT left. Te ‘makes then two movements simmltanecuslv. He moves the tri.u.n.ne
| il )5 m . to the opposite side and turns the top to the battem part,
_ B) In the parallelogra: construction, he .;.-in Ea¥ mowve either tri.mgh.
a.:ba'brj.n.gath:h:ti:im;letntheﬂghtnnﬂdmtuthubmu:tm
i.m:t one, he agein must £1ip the triangle over. OR he does the reverae,

. iﬂ. nnn:-.:l.u:.tan Ti- 'ump formed 3 £i.gnru -aquivdm:.r. to the whole triangle,
I':-. Pramtﬂ:i-ul! #1 Iquivlltm Between- -lhc F:I.;l:urt l'ﬂd: Many Ol:hﬂ_- Figuﬂt

1. mﬂm t'nt tm h:'lw: an tht w’hnh to shmr CONFIEncy.

e nt
12 TForm the ﬂ.r:t qnﬂrnnmrqt. I the rec= 2, Thiz rectangle h% to this
“tanfle. I triangle because it iz formed by Two
KK il equal parts of the triangle.

3. Repeat the experience with the secemd 3. This parallelogram is equivalent to
parallelogram, 1 1rg the triangle because it is Formed by
twe halwes of the amme triangle.

Esch of the two Eigures iu ﬁu'iwlait to the trisngle because it iz
formed by respectively equal parts; therefore, the two figures im each
case are equi-composed.

I, Examine each of the five constructed figpuras in thiz way, noting that figure's equi-

walence to the trigagle, Each time the child declarrs that each figure is equiva-
lent to the whole and gives the resacns,

5. Eefer to the geometry charts #9 and #11 on which these same figuras are shoum,

fan g mem e

o e -
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THE SECOND SERIES OF COMSTRUCTIVE TRIANGLES. . .

L b
1mﬂ¢—h—!:§uuﬂ:ﬂ;r?murty of Bquivalence

1. Superimpase tha twe malves on the whole.

‘2. Form the rectangle, =TT 1 Hor Ihiksls & Ertt-n-'n:g:lt' "1'
Then fors the parallelogram. Tt i3 eguivalent to the ﬂnll"'ﬁu:.wu it is
l formed by two halves of the _
This is a parallelogram. im pouivalent

to the triangle because jt
the two halves of the same iy
The rectangle and the mr.nllulnrgr-, then,
are equivalent to the same Fipure which
{2 the whole trisngle. Therefore, both
Figuras are eguivalent to each!other,

mﬁn A useful schems,
a)Beftepive, property a =0 i _%,
i AR iy /o\ TRLE
sty b

3?' Demonztrate the transitive property with all of the five] figures.

25

1 L%ﬂ.j #am

&, AE:I';.?;'J;!,,'H{_IM child! n-p;ndma ‘the five fimures with colored paper, using a dl!'.t'fmre::\j:L
col figure. BHe then puts thenm ont to demonstrate the transitive property,
. t.quwnlen:e p=ony the:fisures. | fiad

#2: Instead of using the firures as a vuide, the child ls emncourazed to
drew thenm uzing & compass and a tiletr,

D mhe Belationship Between Lines: IN TWO MODES

s we turn to a consideration of the rel-tionshin between the lines of the souive-
lent fipures discoversd in the preceeding prasentation. We may examine the relationship
in tw0 YaYS———sach exsmination having two elements: the firse term and the second term,
The Firsk tarm is that which provides a point of reference, that figure to which the
others are compared.  The second term of each comparizon ia the Sigure compared to the
first.

In onr first mode, | then, the Fifst term is the guids fimwrs: the equilatersl triangle.
He examine the relatisnahip of the 1inps hHetwsen thiz triangle and the other five sqoi-
wvalent fipguzes. (In our discussion and presentatiom, theae fisures will be described
by pomber, as designated fn fig. 2.0

In- the second mods, we cemove the whole Frev-triangle, We consider first the
fimire we coanstructed first with the o halves) the rectansgle, as the first element
in oot stody of the relsticnship between lines. | And we dizcover the relationship betuwean
the lines of this first element and each of the other four constructed fisures in
suvccession. Then we repoat the process, bmot the first element bacomes the parallalogtam
#2.  Th this geries of comparisons, tha Firzt sacond element will be the rectenglej and
ve ses thet this ceompariscon has already been made, ind then, we we move to the third
repatition of the exercise in wWhich parallelogram #3 I= the ficst element, the first
two compatisons will be repetitions shosm in the first two comnpartisen scries. In the
Final case, uvsing the daltold as the first elemant, we dimcover thet each of the compari-
gohs has alrasdy besn made in 8 nrevicus case. 1

_____ B s e



,' Belationship Between Line=, . . 4
Relatfonshin Between Lines: Mode #1 0 } . vy ad F
| Hn-erial

1, The whole triangle and the two halwea vhich shﬂl he nssd to aher-f t.qu{ﬂlen:u

and also line relationships.
2. The figures of the five equivalent figures which the child has comstructed in
| the asetivity of tlu previous presentation. AS WE BEGIN, REVIEW WOW THESE FIGURES

WERE OBTAINED,

Begin uith X ﬂmtmmt of the eqnllit:y betuwen the- rmm—-ma ‘tb!'!q'lriﬂlumu
ﬁ'—umm the t:i.mgh ct-pnnﬂ-m! o halves and tlig,-'ﬁtf.lngl ------

the whole triangle and the rec- 2., This is the base of the t?ﬂ-llﬂl, 'Eh:in' is

T e=—FREVITH THE ROMENILATINE, he :1tttu¢a th.f_a i t‘ha I‘M&. e
- d—--dlu- l--l.—l.l- Sm- - I.. -
l""T" TR This is the base of the Tectang is
"'1' ] T *:1 | iz the altitude, L T
| IME1 1| | T TR _'ﬁ:#mtruumnﬁfniem

3k By moving the halves of the triangle _The n_tl,,tga:n of the roetangsle corresponds
" from the rectangle to the whole, we 'Ea the altitude of the triangle.

|| (i badmeent eate thi relationship of the The base.
,' -[I:l'.ues,.. (AR THDIEECT mm
_THE! mﬁ,ﬂm oF. ‘ﬂ-‘.‘E‘. AREA mrm | ! 3 i ¢
Ll FIGIRES. _-......._.._!. B ey |

= e rey— weEe

n, -'s}m.- the rectangle with the leng base Li-:ilup-n:m RN L 2 iy i of this recta

*-lqd reput the e:er«ci.ul -nt comparisone— ngle -have changed places.— 1 o

© Here the base ﬂfth:fﬂﬂ't-t‘li’lu-hml to
the side or the base of the trisngle.
The altitude i:u:p:ul miﬂu l‘lﬂt nfm
trhrrmt.

WE mmmmﬂsmm_m DL AGONAL

s el e s

Ll

' I'..n.—. :Lm""..---_ L

| 5. Bapeat the exercise with a comparison between parallelogram #7 and the whols
| | trigngle. Berin with 2 review of the nomenclature, using first the position of
ithe paralleélogram where the base is equal to altitude of the trianrle———the miner
or shorter bass. Compare the relaticnship between the 1ines of the too ficures.
Then shosr the parallelogram in the socond position, base baing the longer sida,
Repeat the nomenclature identification and the comparisen of lines,

5, Repeat the sxereiss with parallelogras #3 (fir. 3) and with the other tweo Hnrrla.

Eﬂ'h 'M:ﬂla mhﬂm of. fhh mmnmtm mmmmm_ﬂn

ﬂhw thnu trart: uhm 1:111;r m’l: i:t t:r:nphtﬂ.

Eelationship Betuween the Lines: Fode #2 in

Following the pattern described in the introduction to this study of the relationakip
between the lines, exanine with the child the relationships between the lines of the
five constructed equivalent figures. The whele triangle new s gone from this experi-
ence. The halves may be used as necessary to establish the relaticnships, but by supere

imposing the paper figures on one another, we provide an exesllent sensorial experisnce
of this relationship. (Fig, &)

o oma: s sy



THE SECONTY SERIEZ OF THE CONSTRUCTIVE TRIAMCLES, . .

BaF

| The large Hexagon box,

Presentation

AL

Ask the child to put the Dieces out and count them when he has arransed thes by
- COLOR: 7 wellew triangles and 2 red triangles and ? grey trisngles, R
‘2. Ask him to form as many figures as possible with the groups he has formed, mniting

| the Firures aleng the black Iines: he forms the equilateral triangle with three
~ thirds, the hexagon with the large triangle nlus three thirds, the rhombus with
| | Hhe two red eriangles and the parallelogram with the two wrey, | HE NAMES EACH FIGURE.

3.

Bow we move to the construction of other 3.
figures, in which we can turn one piece |
over if necessary, and we ignore the
hlll’-"‘: 1_1“.-

First take two of the welles thirds to

| make this sxploration: =~ =~
. We discover a rhombus egqual to the red

thombus we constricted,

| And a parallelogran equzl to the grey,

And, by rewoving one third Prom the -

Lequilgteral triangle, we have & comcave
Cguadrilateral we call an arrovhesd, |

3 T

Then we work with three of the vellow
thirds, ' Il
We discover the trisngle equal to the

fuide equilateral triangle, am i!_ﬂllﬂ:&l:
trapezedd, and an obtuse-angled trape-

| godd,

(HOTE: He cam compose various other fimures with four of these triancles, berinning
with the leny parallelesram whose longer sides squal twice the longest aide

of the triangle. We DO ¥OT PROCEED |

TIIS EXPLORATION because vsing the

four thirds brings us to 4/3, the improper fractiom,

CACTIVITY: The child ma;ah'ﬂf‘r-fiﬁms of eolored nm;’..

Fonr ﬂ'uu child separates the piﬂn according
- the ten thirds, Aad the one whole triangle.

Give each of the parts its fractionsl 6.
~value, first seperimpoaing three on the
whole, werifying congrunce. {

Comstruct each of the previonusly construca-
ted Figvres, #iving esch a fractiomal
ivalne, i | ]

| im al to 33 of the 1

‘to shape, We note the congruemcy of

Each of the parts iz 1/3 of the whole,

{2 congrpent with the other.. Pl
And that all the tem are congruent with
theme three, |

Then each of the ten trianglessz are 1/3
of the vhole,

L]

-

is equal to 2/3 of the whole triansla
AND the isoscales trapezoid conmtriyctad
with the thres triagies i ecual to
23 or ome whola, And sa she ahenac,
qneled traberaid,

e ———————— e T

o ey —— L
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’ 8. Mow show the red rhosbue, the grey para- 5. We know that each of thess three 8

Ilelofram and the yellow concawe gquadoi= fIps 3 i

lateral, and display opposite the wheole
triangle. Restate the valne relationship.

E.
gl Al .

9, Because the three are equel to 273 of ‘the 9, Easch of these three fipures iz squal
whale, we can sa¥ that they are sguivalant to 2/3 of ths vhole triangle.
among thensalves, Remove the whole tri- Theprefore, essch has the sage walue,
anrle and meke the equivalence statesenta, frd we can atete that fhey ape cach

S L L L e T

The rhombus iz equivalent to the para- L

i 1lelagran: the rhombus {2 eguivalent to
the arrowhead. The parallelogram ia
equivalent to the arrowhesd; and, as
F—n—u—————!h [ 2]

we have stated in cur firat compartison

i= al=o equivalent to the rhombmrs.

e ‘L + Therafore, we hawe stated that the

¢ S MR B oo ot~ | arrowhead is ecuivalent to the chembus
and the parallelogram,

L]

€. Presentation #2: Relationship of the Lines

MODE #l: The whole triangle Lz the first element; the Telationship between its lines
and the lines of the thres constrdcted fimrepe._rhombos, parnallelosran and arrose
head, each successively the second element, is considered, fﬂn Tea,t)

MODE #2: Taking each of the threcgfirures snccessively as the first term of comparisen, |
the relationabip of lines between it and the other two Figurez iz considered, In this H
exsmination, the wvhole iz mot presesnt, rﬂ.?_, e ;

b -

2+ Presentation #3: Relationshin Setween Two Firures of Different Practiomal Value

1. Using now all the yellow trisngles, form the hexaron with the equilateral triangle
and the three thirds:; then form the equilaterasl triangle with the remaininr thtee thirda,

2. Tsing the aides of the squilateral triangle as a pivot, Teverse the thiee soaller

trianglier upon that triangle, on fs eoual to {latsral
toiansles, . .which are consrment, - Sa

3. CONCLUSIOM: The hexagon iz formed by two ecuilateral triangles.
ARD the hexagon is the doubhle of the equilateral triantle,
AND the equilateral triangle is one-half the hexagon.

I I S I L LT T T T e e
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E. Prescptation #3: The Bguivalence Between One Figure and the Sum of More tham Ome Figure

Equal Among Themselves
1. With the yellow trisngles, form the hexaron agaim and the eguilateral triangle.

1. [Remove the conter trigngle from the hexagom. There {a sn empty space., Flace the
three triangles which we have showm-as the egquilateral triangle into that place
showing the congruency,

3. OBSERVE: The interior trisnzle iz {nscribed in the hexsron,
The hexagon is eiremmseribed about the trisnsle,
AND The wertices of the trisngle coincide with the nom=adjacent wertices of
the hexagon.
30 Wp can say, by joining these, we trace the fnseribed trianrle,

b, CONCLUSI(N: T; is inscribed in H,,
Hy is circumscribed about Ty.

Presentation #: The Relationship of Lines Between the Inscribed Triangle and the
Cireunscribed Hexaron

Here we consider: A, The hexagon with the equilateral triangle (the interfor triasngle,)

B. The hexagon with the rhembus,
WE ARE EXAMINING THE HEXAGON AS CONSTRUCTED IN TYE FREVIOUS PRESENTATION.

1, Discovering the relationships of the 1. Each side of the equilateral trisngle (the
iipsa in Cese A, interior trisnele) corresponds to a Dar-

Bote the mesting point of the hisectors, The side of the hexscsn i= eomal to 3

2, (fig, Bb) Divide the hexagon into 3 2, The hexagon is wqual to the three equal
thoebi, B Ae -
Then recomstruet the hexafob.

3o Compare the ipterior sguilaters] tri- 3. The major diagons] is egual to the =fde

Presentation #_17 Introduction

L]
an

1, Ask the child to put the contents of the small hexagonal box out, then to remove all
but the large yellow trisngle and the =mall equilatersl trisngles,

2. He mew groups those displaved fisures secordins to color: & grey triangles, 2 red,
3 green and the vellow equilateral,

3+ The child forms the figures according to the hblack lines obtaining the hexaron, the
rhembus, and the trapezoid. (A special trapezoid because the minor hase is squal to
ekch of the oblique sides and is equal to 4 of the msior base.)

b, G];I:w ;.:u each constrocted fimvre a Fraction- X knowr that these pisces are all equal
al walue,

agong themselwes,
To do _this the child counts the number of he_irapescid is equal to three-sirths

triangles first in the hexagon, then in o ona-half of the hewsson,
the trapezoid, then in the rhombus, 2 {xths oF

R e
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I . Presentation #3: Relationshin of Lines

Ay Betoesn the heyaren gnd +the trapezoid, A, If we divide the hexagon, we can =ay that

Mowe three top triangles slightly the disronal which joins these opposite
up to show the hexagon as divided vertices is squal to the major bass of
~in half, the trapezoid.
B, Detween the hexason and the chombms. B. If we divide the hexagon in this way we
Begin with the nomenclaturs of the seathat the long diagonal of the rhombus
rhombus, Then isolate one rhombus: iz equal to the & agonal formed by

Tdoining the non-adjacent vertices of
the hexagon.

We know that the thoebl are formed of
equilateral triangles,

80 1 the short diagonzl of the Thombuos
correspondas to the side of the rhoobusa.
D 1f corresponds to the alde of the LN
hexaron as well g8 one=half the Ji agonal,

i
1

Co The short diagonal of the CoT-
[responds to the the obligue Lok the
trapezoid, - .

1 T ---ﬁnlungd[qmlnfhnhmhmism"ﬂ

| - et totwice -the-altitude of the frapezoid.

- Pl?'!ltlt-iltiﬂll #4: Emivalence Batween the Yellow Equﬂat.arﬂ Triangle (T,) and the
Trlmm[d
- Haterizl
| 1. The bi—colered hexagen formed of Ty and three red thirds.
2. The grey hexagon, formed of the six equilateral trian-les.

3. Thrae sdditisnal red ehirds,
&,  Three green eqnilateral trisnplas, A
Presentaeion

1. Form the bi-colored hexagon and the grey hexagon. Show the triancle composed of thirds.,

?. Superimpose the bi-colored hexagon on the grev hexagon to verify ssnsroency and then
the grey on the bi-ecolored,

3. BEemove the vellow interior triangle frem the bi-colorsd hexagom and superimpess on the
triangle which wyou have showm formed of the three red thirds. . .show congrepey.

L, Substitude now in the empty space of the hexason the thrae rad thirds,

5. Shew thusly, calling each by a letter. 5. The red hexamon s congruent to the =rey

hexagon, i
We hawve seen that the red triansle is one- :
half of the First bexapon, .
Since we know the srey hexagen is congruent

to the fivat hexaron, then the vellow

A B triangle T is also equal to one<half of
/T the grey hexagon.

Let®s call the red hexavon A, the vallow
c trisarle C and ths greay haxason B,

THEM: If£C = 44 and A

B, 3 C = IB, We can write this relationship with the 1215,

6., Remove the red hexagon, Remove } of f. The vellow triassle i{s equal to the grey :
the grey hexagon. trapezoid which 12 % of B, ;
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s;th regard to ;g;g;§£g§§;£=g£=;&gg§ it is found that the long diasonal
of the rhombus is equal %o the side of the large triangle (see fig. Ta)
ag are the long sides of the parallelograg (see fig. Tb ); considering
the relatiopship botween the latter mmlmm
berallelogram are equal to the long diagonal and two other sides to the
__-:iea of the rh:m:hu.a -I:acq fj,g‘_'lg_j

Consequently {aee fis- Ea}-
Subsequontly anntﬁﬁr asgertainment ias giwen. For this,ono forms the
hexagon again.F.Then by superimvosing the cether three yellow triangles

-m&wmgmwm
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1t is not alwayes nccossary to attract the attention of the child to these
facts. Often the child discovers them on his own and it is they who
enthusiastically announce the discovery.

Like hﬂfﬂrﬂlrﬁh__I_lEI1nnﬂhiy_ﬂ__llnEE_hﬂIIEﬂn_lhﬁ_ﬂn;iﬂuﬂ‘illmﬂﬂlijhﬂﬂﬂ'

ght as wall, TFor c::anple, onc can nota that w_thn_ﬂmm

1 % Lo = ol "i_;qgcj:'i'bmi in the
trisngic(see fig, Bh).

20 fnr then with +he contents of the large hexsagonal box. A similer o=
cedure is followed with thoso of the smellor hexagonal box. There are

two 8tcps in this. To procosd with the first, one romoves the lsrge egui-
lateral trianglo snd the six obtuse-anglod trisnglos. With ofhat remains

( 21l sunll gouileteral triangles) ome., as usual, first asks the child
Lo group the pioces according fo their colour and subscauently to join

them along the black line. Thus one obtains & hexesop, & trapezium and a
Ihﬁﬁblaa..:f«'_?hnn for Mmmm f.im:r.m Q‘ﬂﬂ_miuiﬂ_ﬂ-_?.i.t_ﬂ'ﬁ.

t j ' it on fhe pre-
Yione to show th ) - Ono tben nrucﬁ&ds to GIplaﬂi

ynllau onz found 1n thlE hox, 15 ﬂqui?nlqrt to whrcu ﬁmall gruy unilatﬂral
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=" THE PROBLEM: How can we er.v'tnrhe the ratic between the =wo paide E':[p'l — — i

2. Take the =zix red chtuze—angled triangles ineluded in thiz third boe and econstm

Fu

4,

6.

10

1.

12.

13,

the thres rhombi which are a result of the BMlack lines slong the loag sides of H
WE ENOE THAT THE TRIANGLES ARE CONCRUSNT AMONG THEMSELVES: TIS THE BUOMET ARE Mbemcdk . o
ENT,

Compose- the hexagon with these three thombi.  Now we have arranged these thres rheshi
in a2 hexaron vhich iz -squivalent ko the,
- thres rhombi,
Replace the middle three thirds with the ¥ellow whole, (this is 1:'1;- Pirat time this
vallew whole has been naed,)
CORCLUSION: The yellew triangle inscribed In the hexagon {2 one-half of the hexaron
because wa have removed three of the £ix triangles.
REPEAT: 5. The trisngle is inseribed in the hexagom
and the hexagen I= circwmacribed about
¢ the triangle,
Take the six grey equilateral triangles and compose the hexagon,
Superimposs the grey hexagom on the bi-colored hexagem, THEY ARE CONGRUENT S0 UE
COULD SUBSTITUTE ONE FOR TME OTHER.
et
= B i | 1
. e SR
. = ] 14 If {
L B i ! {1 el ¥
| X8 . = O 'L..q_...lllq.l.;,j ¥
Bone show the 111-1‘-.& hn::-ur'm again Mil]:l B, We gan may that this hexacon is exsctly
the grey hexagon and the guide T,. the some as this hexason
ARD
The ¥ellow equilateral triansle {m squal
ta one=hal® the first hexaron
AND
Showr one-half the srey hexaron by dividing 8a It is eoual to one=half the second
it hHorigontally into two trapesofids, thus hexaron, (grey)
showing that pact of the haxagen which is S0
equal to the T,. this triangle = soval =0 ora-half af -
cach of these hexagons,
Bow show together the althree thirds, b) 9, We hawe six triansles in sach of the
the three-sixthz (of the grey hexagon) and hexarons, so we cen Etake thres of the
e} the '!'2, stating their souivalence. triangles of which the fizat hexagon is .
constructed 0B three triangles of
= ﬂ"-:'-.I =5 ‘ which the ascond hexagen is constructedem--
/ H,lrf';:_‘ and pzeh of those seonpa of three toiam-le
AR iz equal to this triangle T,
ldentify the fractional wvalue of epch of 10, This {8 1/3 &f the triandlé. . and this
the parts showm as groups of three. is 1/3 and thisz. T have thres thirds, ;
TAKE ONE BOEE GREY THIED, This £3 1/3 of the teipngle. . .and this ]
iz 1/3% and this, I have three thirds. y
BUT I KEED ONE MORE. ‘
Shiw the egiivalence betuesn the thirds, ’ .
Fut the four grey triandles together to 11. 3o how many sTey t=ianrles have I used to -
conatruct the 1prpe equilatertal triangls. make up thizs triangls?d :
SUPERIMBOSE Ty to show the equivalence. & -
Show T, amd T,. CONCLUDE: 12. This trisngle fs aqmal to 3/% of this :
triangle. "
And this triangle is equal to 4/3 of this .
triangle. H
Wiy are they made of different fractional :
unita? -

Because the wholes are diffecent.
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%ﬁ valence Batween the ¥ellew Trisngle and the Trapezofd. . . | 10

7. Form the trapezoid with the thres green emuilateral triangles and superimposs them on
i the rrey. Fut the grey trapezoid aside, Varify the confruency, They are equal so
e we have left only the greey trapezoid. And the yellow triangle is equivalent to the
i green trapezsdd, ! ! !

IV, Presentation #5: The Ratio Between the Yellow Triangle (T,) and the Grey Triangle (1)
1 ! and Vice Varsa

Material

1« Tl’ grey; and the four red equilateral triangles from the first triangle box,
2. Hp, grey: tl:su vellew triangle T, and the three sreen egquilateral triansles.

Presentation

1. Form the first triangle (miving T;) with the four equilateral red ti'i.ngtaa;' then
uv!:rerilpm that triangle on the grey guide triangle Ty to verify congruency.

2. Few dispense with all but one red equilateral red triangls, shesm together with
the geey A EREEE .

3. Show also the vellow T! and the green trapezoid,
THE PROBLEM: What fs the ratio between the srey whole and the vellew whole and vice versa?

BOTE: Here the red and the green egquilateral triansles are used to show the passages and
thus the relstionship betwesn the two wholes,

i 4y Consider the wellow triangle T, together O, We know that thiz yellow trisngle is equi-

with the trapezoid. Isolate one of the valent to the trapezoid.
three equilateral triangles from the trape= In fact, I need three of these fimres to
zoid, fore-the vellow trianels,

3. Superimpese the mreen equilateral triangle 5, What fraction of the grey triangls €Ty
or the red, showing cengrusnoy, T irthiz red triangle? - — 1
B! What fraction of the yellow triangle (T,)

iz this rreen triangle? 1.3 i

€, THE REASONING AND CONCLUSION: Then. . .the same piece has different fractional values,
when we refer to different wholes., It takes & red triangles to make the grey figure. And
ir takes 3 green to make the yellow. 50. . .the yellow triangle (T,) is 3/4 of fhe grey
triangle (T,). AND. . .the grey triangle (T ) fs &4/3 of the vellow (T3), |
THE YELLOW TRIANGLE IS TO THE GREY AS 3 13'1134:
THE GREY TRIARGLE IS TQ THE YELLOW AS & IS TOD 3.

Presentation #53 A Second Proof of the Above Eatio,

1. Display the yellow gmide triangle (T,) and the grey triangle (T;),
Show alzo here the group of the six red thirds from the third box H.

e R EmT— L
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Presentation #5: THIRD PROOF of the Eatis Batwasn 'I'l and T, 1 1

Matarials
1. T, and T
The red Ehi'ﬂh: from the box H,.
3. The two greem halves of the ecullatersl triasnrle From box T1.

Presentation
1. Display Ty and T,. ] .

2, Construct Ty with the three red thirds, show congruency with the digplayed vellow Ty
angd put to the aide,

- 3. Construet Ty with the two green halves, shew congruency with the grey trianle and
Ut to the aside.,

i 8y Them, with the green halves, construct the deltodd,

' 5. Superimpose the three red thirds om the deltofd. HNote the meed for ome more Ted
third to cover the entire deltoid,

| CORCLUDE: T, is equal to 4/3 of 'L"z. “And, therefore, T iz equal to /5 of Tye ~
T THE UNION OF THE THEREE BOXES: Presentation #1

1. Fresentation of the four primary figures of conafideration:

2) Shew the guide figure from bix Ty, the grey triangle which is now Ty and the
wellow guide figure from box Hy. Verify comgruency betwsen the two,

b) Show the large hexagon from H-{ formed of zix yallow thirds frem that hex,
{This hexaron, hencaforth, called Hy)

) Shen-the geide fipure foom - the third box Ha, the wellow triangle Tr.

d) Shenr the grev hexagon formed of the aix equilaters trisnrles frem the third heo.

1 (Thi= hexaron is now called H,)

e) Eliminate the large vellow triangle Trom H,, working with the congruent prey £ igure

nowr for ecolor fdentification.

| 2. THE PROBLEM: What is the Jiffecence 2. Wa know that Ty is 873 of T and Ty i=

batveen the triangles T; and T,7 38 of Ty.
Bepeat the prier ccnelusions, S0 the difference is one red souilateral
triangle (SHOW) which is 1/% of Ty,
SHOM THE RED EQUILATERAL TRIAMGLE ON TOP If we put the L/3 on the vellow trisndle,
| OF THE YELLOW FIGURE IN ONT WAND AND THE  together they would weirh the same as
EIEE!' 2, "E"H'E OTHER, CONSIDERING WEIGHT. the gre¥ ttiangle.

3. TWO FROOFS FOR THE CHILDREN: 1) Superimpose the vellow trfangle on the srey. There
i i is & grev frame arcund the yellow, a space mot coversd
If we cot the grey Frace and weighed f+. i+ wenld

2 S“uper‘vn-au the nllw tﬁm'gg:‘le with the top :mg]a
exactly corresponding to the top angle of the srey,
Hor it ism the bottom strip which iz eguivalant to 170,

=l R
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The Union of the Three Boxes, . . : r
4 Presentation #1. . . |
i
|
I

4, THE PROBLEM: The Ratie Setween the hexagons: The terme are Hy and Hy, The mediater
te discover the ratio hotween the two {s the vhole srev triangle oty B

=
|

5. Show thegrey hexamen:. Analvee. S. How many 4ths form the hexazom? (Hp)
and the grey trisngleé=-=I,. 80, if the hexagon fs equal to 6/4, them
- the gray trisngle is soual to L/6 of the
hexamon.,
5. Show the yellow hexagon (Hy} and the 6. We know that B is equal to two times Ty,
grey triangle (T;) and make the same How many fouths are there in He? ——6 .
analvsis and comparison, HNOW we can say, becsuse H; is two times

Ty, that there are 8 fourths in Ha.

7. State the ratio: The ratio between Hy and B, is B:6; that s, 5:3. . .
just as the ratio of T} and Ty,
And the rationale: Why? Because we know that Wy is the double of Ty
AN
that Hy f= the double of T,,
S0 the ratio is the ssme betwren the triangles and the hexasons,

Il Presentation #2: The Difference Between H; and Hy: Arithmetical
l. BGhow the two triangles: ard T, and !. We know that Ty - T, = 1/8 Ty, -
the red fourth, indicating this as the of u
difference betwean the twe triangles, B4 = 34 = 1/%

2. We know that the hexagon {s double its corresponding triangle. . .

|
oo W e 8T T aad M3 ‘
e/ AT, — 2T, = 2% s I |
And 2% —2-% = a4

i A
v

L)

.
v im.

34 EBXERCISE: The child cuts from differant colored paper the two hexagons, He supere
impoze= the =maller on the larger one, thus showing 2 frame, The value of
the frame that results is equal to Ty /2.

)
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A STOTY OF THT BELATIANSIIP RAETYVEEN Tl e Tae el e 13
Prezemtation #2: 5 Proofscf the Ratieo 3:4 -

Haterinl: freem T, the trisnsle Ty divided inte twe gopal parts {green halves) and Ty
frem H, the triansies TIE, the rad aaiilateral triangle, the red ohtusa~_pnrled
triangle.

E,'I:. With -the red eqguilateral trisnsle and the Ted obtus--sn~led triangle, Tepeat theici
equivalence {a= In the previows pressntotion) and thenm wmnite the oo so that one
agide of the sopilastsral triangle eadneideg with ene of the squal lsege of the
obtugraangled trisngle. (fig, 12, last figure)

2y Toke the corresponding gresn half of '1'& 2. Both red t¥isngles sre 174 of :i so together
= .

and superimporme 1t on the Figure Forme they are equal te 28 or 1/ 2 Tya
3. CONMCLUSIONS: To construct Tn we meed three of the red ohitnge-ansled trisngles (1/3=).
He knetr that we see that we nesd FOUR of thése triaglesto form T,.
50 We have proved that T; fe to T2 25 b is to 3. |
T] is m af Tz
Tn iz 370 of Ty

4. SECOND FROOF: Show the squilatersl trisngle on Ty and the obtuse=zapled lacsceles
triangle on Ta:

Ve need four of the equilatersl tfipngles to comstruct Tji we need only 3 of
the Ted obtuse_angled isosceles trisngles to construet T,. So the ratie,
kEnoring that the two med triangles are equivalent, is:
Ty:Ty. i3 as B:3  and
Tp:Ty iz an 3:84,

L. resentotion #3: Using the Green Trapezofd to Make the Proof L
1. Constroct the green fsosceles -traperoid. (Erom box Ha)

%, Raasoning: Because each of the green equilateral trisngles is congruent to the

previcus red equilateral triangle, we know that we need four of these green equilaterals :

to constiuct Ty, Therefore, THE TRAFEZDID I3 375 of Ti.

3. Show that It iy Impossible to constroct To with the egquilateral trianslas. Then
STBSTITUTE THT RED ORTUSE*ANMED ISOSCELES TRT ANGLES FOR THE THREE areen envilaterals,
noting that their equivalence has been proven,

4. Torm Ta with ¥he thres red thirds, L, Hemr meny trinoflez Afd we nesd 2 cona
struct T1?| How mamy to constroct T.7

B -
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THE Thicn of the Three Bowes=, | |

IIT Presentstion #3: The Sensorial Difference Detwssn H; and H, 14

Materials
1. The metal triansle inzet divided into thirds,
2. Wy and Hy and the red rhombus, formed of two red equilateral triangles froe box T;.

Fresentation
l, Superimpose H, on Hy» concentrically.

2. Rotate until the vertices touek the midpoints of the sides of H]_ . omenr £f im
inscribad in Hl'

3. Superimpose the three thirds of the metal insct on the red equilateral Fourth,
verifying congrvency and noting that one third is equal to one third of the eonilateral
triangle. And that all three together agual the equilateral fourth,

%. Impose the metal thirds cn the yellow grame shown mow areund the grey hexagon, using
the three in three of those spaces and conoluding that new we have 1/8. Repaat the
process, layidg out a second fourth. The difference betwean the two iz twe fourths,

A STUDY OF THE RFLATIONSHIP BETWEEN TI and TE

I Presentation #: The Equivalence Between the Two Réd Rhombiemim—-the First formed of
the equilateral trisngles (1% Ty) and the secomd ob the obtuse-angled
fsosceles triangles (1/3 T}]

Material
1. From Hy: The two equilateral red triangles and the two obtuse_angled isosceles
red triangles.

Prasentation
1. Form the twe figures, using the black 1ines as guides, HMame the two rhombi,
2. Superimpose the two to verify congrusncy. CONCLUSION: The Too are equal,

3. Mote the construction of both from two eaval nieces. Nams ene Fimre A and the
second B, Then A = B, AFD #A = im,

4. Ehesr the two halves of the thombi. Bete that the equilateral triangle is equivalent
to the obtuse-angled iscsceles triangle, (Fir, 13}

5. Shew the pmssage between the two using paper; showing the passage from sither £isure.
2} Berinning with the eouilatersl triangle A, we fold along ome of the altitudes
and eut, Then we form the new sbinse-snrled i{sosceles triangle by jeining the
two halwves of the cut bose. Sunarimpsze on the wooden flepre.
OR
) Begin with the i=oscelez obtusc_angled triangle, entting along
the interior altitude snd forming the now souilateral, Then
superinnosing 1t on the woodes Fimm=e,




lThis reasoned exalanstion lesds to cormariscons, o other reasonings which
;mvulve firat the two hoxagonel boxes thon also the trianguiar one. For

| convanicnee's sake let us call the big eguilateral triangle contsined in

the trianghlar box and thohaxagen=l box, Il and the big equilateral triangle
of the small hexegemal box, I2. Also, lot uskall the hoxagon 2ade out of
the plecce of the big hexcgo nel box, Bl #nd that me~de out of the pisces of

i emall hoxagonel box, HE.

i L.
' mmtﬁh P oand ™ 40 one fourth of T1. Thae , if cne
] ._ -3_':._3 :I|1 a -r-r ™ kgl Fal ] i
il [EE:: fig: 10). 1 e
sl! E# :I:l .

1;§E§n the too hoxsgonas are consideved, the following ressoning is madef

as H2 ia formed with six fourtha of T1, this jo jto valus. HlL i8 twiog
Tl. Wﬂmﬂ Consa-
guentlyone can mlso deduco that the &iffacapcc beotweon HI and H2 dig 2/4 of
IT1. If ocne euts on differont colourcd peper the outline ofthe two hexa-
'gons end superimposes them centrally ihe waluc of the rosulting frame is
aousl to the differeres of the two hexroomas, thet is 274 of T1 (ese fog.1l)
| o,
{1t Wpossible to give a2lso & scneorizl proof of this gifforencs betweon two
-h-n:agma- If the yurtices of tho smeller hoxagon are made to coindide with
mmmmmni rhe gmm of thﬂ lﬂ =geT _Ona, r‘llﬁ Tinds ihet the sualler
: e aln= Cuteide this in-
: scr‘nad hexagon there romains outlined EiI_ﬂmull_nhjﬂﬁﬂ_ﬂﬂﬂlﬁﬂ_iriﬂﬂﬂlﬂﬂJ

i Cutting theac off and joining them together trey forg two coumiletoral
: triensles each of which ig eouel to 1/4 of T1 (ace fig. 11la® Thug Hl ia
1 ghown to be H2 plus 2/4 T1.

7 ati ' n T 2 With the pieces out of
the small hexagonal box, join twe of the obtuse-angles trisngles forming
|a rhombus and then two of the small sguilateral triengles also forming a
'rhombus. Superimposc them and show they are congruent. go the obiuse-

{ L.

In fact the two triangles are the half of the semc rhombug; oneis derlved
by cutting the rhombus alcng its short diagonal; the other following the

long diagonal. And indesd whon joined, they forw the risht-speled triangle
fo Lo found ip the trispculer Lox which je half of T1; 1/4 + L/d = 1/2

w vl : =

S . -

—l LT T e LR

(Bae fig. 12).

1l g’md o 'nh-f.: Ehwr: c:nncluamn then one counld a:rriﬂ.n. at athera- ‘E'nr Gxam:plc.

Hre Taterin =i i) ot that ™2 46 /8 oF 91 [eee fig. 143 — gggllmmn b
- can be arrived at in difforont wave JWTN gide of T2 corzaspond to the

Onz would think that all the above had been worked out before being given
to tho teachers and it was thoy who gulided the childron to the sudcessive
reglizatione. Put to state facts =a thev took place ; w at I nédw expoas
took & long time to be completed. Ceortain items were found inm one country
| jothers in snother. And many of these were discovered by the children them-
| 'selves rnd shown to the toachers. Bocause the child, once his interost has
i “e:m I'E[lnllj" aru-uacd* uses tl'c :Ltn::n ag & Koy fur further investigation and

1 1



A ETODY OF THT EELATIONTITIF BETWEEN T.
Pressntatisnm #3, | .

5. State the tatfo cm th= baziz of tha

conE T e LLION.

6. Bote thet the trapezoid is eguivalent

1 st Tou . .

5.

&

—

15

Then the ratio of Ty to T, i2 as & iz to 3, :
Ty i3 3/ of T,.

And we said that the trapexzeid iz 3/8 of Ty

Presentation iz

to T,. dhow the twoe fimures, 50 the trapezoid iz equivalent to T,.
ias
equivalent
to 50

“fig. 13. L A

The Ratfioc Batwean Figures: Batwesn the Equilateral Trisngle
Inseribed in Mmother Equilateral Trismgle.

Material: £rom Ty, the triangle T;, the & red equilateral triangles (each 1/% T))

1. Construct the squilateral triangle with the & fourths, each an equilateral triangle,
following the black lines,

2.

3. Remove the three small equilateral triangles on the

‘Presentation #5:

I1 Presentation #G:

Material:

1.

a.

k.

Suparispose this triangle on the grey trisngle to verify congroency. THey are aqual.

angles. BHow the vertices of the red aguilateral
triangle coincide with the midpoints of the grey
eguilateral triangle. AND we know that the small

red equilateral trisngie is equal te L/S the large
T,
]!!-ll

50

The inseribed equilateral trismgle 1s squal te 1/% ﬂw equilateral triangle which

iz circumscribed sbeut it.

The Ratic Between Figures:
the Bexagom: We hawve showm that it is equal te %.
trisngle {s equal to cme-half the hexagon.

The Ratic Between Figures:
Atitode of Amother Eguilateral Triangle,

from Ty, the triangle T; + the two red equilateral triangles.

The Ratio of the Triangle Imscribed im
That ia, the

The Equilateral Triangle Boilt om the

from Hy, the triangle Tz + the two red cbtuse-angled iscaceles triangles.

Congtruct the rhombus with twe eaquilaterdl trisngles.

Show that thombuos on Tp so that the vertex of the
rhombus coincides with the wvertex and its opposite
side s midpoint. Here the other oprosite wectices
of the rhombas colncide with the mid-points of the
sides of Ty,

Construct the other rhombuos with the two ed
obtuge led izcsceles tri e5. Substitute
this in the triangle Ty.

Remove one-half: We have showm that the long side

of this triangle, which is equal to the side of
Ty Is equal tntisﬂtituh-ﬂ:‘l

-FHE ALTITUDE OF T} IS EQUAL TO THE SIDE OF Ts.

MIEH We know that T] is to T as 4 is to 3,

n two equilateral triangles of 3: that t‘ha
tn the aitituie ..5 :u“ I?‘i'h“m o ’

P s o e

When there th a tatio be-
af o tqruumu
‘-I-



Through this child-teacher collsboration in which both Dr. Homteesori and -
I were invelved some of these develooments appesrcd really dramtic at the
time, for scarch as wo did they were no t to bo found in any of tho current
geometry books. Here, for inssance, is one.

L.

¥hep 71 is diddided in four, cne of the triangles resulting from it has one
of itm vertices in common with the apex of T1, the other with the midpoin®
of its base (see fig. 16). Together they form the rhombus which wee &co

o be congruent to theope formed by two obtuse—sngled triangies of tho - ™
small hexagonal box (ref. f£iz,12) F.If cnc places this seeond rhombus on
"] ‘one sees thet ite long disgorml coincides with the .gide of T2 and as the
latter?s value is 3/4 of 7T 71, ene can mke the following statoment that

"An equilatc tri e % i} e equal to the height of apo- .
ther is 3/& of the latfer®. ;

Thie sroused such enthusimsnm in some children of the Amaterdamse Montessorl
3chool, then directed by Mrs. Jocsten that by continuing they arrifed at
the follewing conclusidn. The ratio 3 to 4 found between T1 and T2 is alsc
valid for Hl and H? which are their double. So one can then also state

that & Shexagon incribed in amother is 3/4 of the circumscribed ong."

Thus working with the above boxds the following relationships between i
gares were foundf :

— An cguilateral trisngle inscribed in smother is 1/4 of i%;

— 4n equilateral trisngle inseribed in = hexegon is 2/4 of i%;

- in cquilateral triangle built on the height of another is 3/4 of i%j
— A hexagon inscribed in apother is 3/4 of it.

The clement used was always the equilateral trisngle and its parts.

%411 this ia vory intecrestingl, most of the educator commented to Ir. Mon-
tegsori, "but what is the usc of it? Especially for such young children.
Geometry is going to be eliminated from elementary schools, gnyway". And
eliminayed it was, in meny nations. I remember that at the timc, at least
in Itely, plsne geomeitry was included mostly im the program of junior high
gchools. And it continued to be very dry. e
A mﬂjumﬁifficuiif,wau the theorem of Pythagoras. It was called "il ponte
‘degli asini® (the bridge of donkeys) because meny of the studonts failed
‘to crose this bridge to higher studies. (Donkey was the epithet teachera
regaled "etupid® pupils with, although even now I do not understand why. -
Becausc all who are faniliar w~ith donkeys kmow that they are quite intelli-
gent snimals.) When interrogated the pupils had to illustreste <thc demons-
tration by drawing on the blackboard. Thosc who werce gkhe to do it had had
to momorize both the theorem =nd the domostration. But very fow really
understood. By drewing lines they hnd to produee persllelograms equivelent
‘to squares, and rectangles equivalent to parallelograms and give the rea-
son for the equivalence. The lincs on the blackbosrd multiplied so that
'in the nnd the whole became = labyrinth which mirrored the labyrinths in
the minde of the students.

Although the postulate that "the saouare built on thehypothenuse is equal to
the sum of the sguares built on the two sides” stuck in ny mind, I must
confess that the first time I really understood it was when I saw the de- ~
monstrations of Dr. Montessori given with appropriate metal insets to the
loight-year olda. But in my mind, in the mind of Dr. Montessori and all
those whom I interrogated, Pyt agoras' famous theorom stueck, and atill
sticks, solaly releted to squares. No other geometrienl figure cver pretén-



THE 5TUDY OF THE RELATIONSHIF BETWEEN T1 and Ts. . .

Fresentation #7: Ratio Between Figures: The Ratio of the Two Hexagons: We have 1:-
that the ratio of H, inscribed im W is 3:4.

Presentation #8: HRatio Between Figures: The Inscribed Square

Materiasl
1, From the metal insets, the whole square, and the square divided into & parts
by two diagonals.

Presentation

l. Imtroduce the two squares, Teviewing the 1. This is the square.

construction of the fourths. If we divide it by tracing two diagonals,
we have four right-angled isssecsles

Show that the four fourths are equal by trianglea, We can prove that all four

super imposing. triangles are equal.

2, Remowve btwo of the triangles symetrically,
the two oppoaites, (12

3. Then take one of the two fourths that are 3. | I ‘ I

left out and alide the other one across.

Then replace the second fourth oppoaite Bow the square i3 inscribed in the square

it to show the inscribed agquare. of the frame, Bedaumse this square which
i3 inscribed is formed of 2 of the [our
fourths, we have a square one=half the
#ize of the square clrcumseribed about
it.

b, CGINE FROOF: Show four eighths from the square ins-t of eighths (divided by diaronals)
in the four cormer spaces that are empty with the square inscribed. Then take
those four eighthe apd form a squars, We have
shosti that together these four triangles which
completed the frame give half the square. We
know that 4/8 is equal te 1/2. And we sea that
together they squal the sa=e agquars which we
have inseribed in the lacgeT agquate. s-mmmmmmmmmum
EQUAL TO 4 THE LARGER SQUARE,

THE PYTHAGDREAN THREOREM
Materfials

1. The three boxes of the conatructive triangles.
2. #Mn envelope?i??

l. Take from T; the two green halves of Ty, 1. Each of these trianglea¥is a right-
Claseify them. angled scalens triasngle.
It is a special Tight-angled scalsns
triangle becmuse it is 4 of the equi-
lateral triangle.
THIS MEANS THAT THE EYROTENUSE IS EQUAL TO TWICE THE MINOR LEG. . .THE MINOE LEG
IS EQUAL TO % THE HYPOUENUSE,

2. Taking 11, TE the red squilateral 2, %o know that the red equilaterd triangle
triangle, demonstrate the corresponding is equal to 178 Ty. AND that it is 1/3
Haight, showing that the weight of Ty of 'I.'?_.. AND we know that T, is 3/4 of T;.

{in ome hand) would be equal to the welght If I weighed them, T) would weight more.
:ﬁﬁ plus the red triangle. (shown in the But if I add the red trisngle to Ty, then
r hlﬂ.ﬂ the ted on the vellor. ) thEr “mt the same: '1'1 = ‘rz - qu

(Ty i3 now the Ted equilateral triasngle.)

3. We have said that Ty + Tg = Tj. An equilateral triangle built on the hypotenuse of
the right-angled trisngle is equal te the sum of the equilateral triangles buflt om
the catheti,
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: " 7. we have a travezivm on each side of the right-angled
i viangla enl similerly, if we multiply by &, we ghall have hexagons.

| Finaliy if we tele the sides of the trisngle ss diamoters, we shall bave’
circles.(Sec figF 18).

“hin is an il¥uatratiom of what happens wher the child is liberated from
e alevery of toxtbooks =nd his montal potontialities sre stimmletoed and
helned by keys which enable him to investigate sndto ereste in joy and
muieiasm. The contents of the school program are covoroed as well but

2 lgommch more and that wilhA fu?l understanding end with the joy of 2
soeling mind which is lad to soec relations, to reason, to bocome clear.
Thishappene not only with rogard to geometry but with regerd to alse the
reat of mathematics. Isn't this alsoe the aim of the sdvocmtes of "New
Haths."? Perhaps, now the full cssence of Dr. Hontessori's work and conel
- -23ions will be finally wndersicod snd appreciated.

—rwrrT

{ Mario Hontessorl
"Commmnications® No. 1

|

|

|

Copyright 1969

(from: ASSOCTATIOR MORTESSORT INTERNATIONALE - COLMUNICATIONS.
Amsterdam - Hollend - Koninginneweg 1ﬁj3_"1 - 1969, pp. 12-22).

fig, 18,

Tig, 17.
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THE PYTHAGOREAN THEOREM applied to other figures. . .

The application of the Pythagorean Theorem can be extended to an smazing variety

of figures, Using the right-angled scalens triangle from T as the center on which
the theorem figures are built, the child cam shees:

A. Begular polygons. Here the child constructs the regular polygons of cardboard,
his guide the length of each of the three sides of the triangle. He zan prove
the squiality of the two small figures to the large one by weighing them, LATER
he finds the area of such figures and proves the theorem in that way, (alide
example: regular octogons)

B, Semi-cireles., FPractional gector of a circle: ope-fourth, Circles fmscribed
in 3 {In this casze, it is interesting that not only g&e the cireles
in the proper ratio, but also we may study that part of sach of the squares not
coversd by the cirele and find them to be another demonstration of the ratio.

C. Irreular pol s [(8lide examples: rectangles, common quadrilaterals, asute-
angled isosceles triangles.)

MOTE: In the work with the comstructive triangles, the ratio prevails
becanse each figure is, in reality, a compound figure, built of
x units which have alresdy proven the theorem as a mit,
The secret uniting all the figures which Jdemonstrate the
thearem of Pythagorus is that the figures must be similar,
S0 for. the acute-angled I[mosceles triangles, if the angles
are equal; since one side Iz established om sach of the
thres aides of the right-angled triangle giving the side
ratic; the threes will be similar ina 1 = 3 = & relationship,
3o we can Tely on ¢ither THE PROPORTION OF THE SIDES OR THE
CONGRUENCY OF THE ANGLES.
« D, The Curvalinear Triangle/ Triangle of Renleaux Inscribed in a Square. The
Triangle of BReuvleaux mimus that arc beyond the cord of one side which lies
adjacent to the aide of the right-sngled triangle, The Inverted Curvaliper,

The figures noted above refer apecifically to a series of 2lidss showm by Sig. Grazzini

as a preview of the publication of Pscho-Geometry. It will be a fine day when we see
that volume come into print,

Dott.sza Montessori's comments on this interesting work with the theorem are particuo=
larly fliuminating. She notes that proporticnal relationships exist first in life; and
then in geometry. And 30 the small doll is made with a s=all nose, the middle-sized
doll bhas a middle-sized nose and the biggest doll has the biggest nose. Then how shall

we be surprized when that matural arrangement occurs in our geometrical consideration
of the world of form?

Other materials introduced in the slides of today refer to geometrical designs which
could be introduced as a possibility for the children's work if they don't think of it
first, Particularly intereating exemples:

A, Alternation of concentric circles and inscribed hexagons: experiment with

color and with construction from the imaide out and the cutside im.
B, The Babylomian Eigure: the triangle inscribed in the cirele i{nseribed in the
gquare Inseribed Im the hexagon. (Perhaps in ancther order)

C: Hegular polygons inscribed concentrically, as seen intthe {nfinity work.

D. Graduated polygons with & common angle.
E, Graduated ellipse or oval with one point in commom,
F, Circles alterantely tangent. (Also possible with the ellipse and owal,)






