DECIMAL NUMBERS
The work with fractions must necessarily preceed thias chapter. The child must have
understood well the consideration of the whole divided into parts., The astudy of decimal

nimbers has twd chapters:

L.

pacts of the tres,

Mumeration

1) numeration and ?) operations,

Before introducing decimal mumbers, we review the value of the whole mmbars with
the child, emphasizing their relationship to the wunit. The important point is that

the value of the unit is the basic element of svery number, whole or decimal. And its
valus fl:, thusly, the center of our study in the decimal numbers. In order to make the
unit more interesting, we may compars it to the tree's trunk which sepports all the other

part {3 the unit arm,. .
The decimal tombers are formed Iin two ways: 3.826575 (whole number + decimal number)

Or the candellabra which has many arms, but the middle supporting

D48 {only the decimal mumber)

The firast three digits after the decimal point form the class of the thousanths(tens,
hundreds and thousand thousandths) and the next three, moving left to right, formt he
class of the millionths (ten-thousandths, hundred-thousandths, millionths). That i{s, the
name of the class is gFiven by the last digit im each group of three,

In reading the decimal mumber as shown in case #2 (0.048) we say "Zero unite and
thirty-eight thousandthe™ OR simply “forty-eight thousandths,.”™

Presentation #l: The Quantitiss

Material
l: From the circle metal insets, the whole and the cirele divided i.l'ltl:l-t!r!.thl..

2. A cardboard section of the circle (red), the value of 1/10th.

3. Secissors
&, One green unit

5« A long rectangular box containing the whole and decimal materfala: there are

nine divisionsz in the boxi moving from left to right, a section for the red hundred

begds, the blue ten beads, the greemunit beads. Then six sections which centsin
materials Feprezenting the decimal mummbera, timy flattepned pill-zhaped disecas;

the first division containing dark blue pilla for the tenths, the next dark red
pille for the hundredths, then dark greem pilla for the thousandths. The next
geries of three are im lighter colers of the hierarchical hues to Implicate the

decreasing value of the pills, 5o we have lighter blue pills for the ten-thousandths

lighter red pills for the hundred-thousandths, lighter green for the milliomths.
The bex is light green: and on the front are labeled the numericel contents of

each section.

.‘I
=

Presentation

1.

2,

Shoer the whole cirele inset and then
the green bead. Hote the equelity of
“1“¢ -

Show the whole divided imto tenths,

1.

2.

This cirele Tepresents the whols,

This besd has the vales of 1. . .umit

It is one unit becaunse there is mo other
value indicated for it by position.

S0 the circle has the same value as the
beide—={HE WHOLE UNIT.

Here we have a figpure which is congruent
te cur whole circle; and is in fact still
the vhole circle.

But it is divided Into 10 perta.

What {2 the valve of sach section of thia
eiccle? One-tenth.



THE DECTMAL NUMBERS. . .
Transformation of an Ordinary Fraction to a Deecimal Fraction to a Decimal Mumber., . .

HOTE: The child may do this work with all the Eractiona of the circle, He uses the

centasimal circle as an instrument to translate the fractiemz to decimal fractions
to decimal mmbers without calewlatien. That is, thies work is stricktly at a
sensorial level, The work is a preparation for later work and we return to it
for proofs.

The child can alse do addition with the centesimal cirele and the fractional
insets without changing denominators: 1/& + 1/5 = 45/100, using the centesimal
circle as he did the Montessori protracter. He can also make addition precfs
at this sensorial level when working with fractions.

Presentation #: A Second Preparation for Multiplication: Beviewing Multiplication

with the hierarchiea of 10, 100, 1,000,

HMaterial

1. The ammeral cards for the decimal system from the bank game.

2. The serdéds of the decimal nmumber symbols.

3, From the bank game, the grey zeros (one, two, and three) cards, and the three
series of grey pumeral cards from 1 - 9 used in the bank geme for the multiplier.

4., The box of beads and discs for decimal mmbers,

3. The vellow board for decimal members,

Presantation

1. Present the prepared problem: 0.2 X 10 =

2, The child shows the problem on the mat with 0. x 10 =
the symbol cards, 0.2, X 10 =

3. Then he substitutes the cardas 1 and 0 frem

the grey series for the blue ten which he
pite asida,

] Hiel

4, He now shows the sultiplicand at the top §
of the board, the operation sigms and the o
multiplier to the right side, :

L]

5, Then he must take 0.2 tem times with the H
quantities, ;

6, He eoumta his resulti: changeés the 20 tenths
for 2 units.

7. Be replaces the symbol cards together om the 8.2 x 10 = 2.
mat, returning the originsl numeral symbol
for the multiplier and shows the anawer,

8. Ha copies the operation in his notebook.

9. Second operatiom: 0,02 X 10 = 0,2 95, Here I most take twe hundredths 10 times,
This is an importsnt link to the nexg I digecover that it is equal to two
two operations, tenths,

10, Thicd operatiom: 0,02 X 100 = 2. 10, If we take 0,02 ome hundred times, our
Here the multiplier 100 is substituted multiplication will take a wvery long
by the grey card 1 and 009 time,

He uses the product discovered in the 3o let"s take 0,02 ten times,
last operation and then multiplies by WE ENOY THAT GIVES A PRODDCT OF 0.2,
10. Bot welve only multiplied by 1l0e=e

we must multiply by 100, What can we do?
We maltiply that produect by 10,

0.2 X 10.= 2,

We know that whep we multiply by ten we
simply change teo the next higher
hiezacchy. . .50 OUR ANSWER IS22,




THE DECIMAL WUMBERS. . .
Preparation for Multiplication: HMeltiplying with the Hierarchies of 10, 100, 1000. . .

11. Fourth ration: 0,002 X 1,000 = 3
-H{l.i.ﬂﬂpethl child, rather than multiplying by 1,000, begFina the process by
multiplying the 0,002 by 10. Be should know at this point that uultielicntim
by 10 means simply that he moves to the next hierarchy. {If he doesn't kn::.u -
for sure, he can again show this pultiplication with the quantities on the T
After multiplying by 10, he must again suliply by 10 and finally a third time,
since he knows that his sultiplier 1,000 is 10 X 10 X 10, 8o his first product
is 0,02, his second product is 0.2 and his final product ia 2.
KOTE: This particular process emthasizes the importance of the work with the
powers of 10.

1%, 1In each oparation, the child has recorded When we sultiply by 10 we see that we

hierarchy.
the work in his notebook. Now we call have meved up one
the 1ist he has madé. When we maltiplied by 100, the movement
W18, aptaneco 2 was twe hierarchies to the lgft on the
hoard.s
BOTE THE MOVEMENT OF THE DECIMAL POINT: Apd we ecan obserwe that when we move to

a greater hierardhy, the decinal point
moves one place to the right, increasing
the value of the digit by one power of 10,

SORCL BULE: Therefore, I omst move the decimal point
a0 a5 many pims to the right am there
And wverifv it with the child's list. are zeros in the multiplier,

MOLTIPLICATION WITR THE DECIMAL NUMBER BOARD: 3 CASES
GASE 1: Decimal fhumber X Whole Fuomber
A, 0.25 X4 =
B, 2.1 X3 =
CASE 2: Whole Fumber X Decimal Fumber
A:; B X D25 =
B, 3 X 2.31
CASE 3: Decimml MFmber X Decimal Fumber
A, 2.8 X
B.

Material
1. The decimal number board and the box of besds and disecs.
2, The decimal mombar aymbol cards,
3. The nmmeral cards of the decimal system, from the bank game.
L, The bank game grey series: 0, 04, OO0 and three geries of 1-9,

Presentation #5: Maltiplieation CASE ld: Decimg] Mumber X Whele Fumber

1. tTesent the operaticms .25 X 4 =, The child shows the problem with the nmumeral
cards, usiog the decimal number series and the decims]l system series, 0.05 x 4 =

?, Then he sobatitutes the grey & (multiplier) for the numeral card &; and he shows
the multiplicand decomposed, &g& x U =

3, He takes first the symbol 0,05 (the longest card, the least value) and shows it
on the board, Be places the operations symbol and the grey O to the right and makes
the multiplication with the guantities, taking five hundredths four times. EXCHARGES
THE 20 BUNDEEDTHS FOR TWl TENS.

&, Leaving the guantities on the board, he removes the first symbol card (0.05) and
turns it over on the mat. Then he shows 0.2 on the board and does the smltiplication
times 5. HE HOW SHOWS O THE BOARD TEN TENTHS. HE EXCHARGES FOR OME UNIT.

5. He recomposes the multiplicand on the mat, brings beck the original numeral card
for the multiplier and showa the answer with a symbel. He coples the operation.

HOTE: SECOND LEVEL : Very guiekly the ¢hild makes the passage of sultiplication to
greater abstraction in his operations on the board. He can do 0,05 X & by
gaving five humdredths times four egquals tventy humdredths whish is egual to
twe temths and he shows the gquantity two tenths, The higher lewel comes quickly

because he dis rs the process of amhqruprim iz eliminated, the operation
goas Easter, the result ia the sp=e, !
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THE DECTMAT. MUMBERS. . .
Moltiplication. . .

Fresentation #5: CASE 1B: 2,31 X 3 = .93

The process here is the same as in CASE 1A: but now his-operation includes the
miltiplicand with both the whole mmber and the decimal number, In the cards which
he takes to show his aumber, then he must compose the whole decimal number and then
take the numeral card for the unit digit and show them together.

With the presentation of every case, Wi give several examples and then play a game:

GAME: Show an operation with the symbols, turni
face down the mmltiplicand: d = m = E E] m
What i3 the multiplicand?
We know it must be a decimal number because the answer is 1. And that
product is a result of a multiplication by &, So the multiplicand must
be smaller than the unit.
How much smaller than the unit? How mamy times smaller?
It is & decimal fractiom which, when mmltiplied by &, gives 1.
Then I must lock for 1/8 part of the unit,
The child must recall the work of transforming an erdinary fraction to a
decimal fractiom. If he doesn't, we reason that one-half of the unit is
50/100; there are two fourths in each half; therefore, each fourth is 25/100,

OR
The symbols which we turn down and try to discover may be the multiplier,
0,25 X7 = 1
It is important that we help the child relate this 0.75 to the ordinary
fraction 1/B, Seech exercises provide an important link to the work with
the fractional work with the cirele inzets,

Presentation #6: CASE 2A: 0O X 0.25 : Whole Fumber Times a Decimal Mumber

l. We present the operation and the child shows -
it with the symbol cards. ¥ Xx0.45
¥ X 005 =

2. Then he suhstitutes the multiplier gvebols 02
with the grey digits and zerca; then makes
the decomposition of the mmitiplier,

3. He shows the & digit on the board and the
first part of the multiplier to the right.

&, Then he changes the multiplier to a whole We know that sultiplying & X 5/100 is
number, thereby dividing the multipliesnd the same &z sultiplying 47100 X 5,
by 100 and multiplying the mmltiplier by S0 we change the multiplier to a whole
100, He takes the two grey zeros from number,
the multinplier and shows them placed to In order to do this I have to multiply
the left of the wnit digit on the beoard, the 0,05 times 100-—=then I sust divide

repositioning to show 0.04, He multiplies, the mmltiplicand & by 100,

5. The child then replaces the zeros back with
the multiplier, turns it face down on the
mat ‘and shows the multiplier 0,27 Here he
st multiply the 0,2 by ten and divide the
& by ten---again he places the grey zero to
the left of the whole digit and it becomes
0.5 He makes the multiplication with
quantities,

6. To complete the operation he recomposes the multiplier, brings back the original
symbol cards for the multiplier, and, reading the answer from the quantities on

the board, he conposes the product with the mmmerzl ecards.

BOTE: In order to do thie work, the child must understand the hierarchies well, It

requires multiplication and division by ten at the same time, But it is bringing

him towards abstraction and greater mental flexibvility,
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DECIMAL WIMBERS, . .
Hultiplicatiom, . .
Fresentation #6: Whole Mumber Times a Decimal Musber, . .

7. The child dees several more operations showing a whole mumber times a decimal
nmmber, ., .THEN recording each operation im hisz notebook, Looking then at his
recorfd of the operations, note that WHEN THE MIOLTIPLICAND IS A WHOLE NIMBER AND
THE MULTIPLIER IS A DECIMAL NREBER (that iz, & Fraction of the whale), THE FROW
DUCT WILL ALWAYS BE SMALLER THAN THE MULTIFLICAND, We are multiplying & times
0,25-—1/4 of the whole and our result is 1. It is smaller than the multiplicand,
It is one-fourth of the multiplicand, - AN IMPORTANT REFERERCE TO THE DECIMAL

NUMBERS AS A FRACTION.
HOTE: See also the presentation of a whole mmber by a fraction in the Frastion
worlk,

Presentation #7: Whole Fumber Times a Decimal Fhumber which iz formed of a whole and
a decimal part,
CASE 2B: 3 X 2,31 =

l. The operation proceeds as in the previous presentations: the child forms the
operation on the mat with the decimal system and desimal mumber nomeral cards,
He substitutes the grey numerals and zeros for the multinlier. (He decomposes that
mltiplier first in order to see the necessary substitutions: also a guide to the
subsequent multiplication,) Then he shows on the board the mmltiplicand 3. And
to the right of the board he shows his First mmitiplier: 0,01 formed of the double
grey zero card and the grey 1, HOW IT IS HECESSARY TO TRANSPOEM THE MILTIFLIER INTO
A WROLE WIRBER WHICH HE DOES BY FUTTING THE TWO ZEROS TO THE LEFT OF THE 3 ON THE
BOARD, THUS TRANSFORMINGTHAT 3 INTO 0,03 WHICH MOVES THE FUMERAL 3 TWO PLACES TO
THE RIGHT., (Here the child has simmltanecusly multiplied the multiplier by 100
and divided the multiplicand by 100=m==this is possible because to multiply 3 X 0,01
is the same as wultiplying 1 X 0.03,) Now he shows the multiplication by this
first mmltiplier with the bead guantities (and discs)e-<here three red dises (0,03),
The product is three hundredths, He replaces the grey zeros with the 1 and removes
that multiplier to the mat, turning it over. And repeats the process with the 0,3——-
now multiplying the 0.3 by ten and dividing the multiplicand by 10,

2. Finally, the new element here fs the multiplication of ths last part of the sultipli-
er (which is the whole mumber 2} times the multiplicand 3. The product will be
& green beads on the board, HERE IT IS HOT NECESSARY TO TRANSFOEM THE MULTIFLIER
BECAIISE IT 15 ALREADY A WHOLE NUMBER.

3. The child copies the operation and the result in his notebook, reading the product
from the materials showm on the board.

Fresentation #8: Decimal Nomber times Decimal Mumber: CASE 3A: 2.4 X 3.6 =
"Im this mmitiplication the child will perform POUR operatioms: f£irst he multiplies

the two slements of the multiplicand (showm when decompossd) times the SMALLEST hier-
atchy of the mmltiplier: 0,6,

amnd g'ﬁ' ; E‘: give the FIRST PARTIAL PRODUCT
Then. . 0.4 X 3
and 2 X3 give the SECOND PARTIAL PRODUCT

With the materials we follow these four passages; but the work procesds as in the
previous operations: showing the operation as mumeral cards, decomposition of BOTH
waltiplicand and multiplier, substitution of the grey cards, trasnformation of the
multiplier to a whole mumber when necessary (first partfal product); recomposition of
eperation and showing the result with the numeral cards, HERE IN TRE PRODUCT FORMATION
we must form both the whole part and the decimal part with the corresponding cards—-
and then combime them to show the whole product. The child copks the operatiomn.

AN TMPORTANT CONCLUSION TO THIS PRESENTATION:

We call the child®s attention to the hisrarchies which he has maltiplied and the
resulting hierarchy: Muoltiplying tenths times tenths gives hundredths!! Just as when
we multiplied tens times tens and our result was hundreds. (Ses checkerboard work———

ARATA decimal r checks d.) Then hundredths times the wnit gives
butdrédths——-hundreds times the unit gives hundreds., . . .50 when we maltiply tenths

times tenths, we get a product which is 100 times less than the wnits and ten times
less than the tenths,



DECIMAL NUMBERS. . .
Maltiplication, . .

Fresentation #9: Decimal Nmber times Decimal Mumber without Whole Mumbers:
CASE 3B: 0.75% X 0. 26'=

If the child has understood the important work of the previous presentation, he will

see jmmedistely that the result of this problem will be at ten-thousandtha!!! Fundredths
times hundredths always gives ten-thousandths, (Parallel concept with that which the
child is getting in his work with surface measures—--passage to algebra--—to square Toot—-
SEE CHART OF SOUARES)

Here again the operation is performed im four operations:
0,008 X 0,06 =
and 0,7 X 0,06 = gives the FIRST PARTIAL PRODUCT
Then . 0.04 X 0,2 =
and 0.7 X 0.2 = gives the SECOND PARTIAL <RODUCT

The work proceeds as in the previcus operations. The emphasis is on the hierarchies
which are multiplied and the resulting hisrarchy.
0,04 X 0,06 = A miltiplication of hundredths by hundraedths will
give ten-thousands, Ws accomplish thiz by trans-
forming the 0.06 to a whole mumber———mmltiplying the
0,06 times hwndred and dividing the 0.08 by hundred,
Thus the 0,04 becomea 0,0008, the numeral is moved
two places (two hierarchies to the right on the board),
Then the sultiplication is ten-thousandths timss waits
which gives ten-thousandths. That is,
0.0008 X & gives 0,.0028 OR two thomsandths
and four tem-thousasdths
Last product: 0,7 X0,2 = A multiplication of tenths times tenths will give
Eundredths, Here again we transform the 0.2 to a
whole mmber, Then our multiplicaticm is hundredths
times units, The result s 0,14 OR ome tenth and
f£our hundredths,

It is important to analyes sach part of the multiplication im this way at this point im
the multiplication work, When the answer has been formed on the board then, we can
conclude that cur previous statement has been confirmed: hundredths times hundredths
bhave given us a product which arrives at ten-thousandcha: 00,1924,

WOTE: Momtesseri motes that here we are transformimg the multiplier into a whole number,
With other material we can also transform the diviser into a whole mumber im
the same way,

THE CHECFERBOARD FOR THE MULTIPLICATION OF DECIMAL NIRRERS
Presentation #1: Forming the Checkerboard for Decimal Mmbers

Hatarial
1. Cardboard squares (49 total) which are 10 em? in the following colors:
12 dark greem, © dark blue, 7 dark red; 9 light blue, 7 pink, 5 light green,
2+ Four mumber strips (showm fn figure).
32 The decimal number checkerboard (also shewn in figure,)

1. Present first the dark green unit 1. This square is the center of our work,
Square. . It representas the unit.

2, ©Show first the center horizontal strip, deweloping it square by square alternately
to the left and right (whole and decimal mumber) as the child has done both with
the decimal materials and the numerals {in the exercises of the crowming of the umit,
Analyze each square sccording to position: what do we hawe to the left of the unit?
b= 10 Tﬂ tha 'I.".Eh.t? ‘Tanths. . (T RECTET ]

£8 &0 R _!

Our horizontal formetion extends, them, to millions to the left and to mil-
lisntha to the right,




DECTHAL WUMBERS, . .
The Checkerboard: Forming the Checkerboard. . .

3.

Ja

7.

Fow to that original horizontal strip we move From the unit up thres squares and
dowm three squares. Showing. . . + »+ othat the square above the unit increases
by one hierarchy and all subse- quent square moving up increase by ome hier-
archy., . Jjust as those squares placed to the left of the uwnit increase by
othe hierarchy, MAnd that those squares placed below the umit DECREASE by
ons hisrarehy, just as those we place to the right of the wmit, TEDS WE
PRESENT THE EULE OF . FOEMATION : squares to the lefg
and abowve the wnit | are hisrarchies larger than the
unit in the natural —  progression: and sguares to the
right amd below the unit are hisrarchies smaller than the unit in the
natural order of progressiom,

HRER .
Remove the squares, and begin again, 4. Bow we are going to do the same work iIm
starting with the unit, then asking another way.
the ¢hild to form the previond cross We are going to form a biy square,
Eotmation.

Begin by filling in the quadrant top
left whiech will 211 be whole mumber 2 E
squares: the child does the work: we
help with the analysis of the formatiom:
We place a sgquare now one place to the
left of the vnit and one hisrarchy abowve,
What will it be? It iz greater than
the thite=-a whole mumber, And it is

one hierarchy above the tenthse—we 3 3 .5,-

el

need hundreds, CONTINUE, FORMING

THE ENTIRE FIRST QUADRANT, Howvement

for the construetion should be horizontally
across each successive row from right to left;
then up a Tow,.

The ckild constructs the second quadfant: here we have hisrarchies which decrease
ag we @ove to the right; but which increaze as we move up, Thus we hawve to the right
of the unit the tenth sgaare on the centef horizontal row: EUT TO THE RIGHT OF THE
TER S{UARE WHICH IS DIRECTLY AROVE THE TNIT CENTER, WE HAVE ONE RIERARCHY LESS WWICH
I3 THE THIT.
Third guadrant: here the square is placed which is one hierarchy greater tham that
square showm on the center wvertical strip=-=that is cne hierarchy greater than the
decimal part shown becaunse the movement is to the left BUT IT IS ALS0O A HIERARCHY
LESS THAN THAT ONE AROVE. We discover then that our first square s the unit: one
hierarchy greiatsr than the tenth and one smaller tham the ten,
Fourth quadrant: Now we have the hierarehy which is smaller than that one abowve and
also smaller than that one to the left-—=the movement iz down and to the right.
Therefore, ocur first placement is the square of the thousandths, which is ome hier-
atehy less than both the temnth abowe and to the left.

THUS THE CHILD FORMS THE WHOLE CHECEERBOARD,

Present the decimal mumber checker- 7. Thia checkerbosrd eorresponds to the one
board. Show that it is the one already that we have just formed,

constructed, It still has no identi- We must define the wvalue of each square
fving nmumber strips. because thers are mo numbers on thiz board.
Dafime the pazition of the baard, B. Hoer ghall we orient the board?

SHOW THE BOARD IN OTHER POSITION S, When we formed our square first, we had
NOTING WHY EACH OF THE OTHER THREE the unit at the center, the larger hier-
BREAE THE RULES OF POBMATICON. archies to the left and to the topam=

. the smaller ones to the right and down,

There is only one walid positiom for the 80, , .that formation defines our posi-
board aceording to our rules of formation, tion., And the colors indicate which

are out greater and smaller hisrarchies,



DECTMAL NUMBERS. . .
The Checkerboard. . .
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9. Introduce the four number stripa: we note that the mmbers corrsspond to the valne
of the squares, Thumb tack each of the Four strips in place as showm im Figure,

KOTE: The board we are describing is handmade, without
on the sides of the board, If one uses the manufactured board, we have those
mmbers showm around the sguare, For this presentation, then, use paper strips
over the npumbers until the end of the presentation when we reveal the number

strips,

the numbers actually printed

Fresentation #2: Finding the Decimal Value of the Checkerboard

1. Position the board on the diagonal and show
& Unit bead on each of the unit squares——=
the center diagonal, now showm vertically.

2. Then place a unit bead by alternating
hierarchies (tens, tenths, hundreds,
hundredths, etc.) on each square of
the cheackerboard,

HOTE: If we show the board im this way and
pPlace the same bead bar on sll the squares,
we discover that we have the same value on the
diagonal now showm wertically: that fs, our bead
bars will have the value of unita on each of the

center diagonal squares. THEN we gses that they will
have differsnt volues moving to the right and to the

left according to hierarchy., This again

recalls the erowning of the wnit and the 1 2345 b6 T.654%3 2 1
artangemant of the DECIMAL WUMBER I Ll I
BOARD-—-=GREATEE VALUES TO THE LEFT AND ‘I I Fll
SMALLER TO THE RIGHT,

3. With the child analyze the number of squares

there are on the checkerboard for each hierarchy,
Consider each of the hierarchies in this way and then How many tentha? 6 . . .
NOTE THAT THIS ORGANIZATION RECALLS THE CANDELLABRA ., Cabowe )

How many umita? 7
How many tena? &

4. BEead the number given by this analysfs: the number then susmarizes the valus of the
checkerboatds. We have also showm how many squares of each hierarchy form the board,



DECTHMAL FUMBERS. . .
The Checkerboard, . .

Fresentation #3: Familiarization with the Board

1.

3.

Place a bead bar on the unit square 1. What is the wvalue of this bar hers? 3
at the ecenter: Then move that same bar What is its valune here? 0,03
to other squares and the child identi- Hera? 0,3

fies the changing walue,

Using two bead bars, form a quantity on 2. What is the value of thi= guanticy? 25
the center unit square and the ten square Is this the only way we can show this
immediately to the left, The child reads value? no

the value, Then show that the same value e can show 25 in 6 positions om the

iz gFiven on those two corresponding souares diagonal.

all aleng the diagonal,

HOTE: During thizs familiarization WE DO HOT SHOW A OQUANTITY PORMED VERTICALLY 1IN
FART OR WHOLE: because we are preparing for the work in which the multipli-
cand {s always showm horizontally on the board.

However, it is important that he see that a guantity can be formed in several
positions on the diagonals———and in sach cass the quantity has the same valve,

Say a mmber: 5.23 and ask the child to form the quantity on the board with the
bead bars. Increase the difficulty, including ZEROS and MORE DIGITS.

Continue the axercisss of forming quantities until he understands the board well, THEN
procesd to maltiplication . . .

Pragentation #3: Multiplicaticn: Decimal Fmbsr X Whole Mumber 3.089 X 2,726 =

Material

1. The decimal number board.

2. The box of bead bars,

3. The mmeral cards for the wvhole nmmberas from the decimal ayatem materials and
the three geriss of decimal nmmber cards.

4, Three series of white numeral cards with dlack numerals (for multiplicand,) 1 - 9

5, Thres series of grey nmmeral cards with bPlack mumerals, sach containing the
nmerals 1 = 9 {(for the multiplier.)

6, To the seriss described in #& and #5, TEN WHITE ZERD CAEDS ARD TEN GREY EERD CARDS.

KOTE: On the checkerboard, the sultiplicand is always formed on the horizontal rows.

2.

The multiplier is always shown on the nmmmber strip to the
far right side of the board, the unit ecoinciding with the
horizontal row on whieh the sultiplicand is placed.

The product will be read on the botton row and the lower
laft calumn,

The child forms the operation on the mat with the corresponding mumeral cards from
the decimal system materiale and from the decimal number seriss with the operatiom
symbols,

Then he substitotess the LOOSE WHITE WIMERAL CARDS FOR THE MULTIFLICAND and the LOOSE
GREY NUMERAL CARDS FOR THE MULTIFLIER, showing them above the operation on the mat.
That iz, we leave the oriFinal operation on the mat during the entire operatiom, but
we actually do the work with the white and grey cards, so we begin by showing that
we are using the same mmmbers a8 shown,

The multiplicand i{= first placed on the board: white mmeral cards., BECATSE WE
HAVE THEEE DIGITS FOLLOWING THE UNIT IN THE MULTIPLICAKD, we must show the units (3)
on the center unit square. That is, it iz important, particularly in the first
work done in multiplication with this board, that the last cipher of the multiplicand

coincide with the last square on the horizental row at the right. THIS IS A EEY TO
THE PLACEMENT OF THE MULTIPLIER DIGITS.

The sultislier is then showm om the number strip at the right side of the beard,
THE GREY UNIT DIGIT COINMCIDING WITH THE HORIZONTAL BOW ON WHICH THE MULTI FLICAND
IS SHOME***yith the last digit of the moultiplicand. In this partiecular operation,
then, the other digits of the multiplier are shown above the wmit digit, because
theay represent whole hierarchieS—w—grester than the umit.



DECIMAL NIMBERS, . .
The Checkerboard, . .

a

FIRST LEVEL WORE: The child does the sultiplication as in the first level of the
whole number checkerboard work, showing each product as the number of bead bars
which represent the “times taken® indicated by each successive digit of the multi-
plisr, He begins by multiplying all the hisrarchies of the multiplicand times the
units of the multiplier (6). Then he turns that grey mmmeral card face down on the
board and begina the mmltiplication of sach digit of the multiplicand times the
tens of the multiplier (2). 1In each mmltiplication, then, the result is the multiplie
nymber of bead bars. So ,009 taken 6 times iz shoun as six nine-bara O¥ THE LIGHT
GREEN THOUSANDTHS SOUARE. . .
THE IMPORTANT PART OF THIS WORE i{s the werbalization of each multiplicattom,
Esch time the mumltinlication is made, we warbalize the units of the multiplication,
thus reviewing the hierarchies which, when multiplied, give another hierarchy.
THE MULTIFLICATION IS ROT THE FROBLEM ROW, AUT RATHMER THE IDENTIFICATION OF THAT
HIERARCHY WHICH I3 THE RESULT OF THE MULTIPLICATION OF TWO HIERARCHIES, In
our first case, then, we are always multiplying one whole hierarchy times one
decimal hiersrchy,
What hierarchy do we cbtain when we mmltiply hundredths times units? Hundredths,
THE CHILD WRITES THIS OUT WITH EACH MULTIFLICATION:

0.009 X 6 = 0,058 Thousandths X units = thousandths

0,08 X6 = 0,48 Hundredtha X units = hvndradths
In each case, the control is the color of the square which gives the hisrarchy
together with the nmber strips which identify each diagonal,

Having completed the multiplications times each digit of the mmltiplier, the child
forms the partial products on each horfzontal row, reducing the bead bars showm

to only ONE PER SQUABE, as in the reduetion of the whole number checkerbeard,

90 six nine-bars are reducing to one four-bar on the thousamdths square and a Five-bar
on the hundredths square to the left, where it is combined with those hars shosm
alresdy on the bundredths square in the next reduction,

Slide all the quantities down the diagonals to the bottom row and far left column,
depending on whare the diagonal of the hierarehy ends,

Here a reduction is again made to show only cme bead bar per square. And the result
L5 read on the board. THEN THE EESTULT IS SHOWN WITH THE NIMERAL CARDS ON THE
HAT WITH THE ORIGINAL OFERATION. The child copies it in his notebook.

FOTE: The work at this first lawvel is short because it imvolves the longest operation,

and the child quickly passes to the second level. It {3 an important lewvel,
however, because we return to it for the desipn werk, just as we did with the
whole number checkerboard,

Presentation #5: SECOND LEVEL WORK: Decimal Mumber times Whole Mumber 3,089 X 2,726 m

1.

2

The work procesds as deseribed inm presentatiom #%, steps 1, 2, 3, and &,

The work of multiplication is now identified as a partial product with the comnle-
tion of each horizomtal row of products shown. And this multiplication iz now
shown as a combination of bead bare which represent the product: that is, 0,009
X& iz shown as the four-bar on the thousandths sguare and the Five-bar on the
hundradths squace to the left. 80, ., .the child emltiplies all the digits of
the multiplicand bv & in this way; then reduces the products to ons bead har
per square and READS THE PARTIAL FRODUCT: HE MAY ALS0 WRITE NOW THE PRRTTIAL
FRODUCTS AND HE DOES THIS WITHOUT THE DECIMAL POINT. In reading the portial
product, again the colors of the squares and the oumbers on the strips indicate
the hievarchiss, serving asz a guide.

RBOTE: the child may quickly pass to the process of changing each product to
one bead bar per square as he makes the oultiplications, thus sliminating the
step of reducing to the partial product at the end of sach horfizontal row.

VERBALIZATION contimues to be important. Each produet is fdentified ss a hier-
archy as it is placed. 5o eight hundredths taken seven hundred times gives
fifty=six safts, THEICHILD IS WOREING WITE THE BOARD TO LEADN HOW HIERARCHIES

ARE FORMED: BY WHAT HIERARCHICAL FACTORS, He comtinues to write this analvsis,
When each partial product has been formed, the hierarchies are brought dowm on
the diagonal, the final redvction made to one bar per squars, and the answer rsad,
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DECTMAL WUMBERS. . |

3.

Presentation #2:

Materials:

1.

2.,

With a little aleight of hand, transform 3.
the green wnit bead into 10 dark blue
pills——-tenths,

Show each of the tenths on ome of the tenths of the circle, indicating equal

Explain the coler blue of the tentha, 5.

Cut the cardboard tenth , and eut {t inte
ten parts,

Transform one bluve pill into ten red pills
representing hundredths,

Show the cardboard humdredth and the red
pill together.

Bepeat the process for the thousandths;
first cutting a thousandth £rom one of the
cardboard bundredths and then transforming
one red pill inte 10 greem thousandths,

‘ .
l .

The Symbols

Show the s=all numeral card 10e——turn 1.
it upside down. Insert the poimt,

Bepeat with the hundred mumeral smd the thomsand:

= =y e
g B e e L T

I have transformed the unit inte 10 new
1ittle pilla, e
And they have changed colof———now they .
are blue,

I have divided this unit bead into 10
parts, like the circle.

value,

If I take 10 units together, what do T
obtain? A ten. What coler iz the ten?
The valvs of the baad that had the valus
of ten was blue: it was ten times
greater than the unit,

Bew this blue pill is ome-tenth of the
gnit, It is temn times less than ome wnit,

This fractional part of the tenth has a
valuos of one=tmmdredth.

If I take the blue pill and smash it,

I will hawve ten hundredths,

This is cne-hmdredthe--and this iz one-
hundredth, Why are they read?

If I take 100 units together, I have 100,
The hundred fs 100 times greater than
the unit,

If I take 100 times less than the unit,
I hawve the one=himdreadth,

How we are bresking the red hundredth
into tem squal parts; and we get a pill
with the walve of ene=thousandth.

l
41
4
i
|
}I_

¥

T

A———— ...___...i'

e el

o

One=thousand times the unit is one-thou- |

sand, It is greem,
One-thousandth part of the wnit is one-
thovsandth. It is green, too.

the decimal system mumeral cardg, . .and a decimal point

If I turn this nosersl upside down and
insert the decimal point, it is no longer-
& ten; but a tenth. It is still blus;
the Toot is ten, but now £t is 2 tenth.

the unit is the zame =ven though

it is upside dowm. Each time the decimal point is showm im a diffsrent positionm,

ROTE: This exercige is basically te point out the relaticnship of the tens to the

tenths, the hundred to the hundredths, the thousand to the thousandths,

ROTT A LESSON IN WRITING DECIMAL NIMBERS,

0.}
1183 8,

It is
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CECTMAL FIMBERS. - -
Maltiplication with the Checkerboard. . .

Presentation #6: Whole Mamber X Decimal Fumber: At the Second and THIRD LEVEL WOBRE

Za

5,467 X 0,27 =

Second Lewel Work: The child proceeds with this new casze as he has done the work
on the second level for the First case. The main new element im this case i3 the
position of the multipliesr. The mmltiplicand is First shewn on the board so that
the last digit coincides with the last sguare to the right on the decimal checker-
board; that is, in this case the pultiplicand mmat be showm on the top row where
that Iast square to the right is the units square. Then the mits of the multiplier
must be showm on that sguare of the mmber strip which iz horizontally adfacent to
the roer on which the multislieand is shesm. In this operation that unit digit is
gett. Theén, because the other two digits represent lesser hierarchies, they are
ghown below the unit om the number strip. The multiplication then proceeds as
deseribad for second level work, thes child showving the produet of sach multipli=
cation with only one bar on the actual product squaTe and anocther bar on the next
higher square to the left if there is a hierarchical carry-over,

The verbalization of each hiernﬁa 2 multiplication continnes to I:ue an impnrtant
elemant of the werk., For the %urtitl produst : ..m
7X0.2= 1.8 units X tenths = tenths ﬂum d.lt.t.?!tllu
60 X 0.2 = 12. tens X tentha = wnits
400 X 0,2 = 80, hundreds X tenths = tens
5,000 X 0,2 = 1,000, thounzands X tenths = hundreds

At the conclusion of the multiplication of a horizomtal row which represents the
partial prodoct, the child now writes the pattial product. He wiites each partial
product WITHOUT THE DECIMAL POIHT, snd the guide for the positioning of that partial
product is the color of the last square on which his partial nroduct is showm, a

in the whole number checkerboard,

As in his previcus multiplications, the child obtains the product by sliding dowvm
all partisl product bars on the diagonal, and reading the result after the redvction
to one bar per hierarchy has been made, He writes the answer and checks that snswer
by adding the partial preducts he has already written.

An Important Observation: When we maltiply the whole times a decimal fractiom
the product £s less than the whole. This is sn observation slready made in the
work with the eal fractions (2 X 1/8 = ) and om the decimal board work.

When the operation is concluded, we cbaerve: 5,467
We have moltiplisd whole by hundreadehs: X 0.27
and we= obtain a whole and hundredths, - 38269 Deefimal point
10334 placed sccording
147609 to produect on hoard,

THIRD LEVEL WORK: Mental Carry-Over, Az in the last passage of the work with
the whals mmber eheckerboard, the shild now shows each mmltiplication as only
one bar on that sgquare which corresponds te the hierarchieal preduct and carries
over mentally any quantities which must be added to the next hierarchy. Thenm,
when he multiplies 7 X 0,07, be shows the mine-bar on the hundredths sguare and
Eentally carries over four tefiths for the next smltiplication,

Presentation #7: Decimal FMmber X Decimal Mumber: Second and Third Lavel Work

HOTE: After the first case work om the Eirst level, the child does the other work
of multiplication on the second and third levels. Asx a new case is introduced, the
work may sgain be at the gecond lewel, but the child gquiekly then mowves to the third
level of mental cafty ovVer.

23.25 X 83,7 =

The child, as in the previcus operations shows his cperation first on the mat with

the decimal system numeral cards and the decimal number cards. He substitutes then the
vhite cards for the multiplicand which he shows on the board, the last digit correspon-

ding with the last sguare te the vight on the checkerboard. He substitutes the grey
numeral cafds for the mmlticlier and then shows the sultiplier on the wumber strip to
the right, The new element here i3 that, once the unit has been placed to coincide
with the horizontal row on which the multiplicand is shown, the tens digit {3 placed
agbove (greater hierarchy) and the tenths digit below {mliar hisrarchy,.) The meltipli=
catien proceeds,



Decimal Mhmbers. . .
Maltiplication on the Checkerboard. . .
Decimal Fumbher X Decimal Bombear, . .

The moltiplication always begins with the smallest hisracchy of the multiplier.
Each partial produoct is formed on the horizontal row and written, Then the bars are
brought down the diagonal, the total product read and the child checks that Tesult with
hisz addition of the written partial products, He shows the prodect of the multiplication
vith thea zymbels on the mat,

Fresentation #8: The Design

The design for the decimal mmber checkerboard is constructed as in the work with
the whole number checkarboard, Hare we find out if the child has really understood
the order of the hierarchies, . In order to do the design work, the child wmst show his
operation at the FIEST LEVEL OF WOEE, He writes each sultiplication and them repressnts
that product as shown on the board in his geometrical design, His color cuide iz in
the sgnarez of the cheskerboard,

7,439
X 0.506
0.
5
2

CORCLUSION HOTE: We have now shown the three cases of mpltiplicatien: 1) Decimal
Fumber X Whole Mumber, 2) Whole Mumber X Decimal MNumber and 3) Decimal Number X Decimal
Fumber; carried out with both the yellow decimal mumber board and the checkerbosrd for
decimal nusbers.

The emphasis of the work with the decimal board was: 1) the changing,
2) the relative valve of each digit and 3) when the Bultiplier was a decimal number,
the necessity of transforming it to a whols number befors carrying out the operatiom.

With the checkerboard we emphagized: 1) the values obtained by
sultiplying a whole number and a decimal mmber in various combinations where no trans-
formations were necessary and ) the geometrical figure of multiplication.

With thease materials, them, THE AIMS:

of the decimal board: to bring the child to understanding and the
shetract carrying out of multiplication of whole and decimal mumbers,

of the checkerboard: +to bring the child to abstraction, through
gecmetrical figures, in the multiplication of vhole mumbers and decims]l mumbers,

AGE: B =9

DIVISION: Of Decimal ¥umbers

Here we consider four cases of division, each case examined with passages of increa-
sing difficulty:

1) Whole number <= whole mmber: 3= 2 =

L=3 =
2} Decima]l nusher = whole mmber: 0,258 = =
2.3l =3 =
3) Whole number — decima]l numbar: 3 = 3.7 =
b= 0,25 =
4) Decimal number = decimal mmber: 3,5‘-? B3 =

0.80 = 0,25 =
The child has encountered all of these simple divisions at the level of memorization, *
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DIVISION OF DBCIMAL NUMBERS. , .

Haterial
le The box of decimal discs and whole bead quantities im the hierarchical eolors,
2+ The numeral symbola of the decimal numberz and the whole numbers (small ssriss
from the bank game or the decimal svstem seta)
3. The box of green, bine and red skittles (from division.) Orange bewx,
4. A light green box containing a new set of "little skittles,”™ in blue, red and gresn
for the decimal number diviecrs, Miniatures.

Preapentation: Case la: 3 22 =

1. The ehild forme the dividend and the 1. 1 most divide 3 among 2,
divisor with the num eral symbols and t
shows the operation on the mat with the I
operation sigma. ! :
ey o
2. Them he takez the quantity of beadz e E E

be divided and shows twoe skittles (green.)

3. He distributes one unit bead to sach of 3. In our first work of division, we had
the two: and then EXCHARNGES THE REMATHING a remainder of one, but now we can awa
UNIT FOR TEN TENTHS DISCS, Ha distributes change that one resmgining unit for ten
thoee tenths to the twe skittles, tenths and our remsining quantity can 2
be equally distributed,

4, We note that the answer, the quotiemt, &. Easch vnit has Teceived one unit and Five

is vhat the unit receives; and that now tanths.

we have truly completed the divisies, The guotient iz no longer & whols mumber,
The child shows the answer with the sym- but a decimal number,

bole on the mat and copies the operation. 3+ 2 = 1,5

Prepentation: Case 1h: 413 =

1. The child proceeds as in the first work, He shows the symbols for the eperation,
takes the corresponding quantity for the dividend and shows three skittles as the
divigser, He distributesz the units, one to each of the three skittles.

2. One unit remaims, He sxehanges that unit for ten tenths. And distributes the
tenthe, thres to sach of the thres skittles. AGATH ONE TENTH REMAIRS.

3. He exchanoes the tenth for ten hundredths, Again he is able to give esach skittle
three and one hundredth remains, He exchanges that hundredth for ten thousandths. . .
and be begins to realize that this conld go on Ferever.

4., CONCLUSION: We can conclude that mot all quotients can be resolved, even with
decimal mmbers. There are some divisions which have mo end; S0 we write the
quotisnt: b +3 = 1.333.,,. (and so om. . .to infinity.)

NOTE: The children 1ike te lock for divisiems with guotients that never emd. . .to be
sure they really do exist.

Pregentation: Case 2a: 0,28= 4 =

1. The operation is shown with the swmbols and the operagtion signs. The suantity is
taken which represents the dividend C(twe tenth dizes and five hundredths diges,)
The four green unit skittles sTe showm.

2, The child knows that be must start by dividing the largest guantity, bot it is not
poseible to divide twe tenthe amomg 4, so he exchanges, ene tenth for ten hundredths,
Then the secomd tanth for ten hundredths, AND HE DISTRIBUTES THE 25 HUNDREDTHS,

One hundredth remains,

ek
*

Be exchanges that hundredth for tem thousandths———sach unit receives 2 and ? remain,
He exchanges both those thousamdths for ten thousandths (even though he may suspect
that this division will continue on and on) and he discovers that new the tventy
ten thousandths will distribute equally-==5 to each of the skittles,

4. He reads what one wnit gets: WO UNITS, NO TENTHS, SIX HINDREDTHS, TWO THOUDSANDTHS,
FIVE TEN THOUSARDTHS. He shows that answer with symbols: 0.0628



DIVISION OF DECTMAL NUMBERS. . .

Pressntation: Case 2b: 2,31 3 =

. Here the two wnits cannot be distributed equally among three, so we must exchange
the two units for tenths, OGiving 23 tenths to be distributed, Each skittle receives
T tenths.

With the remaining tenths we exchange for hundredths, giving us 21 hundredths for
distribution, These will distribute aqually to the three,

We read the quotient., Is is a whole number? KO, We have no mnits, seven tenths
and seven hundredths, The quotisnt is 0,77 or SEVENTY-SEVEN HUNDREDTHS. That is what
one unit recaives,

Fregentation:

Case 3a: 3+ 2,31 =

1. Introduce the new box of "little skittles," Show the miniature blue fer the tenths,

the reds for the hundredths snd the greens for the thousamdthe,

2. The child shows the oparation with the symbols, takes the quantity in beads, and
shows the divieor with twe large green skittles, three small blue and ene small red,

3, We begin the distribution by giving each 3. If we give wnits to unmits, then we must
of the unit skittles ONE UNIT BEAD. Note give the tentha ten 1_:i.nu: less, . .and
that =sch successively lesasr hierarchy the hundredths 100 times less. So we
will receive ten times less than the pre= distribute tenths to the tenths and
wiong, WO EXOHANGES ARE THUS NECESSARY hundredths te the hundredths,

O ACHIEVE THE ACCURATE DISTRIBUTION: the l l l I-

remaining wnit besd for ten tenths and them

one tenth for ten hundredths, R AN E TRE
o e @ o & L

4§, SECOND DISTEUBTION: The units receive tenths T PR A Tt
#o the tenths must Teceive hundredths and the ai
hundredths thousandths, necessitating another Lo
exchange.

5, HERE WE STOP: Now the child understands the hierarchical distributiom. We read
the antwer g& what the unit receives. ., ,and then we show both the guotient and the
remainder with the symbol cards cm the mat, & = 3 §1 = _La, . 0.22.8

6. REVIEW THE VARIOUS QUANTITIES RECEIVED BY 6. The unit receives 1.,2.

THE LOWER HIERARCHIES. What did the tenths receive? TEN TIMES
LESS or ﬂil?i
What 4id the hundredths receive?

Pregentation: Case 3b: 4 + 0,25 =

1.  Introduce the green disc to show the place 1. There is now no vnit in our dividend,
of the wnitsz in the diviser, but we must keep tha place of the wvnits,

2. The distribution is made, following the ® .‘ ’. l : I l I.
pattern as described in the previous P I N R B 3]
EasEs. g T TR STl

L] ; L L = = L3

3. What is the result? What the unit re= AR AT B B R T
cefves, If the tenth receives one umit S R W 7] R A
and six tenths, then the mwnit will receive o R AL
ten times MORE or 16. N R R

&, IMPORTANT CONCLUSIONS: 4, Wa must give the same ameunt to the

BOTE: This work is parallel to the divi-
sion of fractions. We see that If 1710 or

0,1 recaives 1,6, then one unit must receivs
that 1,6 plus (9 X 1.6) OR (1,6 X 10), A

We can resall the ways we obtain the divi-
aion meatient in the writbten fraetion op=

other fractional parts of the unit in
ooder to show the guotient which is
what the onit receives,

When we are dividing s whole number by
a decina] oumber, what are we doing?

erations: L=1/"4 = 1& §==0,25 = 16
A maltiplication,
B = 16

i
I
-'j“.u" = i



DIVISION OF DECTMAL WUMRERS., . .
Case 3b: L4 0.75 w 1&,. , .

4. . ,CONCIUSIONS: We can show a compari- O, . «In the multiplication of a whole

s0n betuween the multiplication of a whole mmber by a fraction or decimal number,
number by a fraction (or decimal number) we are actually dividing.
and a division of a whole mmber by a And in the division of a whole number
fraction (or decimal number.) by a fraction or decimal mumber, we are
/OX?s5 10X 4 =-L2= =5 actually multinlying.
2=-%=32 9= ?l — = 33 ]
We also note that we are, in the divisisn When we divide & by 0,25, we are asking:
of & by 0,25 performing a grour diwvisiom, How many groups of 0.25 are contained
in &7

HOTE: We can conclude that swltiplication and division must be given parallely in
the work of fractions and the work with the decimal members, And we Dust
utlilize the centesimal circle as a passage, to relate the fractions and the
decimal mumbers as the child dees the operstions in both works. Thus he
encounters the same situatioms and ¢learly can relate the fractional value
of the actual fractions and the decinal numbers and decimal fractions,

Presentation: Case Sa: 8.6 = 4.3 = 2 l ll‘ 1 l l
s o o

Here we see that both the dividend and . & & &
the divisor are decimsl mumbers, but the ® & & ® ° & a
gquotient Iz a2 whole mmber.

Presenitation: Case Sb: 0,80 4+ 0,725 =

Arain the disc showing the place of the

unita iz wtilized, L l i l l l 1 l

It is uselesss to take 40 hundredthsz zince :‘ H ; ; : : :‘

we know that 40 hundredths is equal to AR AR S Ea Sle G

four tenths. . .80 we begin the distribu- A R S ; E E

tion with tenths to the 10ths and then 3 Sk AE 38 BE 2E

exchanging, hundredths to the hundredths.

The angwer, vhat one unit receives, mmst If the tenths received one tenth and six

then be ten times what the tenth rfeceives: hundredths, then the unit will Teceive
0,480 %+ 0,25 = 1.6 one unit and six tenths, 10 times more,

HOTE: Now we must meke the work for the child easier, offering a different cesns which
iz closer to abstraction. He knows that when we divide a whole mmber by-a
decinal number, we may apply the invarisnt propercty which says that: when we
multiply or divide the dividend and the divisor by the same mmber, the value of
the operation (the division, or the fraction) does mot change.

THE IHVARTANT PROPERTY: A Movement To Abstractienm

We have, to thisz point, done rational arithmetic. WNow we must move the child te
abstraction where all of these processes ars not necessary, We utilizes the invariant
property which the child should have thorourhly understecd im his work with fractioms,
This invariant property enables us to transferm the divisor, when it is a decimal oumber,
to 2 whole number, by multiplying it tizmes 10 or times 100, . .ond at the same time
maltiplying the dividend by 10 or 100, , .

The rule is that if we wultiply eor divide the two by the same mmber (of zeros),
the value of the divieion is mot changed, just as the value of the fraction is net
changeds If there iz a remaimder, that number also wust be multiplied or divided by
the same mmber,

We can approsch the invariant property in threes ways:

A, The Invariant Freperty showm with the Quantities and Skittles, Be 0,25 =
The child knows that he can multiply the dividend and the diviser
by the same mmber without changing the value, And he has already
done this overation with the quantities and skittles in the long
method as deseribed in Case 3b. He knows that the result is 16,




Divisionm of DECIMAL WUMBERS. . .

A,

1.

2.

Sa

S

1.

4,

The Invarisnt Property. . .

Show the cperation with the symbols; 4§ = ﬂ..E.E =
then show the titi d the -
i quantities and the skittles ': 1311212112
.

HMaltiply both the divisor amd the dividend
by 10--=thus changing the hundredth skittles

to tenths, the tenths to unita AND the x

quantity to tens. m :: ‘ l .l. .I. 1 l
Miltiply apain by 10—t have now molti-

plied both diviser and dividend by 100, X0 gas i x ‘ ‘ l
AND THE RESULT IS A DIVISOR THAT IS A WHOLE o~

NUMBER, :

Beplace the symbols with the new syabols
whick represent the new divisor and divi-

dend shown, H00+ 285 a

How the child can, as an additional exer-

cise, distribute the quantities OR HE MaAY

N0V CARRY OUT THE DIVISION ABSTRACTLY. - ﬁl?!.'%_
We compare the results-—of the first op= 150
eration dome with the quantities and

skittles gand that done abstractly: they

give the same result.

sotseco D

ehaernia
ssbanme
 EA N RN
sspeeR
sadteo By
LA R L X XN

.
o

The Invariant Property shown with the Yellow Decimal Member Board &4 = 0,25 =
Again besin by showing the symbols for the operatiom,

Then take the dividend: & and show that nomeral card at the top of the units
column on the yellew board. Then take the double grey zeres card {two zeros)
and sultiply the 4 by 100 by showing the grey card to the right of the & digit,
thus sliding that &4 two places to the left. SUBSTITUTE THE 500 symbol card for
the new quantity as shown. °, Replace the symbol in the operatiem,

Maltiply the divisor by 100 in the game wav, placing the mumersl cards over the
corresponding columns at the top of the decimal mumber board, Then adding the

two grey zeroS---that is, multiplying by 100, thus moving the dirits two places

te the left. AND SUBSTITUTE THE NEW NIMERAL CARDS: 25 Beplace in operation,

The result is a divisor that iz 3 whole number, And the operition ean now be
carrisd cut abatractly.

The Invariant Property showm as a Calculation with the Decimal Fractionm,

IN THE CHILD'S NOTEBOOK: he writes 1. We com write 0,25 as 2 decimal fractiom:

o = 'Ei = 25/100,
i1 » foo _ 25 2, How do we transfarm 257100 inte 3 vhoels
fob [] THEN KO0+ 25 = nusber? We multiply by 100,
# x JOD = Y00 Therafore, we must also multiply the divi-

dend times 100,

Comclusion: Here we have trangformed the divisor imte a whole number by using the
decimal frastion. And our result will be the Zgme because we have not changed the
value of the division,

The child does the divisien abstractly,

REFEAT THE TRANSFORMATION EXPERIENMCES IN ALL THREE MODES, USING BACH OF THE EIGHT CASES.

A Special Case: Considering the Remainder Caze 3a: 332,31 =

If we aonly the invariant property to this operation, we must remember the rule

vhich says that if we multiply the divisor and the dividend times a certain number, we
must alzo multiply the remainder,



DIVISION OF DECIMAYL. MUMEERS. . .
THE Case of the Invariant Property with a Remainder. . .

8+2.3I=1.2v 0228 ... ourn foot reavod
FUI00 = 300 awd 2.3/ X 100= 23] mem.im‘:iﬂf
Lo I SRR ¥, 3 nn.u.-ti-ﬂl-ﬂd ‘
mfﬁtﬂ-%_ 22 Lot 0tde m eri s
D.228 X /00 = .;':z? uu:g,.hwm
gﬁ. -:-:-:-M&Jﬁfbﬂm dcina e,

%Mw EorY A :;_.H“.:.,,.g ;
.-'r.n,.-rnj;..r_.--..in..r_.. Gw\f)'-n

e FYTI Y I .;a-ﬁh., d-:mmu‘.lia-u
A diicane. : L
Ty T T T IR 22.% ; 0.29
A iert O OR. ———*231. Mﬁum?ﬂi_
St meonaenders dant ‘fe dhoernt cemd eithok s

m;aui»tld.wﬁm e qreration), and. AAL Lot e

S+d3'= /L2 2x0.228 = 300+23! =1.2 1.22.5

ROTE: from Montesgori: 1Inm the traditional school, the work starts with the invariant
property, For usz it iz the point of arrival., PFor us it iz a raticnal consecuence
arrived at through previous experiences, Introduced here, it simply helps the
child to simplify hisz work.

HOTE: If all the work is dome with the decimal norbers, particularly that werk on the
yellow decimal mumber board, the children have a strong preparation for under-
gstanding the metriec system.

AGE: 8 = 9




DECTMAL NUMBERS. .

Presantation #i: The (unantities II

1.

3.

Begin with one red bead, 100, and exchsnge 1. I have one hundred. I want to change
for 10 blue tens. Then change the blus it fer ten tens,

ten for 10 gresm units. Bow I want to change ans ten For ten
HOTE: the child knows the exchange process units.
to this point.

How we change the unit for 10 temths, Then We can exchange this unit, too---for

exchange one tenth for 10 humdrsdths, . . ten tenths.
and proceed through all the position & the And we can exchange one tenth for 10
decimal numbers, - Dsplay. Ehundredths,

The ten-thousandths are a lighter blue,

58 88 the hundred-thousandths are & lighter
-6 red, the millionths are a lighter greem.
s sasScl They are a lighter shade of our hierar-
“e.s 8 chieal colers to remind us that their

: & B 0D 52 E'ﬂ value is lass that that of the last

three groups. Ihis {3 the class of the
millisnthe,

Bring a molden cireles freom another table: 2. This wait fi& the center of onr work.
take the wnit to another position away

from the displayed group and erown the dosedal@ercco
green wnit bead as the center,

Altarnately place the whole guantities to the left of the unit and the decimal

guantities to the right, taking the whole guantity beads from the box and the
decimal quantities from the displayed group. Hote as they are placed in pairs
(tensftenths) that the color is the same. Raview the concept of 10 times greater
and ten times less in relaticnship to the unit. (The light blue pill is 10,000

times less than the unit--—-it is one ten-thousandth: but the blwe ten-thousand
bead is ten-thousand times greater than the unit.)

CONCLUSION: The million bead iz a long way from the wnit, far to the left, but it
has a million times more balue thanm the vmit, The millionth is far away From the
unit to the right, and it has a value ome-million times lass: it fs one-millionth

of the unit, The farther sway from the unit to the right a cipher gets, the more
its value decreases, The farther sway from the unit to the left, the greater the
valua.

EXERCISES: Formation and Reading of Quantities om the Board

Materigl: The decimal mmbers board:




DECIMAL MRBERS, . .

EXERCISES: Formatiom and Reading of (uantities on the Board, , .
1. The teacher takes a certain quantity of beads (3 green thousand beaads, & red hundred
beads, and 5 units) using first only the whole cuantities and making use of the
positional value in the way in which we show the beads displaved.- The child nasss
the quantity showm amd then places that quantity on the board, following the color

éoding at the top and the dark black line which we note is the division between
the whole and the fractional parts of the uwnit, The placesent here will be-all on
the laft zide of the boatrd.

2. AFTER SEVERAL EXAMFLES WITH ONLY WHOLE NIMBERS: The teacher forms quantities whieh
imclude the decimal mumber pills., The child names the gquantity they represent.
He shows them on the board. INCREASE THE DIFFICULTY,

3. Teacher says the gquantity, the child lays out the corresponding materials and then
shows the gquantity positioned on the board. CRADUALLY INCREASE DIFFICULTY, INCLUDING
ZEROS: 1,000,001.0001.

4. Child chooses the quantity from the materials, places that quamtity om the board
and reads the valuoe,

GAMES: The teacher requests a quantity which requires an exchange. . . &
"Take 13 tenths and place them on the board,”™
"Howr I want thess 13 tenths in another way.™

T 1L

ROTE: The child needs many such exercises to reinforce the concepts of the decimal
nombers, He must understand the hierarchy, and the succession of changes posaible,

Preaentation #B: The Symbols II

Materials
1, All the symbol cards from the BANE GAME. ., .in the box, Units to millioms.
2. A new series of symbols for the decimal numbers: 0.1 = 0.9: 0,01 - 0,09:
0,00 = 0.008: 0,000 = O0,0009: 0.00001 - 0.00009: O0.000001 - O, 000008,
In the lighter shallss of the hisrarehical colers.

1. Lay out the wnit symbols 1 = 9. l. What iz to the left side of the umita?
Lay out the tens. What colar? What is tioeothe left of tens?
Lay out lmdreds, ¥hat is to the left of humdreda?

Proceed through the millions, always
moting the eolor and the movement to
the left.

2, Introduce the new series of symbols, 2, What cooes to the right of the wmit?
laving out one hierarchy at a tioe to the What color iz it? Why?
right ¢f the unit, noting the color and
the movement to the right.

3; EBaview the layout vhen all symbols are 3. The wnits are in the middla., To the left

Placed. foo0 fo0 f0 § 07 0.01 o.007 are the whole numbers which go to the
2800 200 3o 2 0.1 00 O.002 millions and to the vight are the decismal
FOOD g3on 30 3 0.7 O.08 0003 nusbers which go to the millionths,
weeas YO0 gop g 4 0 0.0F D.C0F -0
: Zo0 & 5 o5 6,808
- & & Db :
K
5, Take the numaral 1 aside, to another B, HBecansze the wnit is the center of the
table, crownm it with the golden cirele whole work, we crown it.
and place the single digit cards alter- ‘What is first to the left of 17
nately to the left and right. Compare What is to the right?
the pairs laid dovm according to coler They both hawve the same color. the sape
and walue. wvalue? N0, The ten is 10 times lavger;

the tenths are only one-tenth part of the
wnit. BSCAUSE THEY HAVE DIFFERERT POSITIOR



DECIMAL NREERS. . .
The Symbols TII. . ,

b, Creemiing the unit. . . &. The composition of the mmber i3 the same:

the ten iz composed of a zero and a one:
70,000 1000 700 {0 E} 0.4 ©.07 0.001 D.000 the tenth iz composed of a zero and a one,

We have exemined heres all the hisrar- but the arvangement is different,
chies from the mfllfonz to the millionths THE VALUE OF THE QUANTITY DEPENDS 2 ITS
with the unit as a reference. POSITION. . .IN RELATION TO THE UNIT.

5, Present the decimal svstem board again, now revealing the top row where the ciphers
are showm to correspond with the hierarchical colors. BEMPHASIZE: If we move towards
the units from the millions, that is left to right, the value dscreases by ten
times (powers of ten) with savery hierarchy. Moving from the millionths towards the
mits, that f= right to left, the value Increases with every hierarehy. AND
in the whole numbers, the mumeral card size increases with an increase in values
in the decimal mumber mmeral cards, the value decreases as the size of the card
inereases,

EXERCISES: The Formation amd the Writimg of the Symbols: All syabels displayed

1. The teachers formas the number; the child reads it and forms it on the board.
Here we begin with whole number combinations. The child combines the ciphers
showm as im the magic game to form the number and then shows that mmber on the
mmber strip at the top of the board, THEN we introduce thres cards of decimal
nambers and the child discovers that the magie game must be done in reverse. The
cards mow are pushed to the left, He reads the number: fwo tenths, one hundredth,
& thousandths, FIMALLY we take a combination of whole and decimal mumbers: the
child forme first the whole number with the eiphers, then the decimal mmber with
the reverse magic gfame, and finally he superimposes the wmits on the zereo of the
tenths to form the wvhole number and places it on the board,

2. The tescher says the nmmber and invites the child to fomm it with the symbols, then
to shoew it on the board, reading it.

3. The child forms the quantity with the symbels, reads it and shows it on the board.
HOTE: 1In esach case, he records the gquantity in written syabols im his notebook,

RBOTE: On Reading the Numbera

There are two stages of reading the mmbers: the first one is noted above, where tha
child reads the pumbers as tenths, bundredths, etc. . . THEN we introduce the correct
reading of the mmber, giving the decimal mumber the name of the last digit. S0. . .
253.637 ia two-hundred fifty-thres AND six-hendred thirty-—seven thousamdths, Hare tha
child must unite the sounds and do the work of symthesis as in the movement from the
movable alphabet sounds te the whole word,

In reading whole nmbers we give our emphasis to the first digit; in the decimal
nmmbers we emphasize the name of the last cipher which mames the whole decioel part.

A Preparation for TUniting the Symbolzs and the Quantities: The Concapt of Talt

1, Use a chart which will fit onto the
board, with the image of a candellabra,
pairs of grms connecting the tens and

tenths, the houndreds and the hundredths, | i
the thousands and the thousandths, eate,
The squares are like the flames, The
center post is the onit. The child copies
the fommation in his notebook.

2: With the mumeral carda, show the unit as
the centar, then build up and dowm with
the whole numbers and the decimal mumbers,
The child copies this, circles the resunlting
figure, ‘Then he can cut it out, and tha
result I3 a kind of propeller that spins
on the center--=the unit. A chart depicting
thiz iz an interssting wall chart,




DECIMAL MWIMBERS. . .

Presentation #5: Matching the Quantities to the Symbola

Material: The decimal mombers box of materials, the board, all the symbol cards,

1.

b

7a

Lay out all the symbol cards. . s 1. Theses are symbolic guantities. They take
in correct positions. their value from the position they occcupy.
Teacher shows a ovantity with the mater- ... Ea] 3

ials (using whole mmbers first). The
child reads the value and matches the symbol.

Then he shows both on the board and reads 29 S ﬁ a
it. -21-15]
GRADUALLY IMCREASE THE DIFFICULTY. 2]

Teacher says the quantity, the child takes VARIATION: Give me 10 tentha.

the quantity first, then matehes the symbol (The child can take 10 tenths,
card, forms the number and places both on  but he cannot locate the syabol card; he
the board, reading it. VARIATIONS prove discovers he must exchange for one unit.)

good exercizes in exchanging.

Child thinks of a quantity, shows the gusntity and the symbols, then forms beth om

the board.
THEN GIVE THE SYMBOL FIRST: . « « o =

The teacher forms the mmber with the symbol ecards, the child takes the guantity;
he reads it and places beth on the board.

Teacher asks for the eorreaponding symbel cards for a mumber which the child finds
and forms together; then he takes the quantity and places both on the board, reading.

The ¢hild does all the work. He thinks of the mumber, takes the symbols, the quantity
shows both on the board and reads .

GAMES: Eeading and Writing Decimal Mmbers

Ao

C.

(uantities without Symbols: Who Has More?

The teacher asks one child to take one unit (quantity}; another to take Four
tenths. Esch lays out his guantity. The teacher aska: "Who has morsa?™™ "You hawve
four and he has only one BUT four parts of the umit, 510, has less walue than
one unit,”

VARIATION: 2 unita/20 tenths: Both have the same quantities; the same values,
TARTATION: 1 wnit/ % Ttenthe: Who has more? How much morea? Two tenths more,

Bymbols without Quantities: Who Hag More?

Each child gets a symbol and the comparison is made as in the above game:
1,000,000/0,000001 ¢ Who has more? Both parts have the same digits, the same
gize, BUT the difference between them is 999,999,999099

Cards anmd Cuantities: Some Game

ROTE: The children need much practice of this kind in the conceptas of which numbers
hawe more and less value, Alse in the changing one makes in working with the decimal
mumbers., And in the valope according to positiom,

fo0 10 ol 0.6 D.om

Progressive and Bsgressiwe Cownting with
Cuantity and Carda:

1} Progressive: the child mekes the form,

as showm, inm his notebook, color-coeding the
lines, Then he shows on the board a certain
nummber of tenths (2) and incr=ases sach tims
by thet amount. When he comes to 10 tenths Z
he changes the quantity ou the board and notes
the change on hiz form by moving ever a line, |

2) Regressive: Using the form he takes sway
2 tenths or 5 temths or 3 tenths at & time,
Hare he bedins with whole wnits on the board;
and aust immediately make the exchange,

IRCREASE DIFFICULTY: Take 2 hundredths From 7 units, Two changes required,

e o e e L PR



DECTHAT, NMIMBERS, . .
Games: Reading and Writing Quantities,

E. Dictatiom and Reading Written Quantitiea
1} The teacher dictates a quantity: the child writes on the lined form he
has prepared in his notebook, GRADUALLY INCREASE THE DIFFICULTY:
235.418 24, 006
2+ Teacher prepares slips of paper with quantities writtenm in words: the
child reads them and writes them im his notebosk. CONTROL: the teacher
azka the child to Tead the number he has writtenm.

MOTE: On Progressive and Regressive Counting: this exercise, as noted in game D,
is first given as an exercise strictly with the gquantities.. . .using the
Eorm the child composes in his notebook. The second period of the game utilizes
the gymbols, the child showing the progressive or regressive counting sxercise
only with the nuseral cards. The third period is the culmination In whieh the
child combines the use of the symbol cards and the guantities, Both the second
and third pericds can be an effective collective lesson: a guiz.

ADDITTOMAL STRIPE POZ THE BOARD
There should be prepared two additional strips for the top of the board: the first
used specifically in work with the decimal numbers as decimal Fractions, Introducing
this strip, we ghow the 10th fractional part of the cirele inset in the position of the
tentha on the board. 1/10 iz one-tenth of the unit,
!

fomonfoasaionn 1000] 100 10 | 1[5 | 8o | ko heaftsntr

In the second additional strip we use the powers of tem both for the whole numbers and
the fractional notation. This strip is used whensver we want to emphasize the powers
of ten in comnection with the hierarchies. The child has already encountered the powers
of ten with the materials of the hierarchy and in his work with the chains.

Both strips recal the ways in which the decimal numbers can be writtem without changing
the values, an important impressiom,

0% | 705 | qof | 10* | 10> 10' | 1 |55 | =b=| 5w | 5 | |5

AN THPOETANT COMPARISON BETWEEN THE WHOLE KIMEERS AND THE DECIMAL NUMSERS WITH BESECT
TC THE UNIT: A Group Exercise

WROLE NIMRBERS DECIMAL NUMRERS

Fomaration e Regressive Prosressive £———

(Highar value to leaser) {Lower value to higher)

Color e darker lighter —_—
(movement away from wnit) (movement away from umit)

Formation The magic game iz from left The magic game movement iz from

symbol cards to right. right to left,

Superimposition Card with the great- Card with the greatest value is

overlapping of est valus is on ths onsthe top.
cardas {symbola) bottom,

Length (of the The longer card has The shorter card has greatest value,

syabol card) greatest valus.

Writing Hamber £3 written begin- Mumber is written begionning with tenth,
ning with the unit, least greatest value, movement to the right.
value abfd moves to left.

134,?33,#3#5{?
- —

Value Beads represent n X 1. Fill repressnts fractional part of 1,

(100 X1 : 100+%) (1100 of 1 ¢ 100 = )

Momenclaturs Hundreds (ten tens) Hundredtha {(ten temthal




DECIHAL NBMEERS., . .
II. "Opsratiomas: Addition, Subtraction and Meltiplication with the board.
Fresentation #l: Dynamic Addition

Haterial {'
1. The yellow board, -
2. Box of beads and dises,

3. The bank game numeral cards and the new secies of decimal nuaber cards, ALL
LAID OUT IN FROPERE OEDER ACCORDIRG TO HIERABRCHY.

BOTE: Im our work we are not interested in working with large whole pumbers, Therefore
we waually limit that whole part of the nmmber te thtes digits. But in the decimsl
numbers used, we give the operations with a variety, composing the decimal numbers with
geros and increasing the difficulty to include more digits.

1, The teacher presents the problem on a slip: 123,756 + B9.877 =

2, The child ecopies the operation in his motebook: 123,756
MOTE: Emphasize that in writing the decimal + BO.877

mmbers, it is again te linme up the hierarchiesa
carefully in columns. This results in a atraight
coluwmn of decimal peints.

3. The child forms both addents with the symbol cards; E1 23.756 i
and then shows the whole operation on the mat with
the cperation signs.

k., He forma the firat addent om the board with the beads gnd pills; then, leaving
a shert distance on the board below the first addent, he forms the second addent,

5. He then executes the addition by combining the quantities shown on the board,
beginning with the columin at the farthest Tight; that is, the column of the loweast
hierarehy, When the child srrives at ten of amy hisrarchical materfial, he must
exchange those ten for ome of the next larger hierarchy, and show that substituted
quantity im its proper orders . . .the next coluwm to ths left.

6. When the combining iz completed, the child reads the answer From the quantity shown,
Then he takes thoss fmmeral cards to show the sum and places it below the oparation”
ghowm on the mat. Be copies that operation in his notebook, HOTE: NHow the mmeral
cards he is vsing are all of the same size,

KOTE: The child should actually count the discs and beads to Teach ten and them do
all the necessary exchanpging with the materials to reinforce the concept. The {
child Tanches sbatraction quickly, but he must master the changes. Therefors, =
additions with many changes are important,

EXERCISE: 0,999 ,.99% + 0,000,001 = il
Fresentation #2: Dynamic Subtraction
1. The teacher presents the operation on a prepared slip: 308,307 - 1597.189 =

2. The child writes in his notebook: 308307
= 197, 1559

3. He forms the mimuend and the subtrahend with the corresponding numeral symbol cards,
then shows them on the mat with the operation symbols,

4, The child forms now the minuend on the board with the corresponding gquantitias.

5. He begins the operation of subtraction with the hierarchy of least valuve, Hers thias
first subtraction of the thousandths from the thousandths indicates a double change.
We must take mime thousandths from seven thousandths, So we must exchangs first
one tenth for ten hundredths, then one hundredth for ten thoussndths and finally
we can take away the nine thousandths,

6. Proceed right to left hierarchically ascross the board, taking the necessary subtra-
hend. SHOW THE MINUEND IN LITTLE PILES TO THE SIDE OF THE BOARD***WHAT HAS BEEN TAKEN,




THE DECIMAL NUMBERS, . .
Operaticns: Subtraction. . .

7.

8.

EXERCISES:

Presentation #3:

When the subtraction is completed, the child reads the answer from the quantity
left on the board---the difference. Hs forms the difference with the nmumeral
cards and shows that answer on the mat below the operatiom., He coplies it inm
his notebock.

HOW HE CHECES the operation: showimg the mllantud‘mﬂ-w which he has put te
the side on the mat in hisrarchical piles on the board below the quantity now

showi==—the difference. He does the addition to achieve the minmend, WHEM THE
FROOE HAS BEEN MADE, HE CHECES THE RESULTING QUARTITY WITH THAT SUBTRAHEND SHOWN

HWITH THE NUMERAL (:M!IIE 0N THE MAT,.
HOTE:
word in saking the changés.

0,999,999 - 0,000,0001 =

It is particularly important that he make this prq-n! becanse it iz good

Prepared operations of inereasing difficulty that require many changes and
inelude the zero in warious positions:

3,000 = 0,123 =
1. = 0.,000001 =
ll - Dlm, “9 =

Mzterial

Presentationt

1.

3.

i

Bontessori protracter) called

inte 100 parts,

A Freparation for Moltiplicatiom

A green wetal inset frome of the whele cirele (which locks wvery mwuch like the
tha centesimal circle becam=ze it iz divided
It iz the "“decimal cirecle.”

{centesimal means 17100} on it

the tens are mumbered; a line is traced from the center te the zera,

2. The cirele inget diwvided inte fractions:

the whole and the tenthsy the halwes,

the fourths, the £ifths, the thirds, the ninths. . .

3. A ecardboasrd eirele,

The Transfermation of An Ordinary Fraction te a Decimal Fractiom to a

Decimal Fmber

Introduce the centesimal cirele. ) 5
Take tha whole circlea inset and fit it
inte the frame, neting that it cevers all
the surface of the circle Frame.

Taking the whole divided inte halves, 2
fit both parte inte the centesimal

cirels, noting congroency., Then BREMOVE
OME HALF and read the mmber wvhere the
digmeter showa 50, Introeduce notation
===from fraction to decimapl fraction to
decimal mmbet,

Use the 174 inset, this time placing the 3.
inset plece wvertex to center and side to
line, as the child has done with the
Montessori protractor. The child reads
the fractiomal indicatiom, writes the
transformations.

Eeplace the 1,4 in the insetr frame, b,

Take 1/5, Then 1/3. Then 1/9.

This eirele kas been divided inte 100
parts,

2o we can say that 1 als one=hundred
Rt ., ;E{_

This eitecle equals one- dred Bhundredths,
THEN ene=half the cirele squals 50
hundredths,

We want to find out how this is written
as a decimal Fraction. 50

How can we write 530/100 as a decimal mo.7
£ =4 = 0.60

1/8 is the ordinary fractional waluve of
this Fourth of the sirele.

We Tead 25,

3o this corresponds to 25100 OR

h=25-o02s

is 1/4 or 25/100.
t mast be contained in the wvhole &
Ba

.uhcqxw;r#

= %% = 0.0
=g - 022
= 2 = o.N



