THE FEAMES OF HIERARCHY: The passage £r real gquantities to syabelie hierarchical
quantities.

Introeduction

In the decimal system, the objects which repressanted the ten, hondred and thousand,
even if in the order of bar, square and cube, were actually made uwp of the guantity
10, 100, or 1000 wnits. BOW ten, hundred and thousand are represented by ons bead,
Each of the hi chies is represented by & single bead. There iz a logical, internal
devel opment inﬁihe progreasion of numbers of dbjects no longer correaponds, We pass
from real quantities to symbolic hierarchical quantities.

Cur bead corresponds te 10 of the inferior ofder and to one=tenth of the superier
order,

In multiplication, there are two difficulties: the memorization of the products
and the rapid location of the poaition of the ciphers of the mmbers, The value of
each cipher depends on the position which is occupies, In the work we now meet,
the most fmportant consideration will be the position of the digit lncE the (number :
the valuoe of the digit iz relative teo the position and nonlonger to the real quantit‘r

The latter is the Absolute walue; the first, the walue as determined by position,

iz the Helative value,

Every dirit has an absolute value of the simple units independent of the position
it occupies in the nmumber; and it has a relative value dependent on the positiom.

Hontegsori makes an analegy with our society composed of the president, the
ministers, the senators, the deputies; and the simple citizem. Az men, they are all
equal. But what distinguishes them is the different social position they cccupy in
the orgzanization of the state. And so with the ciphers: they can be humble units
or milliens, depending on their positiom.

He now have a piece of ecuipment which identifies met by guantity, but by p-n-lttiﬂu.
This iz the bead freme, The gquantities now are symbolic. With the decimal system
materials, we may display quantities in any position. The cube is still the cube,
always representing 1000 wherever it is positioned. The child, terefore, can always
recognize the ten, the hundred, the thousand.

With the bead frame, we introduce the concept of hierarchy. These guantities are
reduced to symbols and thus, they must have their own exact place. Only in the ceorrect
pPlace do they hold the decimal mumeratiom, Therefore, they are fixed on the f£rame,
always in the sazme position.

HWe are abandening certain sensorial experisnce: mumerosity, size, welsht. And
we pust introduce a new quality: ecolor. It is the necessary element for the recopnition
and distinction of the guantity. Most important is that the new hierarchical repre=
sentatives must maintain, without wariation, their position. The three colors which
distinguish the order are the greem (units), blue (tens), and red (hundreds) which
the child has already met with the same gipnificance in the symbols for the decimal
system and in the stamp game.
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The bead frame resembles the ancient Chinese abacus, still used today. Such calculatien
began as simplé lines drawn in the sand, and pebbles used for the calculation on those
lines, "calculus” comes From the Latin werd for pebbla,

The small bead frame has only O wires, goimg to 1000; the larger one to the cliswm
of milliens. On the Eirst there is a larger space between the third gnd fourth wires,
indicating the position of the comma and the passage te the next class. In the larger

frame, we see this space again after the sixth wire, The symbels are written om the s
- 0
laft: on the right the names of the claszsses are given. ﬁ;‘ y
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THE BEAD FR-"-II'.’ES-. "

The frame is accompanied by forms, lined sheets divided inte two parts by a black

line and reproducing the bead frames two times.
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Fresentation

Poasition all the beads to the far
left. Begin by showing the golden
unit bead and showing its corres-
ponding bead on the firet wire.

Az each golden bead is showm, move
one green mnit bead across the frame
to the right,

Hote the change at 10,

Then show the blue beads as corres-
ponding to ten-bars in the same
fadion as above with the units.

Show the corresvondence of squares
to the red besds on the third wire,
again moving the beads across one

at a time as the sguares are shown.

Show the cube a2 corresronding to
the sreen bead on the lazt wire,
Then move all the E:nadu baek o
the left side of the frame.

Second period lesson with 1 unit
and 1 thousand.,

Give the concept of position with
those two green beads at the right

of the frame and two single green
beads im hand,

What is this? Do wnit.

This golden bead corresponds to this
green bead,

/nd algseo this ene correszronds to one
folden bead, and this one, . ., ,

When we ot to 10 with out golden
beads, did we take 10 loose ‘beads?

¥We took one bar,

This bar of 10 corresponds te the blue
bead. . .and this one corresponds to
oneé ten. . .and this one, . .
This BIG sguare of -100 correaponds
to thia one littles ved bead, . .and
this one, . .

And when I get to ten 100s, what do

I change it for?

Lock! This whole 1000-cube corresnonds
to this one green bead. , .and this one.

Fow I want to see if vou have understood,

Show me what this gsolden bead corres-
ponds to hleri:nh.cally-
And this 1000-—cube?

I'm going to play a little joke om you.
On this frame, wvhat do you see?

I have in v hand two green beads,

What are these worth? 2 mnits.

But what abeut these?

This is worth 1000 and this is werth 1.
It is the positien which gives this
symbolie quantity its value,




THE BEAD FRAMES, . .

EXERCISE #]:

DIRECT ATIM:

of the nuzber®s position.

the relative wvalue of the digits,

rresentation

1.

1.

Fomeration on the basis of positionm:

Reinforcing the importance

To bring to the child's consciousness the functiom of the position:

Introduce the printed form for the first bead frome:
Tarn the form sidewvays first so that the child can see how the

colored lines correspond to the wires of the frams,

He notices -

that the frame iz reproduced twice on the Form.

Fote the dotted line which marks the place far the comma: nots
the corresponding space between the third and fourth wires on
the frame, . ,2lsc the passare here from one class to anether,

Take the bead frame, and count first 2.
the units, then tens, bundreds, to
thres thousand. For each bead moved
{right to left) acrosa the frame,

show the digit on the form. WHEN

THE TENTH BEAD IS REACHED ON ONE WIRE,
SHOW THE EXCHAMGE OF THOSE TENR FOR

OFE OF THE FEXT HIERARCWY AND BEGIN

THE NUMERATION OF THAT MEXT CLASS.

When the counting and notation reasches
1000, the child has reached the last
line of the forfi--=only 28 lines,

Thiz is 1.

We write & 1 on the first sreen
lint——=that line iz oor simple units
colymn,

This ia 2.

We write 2. . .

When I have this tenth bead,

I have one ten.

Se I must exchange thesze ten units for
one ten on the second wire,

And T write 1 on the second 1ine-——
the blue line which shows our simple
tens,

Thiz is 900, . .

And with ene more hundred bead, we
have ten hundreds,

o we myst exchange that for onpe
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fthousand bead,
ind we write the 1 on the sresn lins

.g! in the class of thousands.

. And that is our last line on thia faorm,
I

| &, The ¢hild then adds 211 the mis_

| ging zeros.

| Thus he sees how many places from

one hisrarchy to the naxt---ths
process of doing all the zaroas
at once.

At 1000 we must write three
ZeTos.

We have moved thres places to the
left=—=three zerog--=000,




EXERCISE #2: Reading and Writing of Fumbers---snd Forming

DIRECT AIM: To bring te the c¢hild's comscicusness the function of the position; the
relative value of the digits,

A, The teacher forms guantities and asks the child to read the quantity on the begd
frame. OCradually increase the difficulty, including zeros in varicus positiems.

B. The teacher writes a quantity on a slip of mper: 2,305, The child forms the
quantity on the bead frame,

Cs The echild forms a guantity on the bead frame and then reads it. (reads it froe
the bottom.
Then, on the form, om the left side——-he writes the guantity he has formed., (note
that the comma must be written in; he will write the quantity units first)

Conclusion: To find out if the child has understead:

Form 2 simple guantity on one wire of the What iz the walue of thia? (4 tens)
frame, and asgk: What i the wvalue of theze? (2 thovsands)

OPERATIONS WITH THE BEAD FRAMES:
Addition: The Execution of Addition (concept of combining three quantities)

Presentation

1. The teacher writes the addition rroblem on a slip and the child copies it on
the left side of the form: 2,324 + 3,567 + 1 458 =

2. The child first shows the first addent on the frame, forming in either direction.

3. Then the second addent is added to the beads, begimmning with the wnits.
When ten of one order is reached in this addition, the whole row must be
passed back to the right side in exchange for ome of the next order.

"l exchange these ten units then for ome ten which
I must now move over to the left.™

&, The third addent is added in the same way.

5. The child reads the answer, and then writes it as the sum of his operation on
the form,

Addition: Te take the child to abstract addition
1. Procead as in the writing of the operatiom above,

2. The child then shows the units of the first addent, then combines the units of
the second and third addents, exchanging for a ten when necessary. When all
the units are showm, he notes the total units on the first wire and writes
that mumber on the unitas line of his form as the first mumber of the sum.

3. Then he proceeds to the tens in the same way, writing that number of tens
a8 a total when he has combined them all.

ROTE: This is a preparation for the abstract process of carrying over. When he
proceseds to the next order, having written the total of the precesding order,
he finds that sometimes one of this new order has already been moved into
the counted place at the left, It has been carried aver,

A GAME: 999 + 1 =
A good game where we add omly ome unit, but on the frame this requires
savéral changes,



THE BEAD FRAME. . .

Maltiplication: with the multipliers 10, 100,

1. Executes the sultiplication 2 X 10 = 1.
on the bead frame, taking ? units ten
times. The child then reads the answer
and writes it. Mote that the first
wire is empty and represents one zero;

one place,

1000

We want to sultiply 2 X 10,

What dees that mean?

It means that we must take 2 units 10
times,

S0 on the bead frame we first take 7 one
time, . .2 two timesa. . .2 five times,

I have used all the 10 wnits,

I move them te the original place and show

one tem,

Now 2 taken six times. . .2 takem seven

times. «2 taken 10 times.

And that gives me one more 10,

Therefore 2 X 10 = 20,

Haties that I have zm smpty place hers,

I have 7 tens and ne unita——-I have t&

hold the units place with a zero.

Thers sre zsrs beads on thisz First wire,
2, 20 X 10 =
Note the two eopty wirezs signifving
the two zeres holding the place,

2. How we want to take 10 ten times,

We move two tens to the left,

That is 20 taken one time,

20 taken two times., . 20 taken five times
and I mmust exchange now these ten tens
for one hundred, move the tens back and
then 20 taken siyx times. . .

This time I have two smpty wires,

What iz holding those two places in our
AnSwer?

3, 3 X 100 = 3.
Ag Iin the work with the decimals
material, show that one unit can

he taken 100 timefS—=-and that is

one hundred head here,

What happens if I want te take 3

4 hundred times?

I have to take the 3 units one hundred
times.

But if I take one unit & hundred times,
it is one hundred,

So we can show that with one Ted bead,
If I take one more unit 100 times, that
i= 200,

And 1f I take one more, that is another
hundred,

Our product, then is 300,

How many empty wires do we have?

We have two zeros which are holding the
place.,

Points of consciousness: the paszage from one hierarchy to another is seen much more
€learly hete than in the work with the decimal materials.
Io point eut that the passage from one hierarchy to another
ig alwaya at 10,

Myltiplication: One-Digit Hultiplier
With the small head frame, we only show smltiplication with a one-digit multiplier;
the larger multiplications must be deme with the laresr frams,

Presentation

1. The ehild no longer works with the form en which the nomeration iz showm

on the left side. HNow he writes the operation on the left side and on
the right he shows an analysis of the multiplication,



THE BEAD FRAMES, . .
Maltiplication:One=Dirit Moleiplier. . .
Presentation., . .

11-1.1.

T 4317

2. With the bead frame, begin showing 2.

the sultiplication with the umits,
taking 5 units four times.

PFroceed through 80 taken & times,
300 taken 4 times, 2000 taken

4 times, The child reads the
product on the frame and writes
the answer om the form on the
left side.

3, SECOND PASSAGE: The multiplication
is done first frem the analyasis at
the Ttight side, and then those pro-
ducts are showm on the frame.
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We begin our multiplication by taking

5 mits & times,

5 units taken one time. . .3 units taken
two times, ., ;I must change now for ome
ten, . .5 units taken 3 times. . . . .
That is two tens,

Then B0 taken one time. . .

We can read our product on the frame:
9,380,

5 units X &4 is 20,

We move two tens Bo the 1eft on the £ rase,
4 tens X &4 i3 1608 OR one shousandiiovired
and six hundeeds, Tens.

We move one bead ko the laft

and six buadsad beads,

300 taken & times equals 1200 OR

one thousand bead and twoe hondred beads.
2000 taken 4 times equals S000——-eight
thousand beads,

Hewr we can Tead our preduct on the

frame: 9,380, and write it on the form,

WOTE: This passage breaks the multiplieation dewn amd recalls the memorization

of multiplication.

. »but the child must alse kmow the place of the digits,

the relationship of zeros as a place holder for ssch hierarchy.
In the previous passags, we multiply the units Firste--as part of the
movemsnt to abstraction. . .bot we may alse

4, Moultiply the various hierarchiss
at random.

Let"s multiply firast the hundreds X &,
Then the wnits, then the tens, them

the thousands.

We find that the answer is the same,

We can start from any place in our
sultiplication.

It is only important to show the guantity
in the correct hierarchy for the relative
valus,

WOTE: This is possible only with the bead frame in which the place, the hierarchies

are fixed,

DIRSCT AIMS: ‘teo carry eut additiom, subtractiom, and multiplicatiom abstractly.



THE BEAD FRAMES, . .
The Operations. . .

Subtraction

1.

3.

L.

The child copies the operation onte the form at the left: 3,275
- 1,486

He shows the mimvend on the bead frame,

Then, beginning with the units, he takes away the subtrahend inm the bead
quantities. When a grester mumber must be taken from g smallar one, he
must borrow ome unit: of the superior order in order to add ten te his
order from which he must subtract,
"I lose the ten. I move it to the right. I move tem units to the 1sft.”
"Bow I can subtract those I need.”

The child resda the difference———the berds ha has 1eft on the left indicate this.
And he writes the answer on the farm,

Second Passage: the same process, but the child writes the total fer the order

as he makes it each time, Thus, he subtracts 6 from 5 unite,
makes the necessary exchange and then writes his angwer: 9,
on the form before procesding ko the tens,

A Preparation for Myltiplicatiom: A review of how to multiply quantities times 10,

100, 1000, The child's first intuition of this

iz given in the multiplication table of 10 and 1
in comparison. Later during the bead bar sxercises
when he multiplies a number by tenm,

Presentation
1. Show the bar, square, cubs, and 1. This is the 10, . .the 100, . .the 1000,
bead. Make sure the child knows Ho bars of 10 are in this 1007
how are all composed in relatiom How many 100-squeres ars in this 10007
to each other, How many units are in this bar?
How many unit heads are there in the squars’
Bany units are thers in the cube?
Howt many tens are there in the eube of 10007
2. FPrepare a multiplicatiom on a siip: 123 X 10 =

The child shows 173 with the decimal materials 10 times.

He combines the materials, sxchanging for the final product, which he reads: 1,330,
Then he writes the answer in his motebook, showing the final zere of the answer in
red, 123 X 10 = 1,230

The child shows with the decimal material: 70 X 10 =
He shows two ten-bars 10 times, then combines the material, exchanfing to
get twe hundred squates.
And writes the snawer: 30 X 10 = 200

Proceed to & X 10 = 40 which he may be able to do without the material.

Then & X 100 = , 5. If we want to take this one unit one
hundred times, what do we get?
Cne hundred sgquare.
Then we will take it 3 more timss and
we fet thifee more sguares of 100,
B0 I hawe 8OO,
And we can write our answer with 2
red geros: 400,

25 X 100 = 2500, Here the child 6. One unit taken 100 times £3 ones hundred
shows first the vnits times 100 square., And feovr mere Iz Fiwve hundreds,
and then the tens. One ten taken 100 times iz ome thousand

eube, And snother is 7 thousand.



THE BEAD FRAMES. ., .
A Preparation for Multiplication. .
Presentation. . .6. . . 6.

7. & X 1000 = 4,000 78

8. The child now has compiled a 1ist:

9, Give ths mls, 3.

So I have five hundreds and tes
thovsands. . .
My answer is 2500,

If I take this unit 1000 times, I
make one thousand cube,

Then I taks the unit three more timss,

My product Is 8,000,
This time I have sdded thres zarps ta
the smltinlicand.

123 X 10 = 1,230
20 X 10 = 200
b X 10 = 40
4 X 100 = 500
25 X 100 = 2,500
b X 1000 = 4,000

|

Let's observe what we have,

Here the mmltiplicand was 173.

When we multiplied it by 10, all we
did was add one z~ro.

Here the smlticlicand was &,

When we multiplied it by 10, we 2dded
one zere, . . here we sdded two zeros
because our multiplier was 100,

Hotr many zerosz J4id we add when we
multiplied it by 10007

To ocur product we add as many zeres
as we find in the sultiplier,
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THE BEAD FRAMES, , .

The Heal
Hierarchy from Unit to Milliem: A Preparation for the Larger Bead Frame. .

Material of the Hierarchies: A Geometrical Representation of the Decinmal

Material: Gecmetrical figures made of light wood which represent the powers of ten.
For an illustration of the second group of figures, the large bar, square
and cubs; ses the powers of ten chapter. The first thres fispures ressmble
the golden bead equipsent for unit, ten-bar and squars in shapte——and cubé---
but are considerably smaller, in exact propertion to the last three. Also,
of eourse, the first four ficures are aguared wharsas the bead material
does not have the exactness of squared angles.
100 : atinygreencube. . 4 . v . 4 v .4 .. 44 . . S, X Smm, X Smm.
1

10" : a wery small blue bar with green lines to

show that it has been formed by ten of

the unit cubes. . & . « « 2 = = « 4 0 ¢+ 2 2 s » +5mm, X Sem, X Scms
102 : a small red square with the ten bars of

which it iz formed marked in blue lines. . . ., . Sem. X Sem. X Smm.
10° : g grean cubs with red lines around the

periphery indicated the 10 superimposed

squares of which it is formed. . . . . . =« « « «» Som, X Sem, X Som.
10% a blue bar with green lines indicating

the ten cubes of which it is formed. ., . . « . . Sem, X Sem. X 500w,
105 t & lardes red square with blue lines indicating

the ten blwe bars of which it is formed. . . . . S0em, X S50cm. X Scm.

6

10 a very larpge green cube with red lines

indicating the ten big red squares superimposed

which form the million cube. . & « « « ¢ = = = » S0cm, X S0em. X SOem.

Presentation

1. Present and describe the materizls 1. The coler of the units in the deciral

listed above, using the decimal material system waz gold because we gave our
for comparison of the first four. mmmeration a physical value, We didn't
Consider the walue of each figura, fimed different colers to show us which

hisrarchy we were vasing or working with.
We could eount all the beads,

Here the unit iz this tiny green cube,
The caler Fives the walus,

The small blue bar corrasponds to the
ten-har,
It is bBlue becsuse it im 3 ten.

This square is red because it is a hum-
dred,

It is made of ten blue bars; and it,

in fact, corresponds to our golden
SOUATE .

This cube represents 1000 becanse it is
formed of 10 hundreds like our rolden
cube,

Thiz bir bhlue ber iz formed af 10 eubes
of 1000, Therefore, this is 10,000,

It 1# blie beoavge It 12 & FPEA=——3

tan rhonzand,



THE BEAD FRAMES. . .

Presentation of the Real Hierarchical Material, . .

Le &
their wvalue,

2. Display the three cubes tofether.

3. Compare the two red squares.

4. Compare the blue bars.

5. To gee if the child has whderstood:

Beyw Humerals

Materigle:
in the corcect place for:

trezentation

1. Imtroduce the new numerals.
Begin with the four he knows,

2. 3econd and third period lessons,

description of the materfials amd 1.

1. This iz the numeral

« this big square iz formed of ten
10,000: and we call it 100,000, Its
value is 100,000,

Remember each strip on the souvare is
formed of 10 of these cubes.

So here we have 10 thousand, 20 thousand,
3& ﬂl“aﬁﬁa- = 4.'5”3' thﬂullﬂﬂ.; & m

100 thousand.

Because it is 100, it is red,

And herc we have the large green cube.
If we take 100,000 ten times, we obtain
one million,

This cube is 1,000,000,

It is green because it is the unit of
the millions,

. Here we have the cubee——the simple unit.

Here is the unit of the Bousands,
and here {2 the unit of the millions.

The small red square tepresents the
hundred.

The larger one represents the hundreds
of thousands,

There are two blue bars: the small
one iz the simple ten.
The larger one is the tens of thonsands,

Bring me the material that correszponds
to 1000,

Bring me the material that corresponds
to 10,000,

¥hy is this the 10,0007

A get of numeral cards with the nomerals in Black and showins the conmas
1; 10; 100; 1,000; 10,000; 100,000: 1,000,000,

Card l===it corres=
unit,
100, thi=z i= 1000,

ponds to the ~imple
This is 10, this is

card for 10,000,
fact, formed of

This iz the numeral
The material is, in
ten thougands.

This is 100,000,
The square was made of 100,000 (a hundred
thousands., )

This i=s 1,000,000, It has six zeres.

We have sone from the unit to the milliom.
The milliem is formed of & thousand
thousands.,



THE BEAD FRAMES. , .

Matching the Few Symbols to the Geometrie Fierarchieal Materials

1.

2.

3.

Diasplay the svmbols em the materials. 1. This mmeral correspends to the unit,
This one corresponds to the small bar,
This numeral corresponds te the 100-square,
ete,

Remove the momeral cards and ask the child to match the symbol with the quantity.
a) Give the chlld the symbols and he matches with the material,
b) Indicate a guantity and the child mmst choose the correct symbol,

In conclusion: WNote the progression of point, line, square. . .repeated.

DIRECT AIM: To make the child conscious of the hierarchies of the decimal system

Age s

beyend 1,000,

6 - 7

THE SECOND BEAD FRAME

Materigl

1.

The second bead frame (see {llustration at the beginning of The Bead PFrames.)
This frame has seven bead rows, with a larger space between the third and
fourth wires; and a larger space betwsen the sixth and seventh wires: each
indicating the passage from one class to the next. On the left side are
nunbers indicating the value of each bead i{n that row. On the right side

are the names of the classes: simple, thousands, millions: respectively

in white, grey and black, indicating the increase of value, The bead rows
are: llgreen for simple units, 2) blue for simple tens, 3)red for simple
hundreds, G)green for units of thousands, 5)blus for tens of thousands,

Gsred for hundreds of thousands, 7)green for units of millions.

2. The larger printed form, which shows the bead frame repeated twice,
3. The hierarchical materials.
Presentation
1. Show the hierarchical materialas, one 1. De vou remember the value of this
at a tice, and note which row of beads cube?
dorresponds to that gquantity. Begin It is equal to omne simpls unit,
with the tiny cube---the simple unit. And sach bead on this first row of

our large bead frame i3 ecual to one of
these tiny cubeg---ta ans unit.

Do vou remsmber the valoe of this hlue har?
Itz value iz 10,

Therefore, each blue bead om this wire

has a valus of 10,

Do you remember the value of this square?
It is 100,

And the game is true of each red head in
this row, Esch iz worth 100,

What was the value of this eresn eube?
Ea ch bead in this row has the value of 1000,

Bo von remember how many 10008 we used to
form this bar?

n each bead here represents 10,000.
And these beads are bine,



THE SECOND BEAD FRAME. . .
Fresentation. . -

l. = .2 comparison of the hierarchical
materials and the frame wires.

2. Point out the numbers on the l&ft 2.
hand side of the frase which tell the
value of esach bead on that rou: review
the value of each wire's bead.

Hote that three orders form one ¢lass,

Hote the larrer spaces hatween the
3rd and &4th and the Sthand 7th wires;
thus givine the million twe commas.

3., FBote the increase of value as ten 3
times betwesn one hierarchy and the
next===both on the Fframe rows and
with the hisrarchicsl materials.

1. .The value of this big square was 100,000,

But we can also represent 100,000 with one
of thess red beads.

Each bhead on thiz wire has the value of
100,000,

Bamember the walue of the big green cube?
It was equal to 1,000,000,

Each of the beads on this fow has
value of 1,000,000,

th

On the left gide of the [ramé we ses
written the number which tells us
the walue of sach bead on that wire.

We alzso see that these threse orders form
a first gromp, named on the right side:
gimple.units.

These three orders (wires) make up the
theusands,

And this-last row is the units of the
millions.

The million i3 writtem with 2 commas

which corresnond to the twe bisser spaces
betwesn wires on the frame,

Whers ars thogs spacss?

Between the unitx and the thouvsanda;

and betwesn the thouszands and the millions.

Have vou noticed that between =ach hisrarchy
on the bead frame there is an inetease of

10,
The
one

ten head is worth ten times vhat the
unit bead is worth.

The same thing i3 truoe with this materiale-—
the next largest piece is proportionally
alwvays 10 times larger.

To see if the ehild has unnderstood the relationship between the material & the Frame:

k., Second period lesson: several exer- i,
cizes in variation: Berin with the
hierarchy material OR start with a
bead and ask the child to point out
the corresponding quantity.

5. Move the three green unit beads acrossz 5.
and ask the child to point out the
JSorrespondiny material and tell the
waloe.

Emphasize the nesitional wm luve.

Which piese of ocur materizl corresconds

to this bead?

Show me the bead which corresponds to this
large Ted square,

What is its walue?

What material corresponds to this green
bead? this one? this one?

Each is a single green bead,

How do you know that sach one has a
different value?

When he haz understood the value of each bead, go on to writing the guantities
on the farm, . .(he Enows the memeration te 10003, . .procssadime
on the form to show the numeration for sach bead to 1,000,000,

6. The child moves the beads one at a time across the frame, one wire at a time,
counting firat 1 - 9 units, and writing 1 = 9 on the first line of the form,
Then he proceeds to 1 - 9 tens, counting the beads and writing a number Ffor

each one moves on the form.

When he regches 9 of an order, he

mast pass

the whole rew of beads back, taking one head of the next hisrarchy across

and pasaing to a new line on the form,
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THE SECOND BEAD FRAME. , .
Fresentation. . .

ROTE 3

= haye 10 loose beads, and so he
T +% the same time he |
A and
3

—=~ & proceeds with the counting and numeration |

Slmp|= a

e next.

A= zero. |
he hundreds——-— ‘

=]

HI'_iﬂd
TI.'_”‘_E.

é‘ che tena and
__r;.: pdfem=rives
- mst hold.

; (1) ouzands becanse

L -.

[ P ¢ ¢X¥

ire= Four zeros.

¥ | 10,000 repre-
~ J elass £o the
1 i T % to the
e D A rji'[!ﬁﬂ'f'g
' . T comsa?

3 the left for

class of the
class of the units,

)

A ll. X")L

T % ion= we have six

L
i rder of the millions,
d to a new class,
. | — v in this mumber.
P @
i B hisz guantity om
=, H Y @ X 30
(L
J the guantity with
7
y : L
| » ip ) & bead represents
D :‘ D M X3
» (T > orm
L__ 5 it. Increase
2) The tea- n ] 111d reads the
quantity and ter=l ., . ZETOS,
3} Child forms the gquantity, ze—. I rites his number on
the left side of the paper. d

e e g e o o e e ot s
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THE SECOND BEAD FEAME. . .

THE OPERATIONS:

MULTYPLTCATTON:

Presentation:

; I

7.

Pregzentation:

1.

£

firzst bead Ffrome.
WITH A 2.DIGIT MUTLTIFLIER
First Lewvel

Write the multiplication operation on 1.
the left side of the form,

Heview the decomposition of the smlti-
plicand smd show that decomposition on
the right of the form.

Show a second decomnosition in which hoth 3.
the multiplicand and the multinlier are
broken down.

Show the decomrosed multiplicand new b,
taken & times. , .that iz, times the
units.,

Cross out the first two decompositions . 14
and shew the multiplicand times the
tens. -

Shonr the moltinlicand as multinlied 6,
by ten im another decom-osition and

then multiplied by the simpleg units.

The addition of the zere in thiz de-
comnasition 18 written in red.

Cross out the 4th decomposition, 7.
leaving only the two we will u=e.

Note that mew there is gimply the B.
sultiplications we have memorized.

Addition and Subtraction are presented ss in the work with the

8,437 X 34 =

We want te multiply 8,437 by 34,

3L is Formed of 30 and &,

5o we can write 30 + 4 times our multi-
plicand and we are alsze analvring our
multiplier.

We first must emltiply our number by
the four units.

Then we want to multiply our member
times the 30,

We are not interestéd any longer in our
first two decomsositions, wo let's cross
them out.

How can we multiply this nmber times 307
We can maltinly our multiplicand times
10,

How we still have four numbers, but

the T has become §0: the 30 becomesn

300; the 00 has become 4,000: and

the 8,000 has become 80,000,

Remember that to multiply a number t imes
10 it is enoupgh to add a zere.

Let's show that extra zero in red,

Hoor we can multiply all these numbers

by 3.

We can eross out our mumber times 30
now because instead we will use this
decomposed number that we have multi-
plied by 10 times the 3 units.

We cen gee mow that we have only
simple multiplication to do.

Multiply the quantity firat times & on the bead frame. Do not write that product.

Then show the product of the quantity times the 3,
from the frame, on the left side of the form,

second Passafe: some time later

Do not do the First twe decompositions,

Brite the total product, read

Begin with the multiplicand times the umits.

Then show the decomposition of the number times the tens; multiply the multiplicand

times ten and show that decomposition times the units of the tens.

that we have divided the mmltiplier by 10,

Point out

Multiply the quantity times the units on the bead frame, read the product and

write the partial product.
times the units of tens.
for the total nroduct.

HBeturn the frame to zero.
Write the second partial product.

Left side of the form,

Multiply the guantit
TE:. child ndésr
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THE SECOND READ FRAME. . .

MULTIPLICATION:

DIRECT AIM:

WITH A 3-DIGIT MILTIFLIER

(as shown

To take the child to the abstract lewvel of
a work which requires an affort that forms

on the form, nsxt pagme)

multinlication through
and developa his mind.

The bead frame work, in total, takes the child to the abstract level
of addition, subtraction-——and especially multiplication.

Presentation

1.

2.

The child writes the smltiplication
operration on the left side of the form.

Then he shows the multiplicand decomposed
maltiplied times the units and times the
tens.

Bow we can multiply the multiplicand s,
times 10, adding a red zero to show

that saleiplication and ocur multinlier
becomes the sirple unit of the tens.

Show the multiplicand decomposed times &,
the hundreds and then molti~ly that
decompozed multinlicand times 100-—
using two red zeros,; which reduces the
mmltinlier to the units of the 100=.

Bots that anly thres of the decompoai- 5.
tions are now necessarv, And that the
multinlication has been redoced to tha
gimple multiplications.

On the large bead frame, the child does
the operation, Eirst times the units,
the firast decomposition, He writes the
partial produst.

He returns the frame to zero and now s
2ultiplies the guantity of the multipli-
cand as shosm in the third decomposition.
He writes the partial product, imcluding
the zero for the mnits===there are no
units oen the first wire,

Child returms the Erame to zero, multi- 8.
plies as in the f£ifth cemposition, and
writez the partial product which will

end now in two zeros,

%f?'

If we moltiplvy the & units X 10, it
hecomesg 80, ., .

We do not take inte comsideration the
gecond decomposition now, so we can
cancel it,

Fow we can multiply our sultiplicand
times 100,

How many zeTos will we add to each part
of the nosber?

We"1l write thes both in red,

And we can now show that quantity as
multinlied simplv Wy the units af the
hundreds becauss our hundreds =eros

atre shown in the multiplicand,

AHD we can cancal the gquantity deccmposed
X 300 because we have shown that part
of the multiplication in a new way.

Of our five Jecompositions we will
consider only the First, the third and
the last.

In this way we have reduced a big Bul-
tiplication to simple mmltiplications,

fow we return the frame to zero and
maltiply our multiplicand---which has
heen decomposed and multiplied By 10
hetTe===times the wnits of the tens.

We know cur product hers——=ths partial
product-==will not start with the units
because we have multirlied this number
times 10ew-and we have no units. Se
thera will he a zers in the wnits place.

Why doss this partial product end in
tuo zeros?
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THE SECOND BEAD FRAME. . .
Maltiplication with a 3-digit smleiplier, . .
Pregentation. =

8. The child dess the addition of the threes partial products abstrsetly.

ROTE:

With thiz material, the position of the zeros in the partial preducts is
very clearly demonstrated. When we multiply the multiplicand times unita,
the first digit will be units. Whem we multioly it times tens, the ficst
digit will be in the place of the tens. ., ,and so forth.
When we multinly units X wvnite, we get units.
When we multiply tens X units, we get tens,
It is important to prapare operations at first which do not give zeros
i the place of the units, the tens, ete. . .80 that he gees that the zeros
ars a result of the original multiplication of the multiplicand--=-and &
reference to the moltiplier.
A gpecial case: 2,836 X 304. Here the child write a decomposition of
the multiplicand times zero. This results in a row of zeros as a partid
product. Oradually he realizes that he can skip this row altogether-—
that as soon as we write X 0 the whole mmber disappears, IT IS IMPORTANT
THEM, THAT WE SEE THAT IN THE NEXT ROW, THERE WILL BE AN EXTRA 2ERO IN
ADDITION TO THE USUAL ADDITION OF ONE PLACE BERO TO THE LEFT,.

2,836 2,836
X 304 X 308
11,385 17,365
00,000 850,800
850,800 862,148
862,155

EXERCISE: to find out how a caleulator works.

The children may discover the same primciples of the zereo. That is,
that the sultiplication times wnits gives uaits, BIUT a multiplicationm
times 10 gives a zero before the number; with 100 there are two,

Zs the caleulater, too doss the position shiftimns.

321 X 24 = in 4,782 X 324 = 4,782
321 b, 782

in b 782

321 8,782

3.210 L7,820

3.210 L7,820

7,704 478,200

k78,200

478, 200

17569, 368

ROTES from Mario Montagsori: The bead frames are the base for the understanding of the
function of addition, subtraction, and especially multiplication with tweo or merTe
digits in the multiplier. After these experiences, the child will be able to carmy
out the operations abstractly.

from Maria Montessori: Childrem do mot condemn fhemselves with narrow limits.

When the children are free to act, they choose the maximm effort. Repetition is
true not only for practical exercises, but for thoze mental. S=mall children de
not abandon a problem wntil they are the masters of it, The elementary child has
the same need for repatition of his mental werk. And so the children prefer lond,
bir, wesk-long multiplications. The child looks for obstacles to overcome. . .and
this overcoming developz his mind.

AGE:
KOTE:

7-8

The chief afm of the bead frames fa to emphasize the movement connected with
zeros, The Montessori solutfon to thiz vnderstanding of hierarchies and the
work done with them was to isclate the 'I:lﬂ'H'I:'I.'-fl 1:-‘ 10 and transfer them from the

multiplier to the mmltiplicand. T %-ﬁ.

20 s
2,827 »3,698 = o0 x.aﬂﬂ'* g JD" Fhow
g £5600) §ooo— 3-10° 43: 0¥



THE BANE GAME: A parallel work with the bead framea,

This bank game rives the child a complete vizion of the different aspects
which constitute the process of carrving out a moltiplication. L[t usually inwe 1ves
thres childran: one who does the maltiplication, one who acts as the cashisr and

ons wha weites dewn vhat hapeens.  In gddition, there i3 paally a considerabls andiencs.

Haterial
1. A wooden box with sufficient divisions to contain neatly gll the follewing
series of numeral cards,
2. % peries of mumeral cards, white with the orders Iim the hierarchical colots.
The cards rraduate in size according to the mumber of digits. . .that s,
1,000 card is four times larger than the 1,
2} 1 =9 Gresn,
b)) 10 - 90 Blue.
e) 100 = 900 Eed,
4) 1,000 - 9, 000 Graam,
&) 10,000 - 30,000 Blus.
£) 100,000 - 900,000 Red,
£) 1,000,000 = 2,000,000 Green.
R} 10,000,000 = 90,000,000 Blue,
1)} 100,000,000 - 900,000,000 Red,
K11 thua num-::nl cards h-ve the funétion of the ':raduct.
3, & ssriss of rmeral cards, trese cards in the hisrarchical colors sith
black numersla. They rapressnt the sultislicand.
a) 1 =9 Green.
By 10 = 90 Blue.
e} 100 - 200 Red.
d) 1,000 = 9,000 Green.
b, 3 series of mmeral cards, esch geries going from 1 - 9; the cards are rrey
with hlack mmmerals.

In addition to this series, there are 3 cards, grey with black mmerals (zeros),

one card with 0, one with 00, one with 000,
Thiz series represents the multiplier.

THE GAME: Presentation in Preparation for The Gale: Acquaintance with Materials
1. Write the svltiplication on a slip: 4, BF6 X 6 =

2. The multiplicand is formed with the colored noserals,
the child playe the magic game to form the whole

nusber, Then the multiplier is shewm with the m E E E

gray cards and slips are prepared for the
gigns of meltinlication.,

3. Deccmpose the sultiplicand,

3, The child pultinliss first the onits times the
raltiplisr and the ceshier shows the product
8t & place bhelow on the mat with the white

numeral cards-==in coobinatione=-hut not vnited.

4, Then the multiplier and multiplication signs are -

moved into position beside the tens and that B9 [&]
multiplication £% made and showm with the first

partial produoct as a group of white cards——-
it £z important that the orders be kept in rews, m

5. Then the multiplier and signs are moved to the [0 00| [#0 0] [F0] [E

1008 and the 1008s, each multiplication being

added to the group of product cards,

IF a product numeral iz mnesded that is already 3
shown in the answer the cashisr must ~{ther §00] E

use a combination ﬂ'.-.--he mist change the ecard
showm so that he represents hoth numbersz with tw [---EE-] ILJ E']
one largesr card. Two S000E8-==he uses the B000, ~~—[F 5555l
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THE BANK GAME. . .
Preparation Fresentation: One-Digit Moltiplier. . .

6.

3a

I

The child #1, the smltiplying child,
now exchanges cards to show only
one numeral card for asch hisrarchy. E_ﬂ.@ ISM E IE

The cashier makesa the extchangss.

From those final product cards, the
mafic game produces the whole mmmber
and the multiplicand iz again showm
whole. The result iz displayed om
the mat and the child #3, the scribe,
writes 1t all deown.

EEEE X B E EEESEe

BANE CAME: Two - Digit Hultiplier

The ehild shews the multinlication: 1. Because our multiplier is two=diFits now,
the multiplicand is composed of the we form it with the two grey digits
colored numeral cards, cards, but we also must have a zérso card
The multiplier now has two digits below the unita.

and so bensath the unit numecal That i=z the zero of our tens.

card, which is rray, we place the

zero digit card indicating the

place-holder of the tens. . g5 [=]

The multiplicand is shown, as before, E E E

decomposed. But now, we must also
show the sultiplier decomposed.

The smltiplication begins times the
simple units, proceeding as in the
first presentatiom; the child making
the necessary exchanges with the
cazhier to ghew his prodicts.

Then the children wil] discover that
at this point the product should be
simplified to one numeral cacd in
each hisrarchy to simplify the fol-
loawing work.

Now the decomposed rultiplicand is
multiplied times the tems. In order
to 4o this the child takes the zero,
as he did on the form, from the ten @
and places it before esach decomposed m
part of the multiplicand--=thus
pultiplyinr it by teNe=-and his — T
pultiplication fs reduced to the simple
multinl ications times the units of the
tens. 5o he will have mot 5, but 50

timez & (not 80), NHote that when we
multiply the multinlicand times 10, we

are dividing the multinlier by 10,
WHEN WE MOVE THE MULTIPLIER DOWH TO

THE SECOND PART OF THE DECOMPOSED

MULTIPLICAND, WE ALS0 MOVE THE ZERD

DN .

-=---]
FIERREN
=]

Foswr each hierarchy is again reduced to
one card--—many changes necessary here,
The total product is formed with the
magic game and the complete multipli-
cation shown.

ARl
| ~

5] [=] ] EREEEE]

CONTROL: the teacher OF booklets may be pr-pared with multi-lications and an

geeamnanying booklet of products which the children may comsult at the end.



THE BAME GAME, . ,
Thea-Digit Multiplicaticon

l. The multiplication is shown as before,
bt now there are two zeros below the —
units (the place holders for the tens [&] =]
and the hundreds), and one zero below
the tens { place holder for the hun=
drede),

2. The multiplicand is decomposed and also
the mizltinlier.

3, The multiplication then begins, as in
tha previouvs games, with the multipli-
cand times the simple wnits. Then,
showing the zero before the decomposed

multiplicand the multiplication is made 50 00 2{0]
ti=es the units of the tens 22 in the
tuo-digit multiplication. 480

4y Fipally,; the decomposed sultiplicand
is multiplied times 100 (shown with @
the two zeros of the mnltiplisr-before
each of the parts) and then multiplied m
times the units of the hundreds, m

i
-

The mumeral cards are simplified after =
cach multiplication of one order) but

do nat tell the children to do this:
they will discover it az the easiest
Yay¥ .

&, After the final multiplication, the
hierarchies are again reduced to one
card each, the whole numher iz made
with the magic game and the multipli=
cation shown. The scribe records,

7. The children CONTROL with a pre-

pared booklet of products o the teacher
chaecks the answar,

DIRECT AIM OF THE BANK GAME: To acquire ability amd speed in making the changes
necessary for the compilation of the fimal product,

AGE: 7, 8

NOTE: from Maria Monmtesseri: Material for development is that which detarmines am
active work which develops the child"s potentialities. WHera, the davelopment
of the mathematieal mind, which iz cne of the attributes and nesds of the
bmen mind. That mind iz always reaching towvards the development of its
potentialities: but Iif thev are not stimmlated and allowed to exercises, the
development of the potentialities does not sccur.

ROTR: from Sismors Grazzini: In the Bank Game we 5till hawve the analvsis of
multiplication: but the work of the hisrarchy positions is now done with
aymhola, We ges afain how the zero in its position determines the wvalue of
the digit. And we see rthat wvhen wve multinly the multiplicand by a 10 or a 100
we are, at the same time, dividing the multiplier by 10, 100, ere,

The Aim of the Bonk Game is parallel with that of the Begd Frames: to introduce

the place value, the relative value of the digit. To emphasize &
connected with Ehﬁ ZOTO,. 2 P ze Ehe movement



THE CHECHER BOARD : Parallel with the Ban* Came and the Bead Frames: The afm's the Same

BIRECT AIM:

Materials
1. " The checker board as showm, constructed of wood and decked with patches
(zouares of felt). The =ide of each scuare i{s 7 e¢m., te contain a 9 bead-bar
diagenally across the square. _
RHOTE: the child can lecate the wvalue of the internal scuares on the board
by following the diaronals to either side of numerals,

2. The box of bead bars 1 = %: RO TENS. Cover them if used.

. 3 ssries of small mmeral cards: vhite with black numersls for the
sultiplicand. Each series has 1 = 9.

4. 3 series of small mumeral cards: 1 - 9, arev cards with black numerals.
Beapresents the mmltiplier,
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THE CHECEKERBOARD. . .

ACTIVITY: Multiplication with the Checkerbeard and the Design
This activity is limited te the first passare.

1.

Hrite the mmltiplicatien.

The child lays eut the white mmltipli-
cand nmumerals at the bettem of the
baard and the srey mmerals alens the
riFht aide te shew the multiplier.

The child preceeds with the multipli-
catisn of the multiplicand times the

unit 3. He shews each preduct on the
squares a3 a cembinatien ef the same

quantity bead bars.

At the end of this first rew of
eultiplicatisn, the sctivity begins.
The child, werking en squared papar
marks &ff squares and rectanszles
shar ine each of the small mmltipli=
catiens.

axa s tmwat
Bt pb
ey e S sl e i iy
3 o = -

He then jeins the peints of sach Figpurs

1.

2.

and he has fermed ractangles and squares.

The child new celers the rectangles. . .4,

he reasens the celer threugh a writte

caleulatien of what his eultipliecatisn

iz fer that square. ., .
he writes the zimple product en
the szquare OR he may prefar ta
write all the mmbers g3 units,

I wvant te multiply 3,832 X &3 =

Bew, as we did in eur very first rame
with the checkerboard, we multiply

3 X 2, We are taking the units 2 three
times, 3o we shew that with three
twa=bars .,

Then I take the 3-bar thres times on
the second squars---the blus aguare.
And the S-bar three times on the third
square=--the red square.

And the 3-bar again three tirves en the
next sguare, the fsurth---the gresn
sBquare,

We atep hete and befin eur desigm.

We start with the mmits,

On eur paper we mark off twe squares
becauze the hase of the sultiplicatien
here en the first green square is 2.
Fe have taken that ¥ three timesa.

Our secend base line will be 3 and we
have again taken thst three tices, 3e
sur line going up is again 3,

Hewd we can draw lines betwssn these
paints te form gmemetric flgures.
Which enes de vou recesnize?

He celer the first rectansgle sreen,
Why?

Becanse vnits times wnits sives vnits.
Hew de we shtain this rectanrle?

By multiplying 2 X 3, and that gives
ns gix units.

We write & am the rectansle,

The secend rTectangle is blue because we
have multiplied units X tens and that
givea tens.

Henwr did we get this rectansla?

By multiplying 3 X 30 (three tens),
Our result fs 9 tens er 90 wmits,




THE CHECEERBOARD. . .
The mﬁml . @

5. The child cemhines the bead bars shewn en the first oes fer his first partial
preduct. Then he checks that preduct with the ene he has calculated frem the

design.,

6. He preceeds with the mltiplicatien by the tems. . .as in the firat passage
multiplicatien, The two-bar taken 4 times, ete. . .

7. He expands his design te a second rew 7. In eur first multiplicatien that we

of rectangles and sguares, based so wvant te shew in eur desigm, the base
those multiplications. He makes the remains the same=-=2. But the rectangle
correspending caleculatiens. changes because we have pultiplied

by &4 (tens).

S the rectangle will be 8 squares tall,

Why is eur first rectangle bloe?

We have smltizlied units times tens.

And our result is tens, Hew many?

Why iz the secend ene rTed?

Because I have multiplied tens times tens

B. The child cembines the bars ef the second rew fer the second partial preduct and
checks it with his desipn calculatiem.

9, MNew he comhinea the beads te find the tetal; and he combines the written partial
preducts te check that tetal, HOTE: it is impertamt that he cerrectly place
the secend partial preduct belew the first with the first dirit of that secend
partial preduct in the tens celumm,

10, BHew he writes belew and te the right side of his design the moebers representing
the mmltiplication,

11, Observe with the child the gesmetrie 11. This rvectanrle represents the multipli-
figures formed. catiem 3,432 X 34,
It is fermed by aquares and rectansles.
Where are the squares?

ROTE: If the child multiplies & digits by & digits, he creates a larger desirn with
meTes squares and rectangles,

NOTE: On materials: whenever this checkerbeard game is presented, the nmumeral cards
are first laid eut in erder te the gide,

DIRECT AIM: To peint out hew the preducts are obtained,

12, Make a final ebhservatien ef the check- 17, Llat's sbserve gur checkerbasard,

etbeard with the child, censidering the We have ene uwnit square: it shews us
dizgenalz and the digits on twe sides units times units: 1 X 1 = 1.

wihich identify that square as a preduct But there are twe squares feor the tens:
of twe mmbsars, twe hisrarchies, units times tens and tens times wnits:

1 X110 and 10X1.
How many pessibilitiss ars thare Fer

THIS IS IMPORTANT WOBE: | the child the hundreds?
might make a diagram of the beard, We have thres hundred squares:
shewing the combinatiens ef the powers 100 X1, 10 X 10, and T X 100,
which result in the square’s value. Hew many theusand squares are there?
What preducts de they shew?

1,000 X 1 = 1,000

100 X 10 = 1,000

10 X 100 = 1,000

1 X 1,000 = 1,000



THE CHECEERBOARD, , .
The Design Activity. . »
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We can vnderztand new why we always move the preducts desm on the diarenal.
We brinr these beads of the same hisrarchies, the same valwpe, tefFathar, The
diagenal iz a result of the srganizatisn of the hisratehy.

ix1=1|1

THE DESIGH ACTIVITY: A final passape: Ts Abstractien
Here the child is writing multiplicatien in abstract Ferm: 3,832
X 43

ARD
selving it witheut the materials. FHowever, aften the children centinus te write
devnt how the preducts are fermed, shewing each preduct in the multiplicatien. And
they centinue, teo, te make the designs withemt the materials.

FINAL ROTE: The children like this materfal beecause it present: a new difficulty
in multiplicatien. When they have meunted that particular difficulty,
they abanden the game. The material demands a mental effert, which
Pleases the child.

DIRECT AIM: To review the concept of hierarchy and the geemetrical presentatien of
sultiplication,

INDIRECT AIM: A remote preparatiom fer the square reet and the perfect squares
becanse, with a real understanding of the hierarchies and how they
are formed, it is pessible to understand the square reet.

THE GOLDEN BEAD FRAME: Parallel im aim te the bead frames, the checkerbeard and
the bank game.

This game presents a oew difficulty sven though it is still smltiplicatfen. It
presents one mefe step tewards abstraction. The senserial stimulus ef the hierarchical
calers is gene. Thers remainz suly the three colers of the classes at the tep:
white fer units, grey fer thousands and black fer milliens,

Hltfl.'ii-l ; 00 1 100 1
1. The gelden bead frams, - - - =
e e = it A
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2. A lu:ﬁa: of grty numeral cards with black mmmerals: -
represent the multiplier, = e e e

3. Slips of paper,



THE GOLDEN BEAD FRAME,
Presentation: First Passage: Witheut the partial produtts

1. Shew the bead frame with all ef the beads pesitioned at the tep. The
ehild writes the multiplicatien: 6,542
X 36

2., He shews the wnltiplier with the grevy nmmeral cards, placing the unit (6) card
over the lever greem dot (units) and the ten (3) card ever the second det which
iz blue for tens,

3. Then he felds a leng strip of paper ever the bettes of the frame, sxtending frem
the wnits wire to the units of theusands since his multiplicand is a four-digit
mumber. Then, belew each wire, he writes the mmeral of the maltiplicand.

L, First he makes his multiplication times the units. He multiplies 2 times & whieh
means that he must bring dewm 2 unit beads en the first wire and 1 bead en the
ten wite, He preceeds: & taken & times:= four tens taken s=ix times, se

that is 74 tens er 240 which is 4 besds dewn on the
ten wire and 2 beads desm en the hundred wire,

====3 X 6 = 5 hundreds times six, se that iz 30 hundreds
or 3,000 and that is 3 beads devm en the feurth wiree—-
the units of theusands.

mem=fi X 6 = 6 thousands times six er 356 theunszands whieh
is 3 beads dewn on the tens & theusands wire and
6 Beads dewvm en the theusinds wite.

3. %"%hen the first wultiplicatien series is cempleted, the chilé turns the unit
multiplier face dovm amd preceeds with the wnltiplication by tems. HERE HIS
FIRST FRODUCT WILL BE TENS SO THERE WILL BE NO MOVEMENT ON THE FIRST WIEE.

He completes the multiplicatien and makes the necessary exchansres for one of

the higher erder when hisz mmmber of beads in an erder gees to ten.

*HHOST IMPORTANT in this multiplicatfem is that the multiplication v tens is
achieved by meving the bottom slip ef paper ever te the left one place, and
thus revealing ene red zere. In ether werds, we have again multiplied the
multiplicand by the power of 10 so that we can centimue with eur simple multinli-
cations times a unit mmltiplier.

MOTE: Anether suide to this sultiplicatien is the 1ine drawn frem the blue
det te the secend wire, thus indicatimg that when the multiplication is
times the digit shewn en the blue dot, the first preduct will begin em
the ten wire,

6. The child reads his answer after this secend multiplicatien is cempleted,

And he writes the total.

BOTE: Im this mame, we are using the nemenclature of the hierarchy, using the tap
labels fer reference. That is, we are saying "six hundreds taken three times, "
and we can see that it iz six hundreds by leskine te the ten of the wiras.

Second Pagsage: With partial products: Three-Digit Multiplication

The game is the same with the exceptien that, after the first mmltiplication series
ticves the units, the partiel preduct iz read and written and the beads ars returnsd
te the tep of the frame te berin the second multiplicatien times tens, Whan this
secend partial preduct is cempleted amd read, it sheuld be neted arain that, just as
the first quantity of the preduct en the frame was en the tens wire, se we must write
that first ombsr «f the partial preduct as a ten.

Precesding te the multiplicatien series by the hundrads, the paper slip at the
bettem i3 arfain meved ene place te the laft se that the multiplicand has besn multiplied
by 100 and twe red zeres are shown,

Third Passage: Mental Carry-Over

In this game, the child enly meves the beads on ene wire fer sach multiplicatien,.
He then r-members the quantity remaininy fer the mext wire, makes the next multiplica-
tien and adds that quantity te the first digit of his new preduct. Then shews that
on the wire. Se whem 5 is mmltiplied by 7, the child first has a praduct of 35, but
he brings dewn enly 5 beads en the unit wire and remembers the three tens, If the next

multiplication is 2 times 7, them he has feur tens plus the three he has in mind and
he moves 7 beads dewn on the teém wire, remsabering that he has ene hundred to carry over.



THE GOLDEN BEAD FRAME.

Conclusien: With the solden bead frame, we have moved sne mers step towards
abstractien beyend the secend bead frame, With heth the frimea, ths digits of
the multiplier, if we divide them by 10 o7 the pewers of 10, becems units.

And the multiplication becemes larger by the pewer of 10 by which it has besn
multiplied, In this passage of multiplicatien and divisien ly the pewsra of
10 with the secend bead frame, it i3 emly after decempesing the multiplicand
that ene, twe, or three zeres were added. On this selden frame this eperatien
is dene by meving the whele multinlicand ene, twe, er three places te the laft,
thus reducing sur multiplier te simple units. Se the methed is the same, but
the precess iz different.

Thus we understand why, when we multinly by several digits, the first
digit of every partial preduct must be writren belew the FLACE OF THE MULTIFLIER

DIGIT by which we are mmltiplying.
AGE: 9

WOTE: Parallel in aim with  the secend baad frame are the Bank Game, the Checkerbeard,
and the Colden Bead Frame. It is interesting te carry eut a lens multiplicatien
with a1l feur materials. By different reads, the materizls brine te the
child"s censcisvaness the different pesitiens of the digits of a number when
multiplied by big multipliers,



DIVISTON WITH THE HIBRARCHICAL MATERTAL

The werk in divisien beran with the decimal svstem material. At that time the

child was intreduced te ene-digit divisers, te decurien divisien and centurien divi-
sien., His first divisien werk with the hierarchical materials came with the stamp
game, Then we preceedesd te the memerization of divisien. Hers we were 1imited: thers
were seme pessibilities that ceuld net be examined. Moch impertance was given here te
the necessary dividends. With the bead frames, we were net able te de divizien becanse
the beads were net leese,

New we preceed te material with which we can examine all cases of divisien. With

this material we will emphasize what eme unit receives; net enly as a guetisnt, but

a3 the value that sach digit of the quetient has., We can carry eut divisien with

twe and three-dirit divisers. Dett,.sa Monteasgeri savs that thiz material can beceme

a pastime becavse of the nature of the material itself, It takes the child te a censtant
analysis and te rational arithmetic.

The Material

ELRLRE

1. 9 small dishes which held the beads of hierarchical celers representing
the dividend. Eecalling the hisrarchical eeslers, thers are three dishes
white om the sutside te held ths thres srdars or uwnits and the calars
inside are sreen, blus ond red, There are three diszhes grey en the sutside
representing the class eof theusands, and again the three sre inside cslersd
green, blue and red. And finally, there is ene black dish, celersd green
inside, The BEADS WILL TAEE THE WALDE ACCORDING TO THE BOWL THEY ARE IN.

2. Correspending te each of the dishes there is a rectangular test-tubs haldsr,
three white, three =rey, en= black., Each of the helders has places for tem
test-tubes,

3:. There are, therefere, ten test-tubes which fit inte sach ef the seven helders.
And each test-tube centains ten heads af the hisrarchical celer far the arder
it represents. The first white helder centains test-tubes ef w~reen bheads, =te,

L, 'Three divisien beards, the First en= identical te that one used in the memsC-
ization of divisisn., The secend bosrd has, instead of the green cirele 1 in
the left hand cerner, a blue circle 10. ., .and the sreen strip at the tep of
the baard where the diviser is shewm has a blue strip fer the diFits 1 - 9
instead of the green. The thitd beard has a red circle 100 and a red strip.

4, The bex of skittles used with the stamp game, or one identical te fit. These
are in a rectanrular aran®e bax,

Pirst Passape: Leng Dividend, One-Dipit Diviser

1.

2.

The child writes in his netehbesk the eperatien: 9784+ 4 =
He checks te be sure that all the test tubes are full: 10 beads in each,
He places the bewls fer sach hierarchy shewn in the dividend abave the ene haard

he is using, the first unit beard, Then he places behind each eof the bewls the
tegt-tube helder. The rest of the hewls and helders sre put aside.
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HIERARCHICAL DIVISTIOM. . -
First Fassage, , .

5. He shows the dividend, with the celer~d heads frem the test-tubes in the
holder, in ths corrsapanding bewls, S0, . -

fer the 9 theusands, he takes a teat-tube frem the first srey helder,
the enly srey helder he has breught ferward fer this dividend, He
knows there are ten bezds in the tube: se he takes ene sut and puts
the ether mine in the dish, replaces the ste bead in the tube and
puts it back in the helder, ( An excellent clioe as te whether the
child has understosd the cencept &F 10 hers,)

3. On the unit divisien board he sets up 4 skittles acress the ter te rTepresent
the diviser. He places the beard directly under thess bewls eof beads he has
prepated.

6. He begins his divisien with the largest guantity, distributine the 9 theusands
between the 4 skittles,

7. He fia ghle te gFive 2 theusand beads ta 7. I have siven sach man 7 thensands,

each of the 4 skittles, I want te know the valus of the dirit
in the qustisnt: and sines I knew that
He writes the 2 in greem in hiz note- thege 7 that sach man got are thsusands,
book to signify theusands. I'11 write that digit in green,
g 764+ & =2

8. Hete the remainder of 1 thousand bead. 8. Het all the theusand beads were dis=

The child replaces that bead in the tributed, I have en= head remaining.
tube and empties ene whels test-tube S I exchange that theusand bead fer
of hundred beads inte the cerrespending 10 hundred beads,

digh. I'1]l] need every ene in this test-tube,

.and I'11 put them in the hondreds dish,

9. The child replaces all the thousand beads shewn en the beard in the test-tubes and
then maves beth the thouvsands dish and helder aside.

10. He digtributes the hundreds between the feur skittles en the beard. Esch man
Eets & ===and he writes that im red: 9,768+ 4 = &b,

11. He netes the remainder of 1, exchanres it for tem tems which he puts in the tens
bewl, Teplaces all the hundred beadsz in the test=tubes and puts them azide,

12, Repeat for the distributien of tens and mmits, writing the tens digit in blue and
the units dirit in sreen: 9,764 < 4 = 2441

Second Pazsaye: Bl+ 8= : To peint eut the imsertance of the valus of sach diple
of the guatisnt,

1. The ¢+ild shews the dividemnd in the twe bewla-———unit=s and tens, He shows & skittles
aen the wnit divisien beard.

2, He distributes the tens and writes a
Flue 1 im his answer,

3. PBe sees that he cannet divide the 1. 3. It is net pessible te distribute 1
; ameny B skittles,
Baphasize: We CANMOT skip a hierarchy. I cannot distribute it, se I write a
We must keep its place with a zere, fresn zere,

Whenever I consider a hisrarchy, even
theugh 1 cannet distribute it, I mmst
write a zere In the guetient a2z a place
holder, 5 81+ 8= 1710 F. 1



HIERARCHICAL DIVISION. . .

Third Passage:

1.
2.
3.

Se

The child writes the divisien in his

He shews the dividend in the dishes,

When he berins the distribotien, he sees 3,

that he cannet divide the twe ten theu-=
gandg batwesn six skittles,

He combines the ten theusands and the
theusands beads (exchanging each of the
two ten thousands fer ten theusands).

Mow he distributes the thousands beads.
And he netes the cemainder im his
written speration belew the theusands
pesitien,

Exchange that remaining ene theusand
for ten hundred beads, distribote those
hundreds; and show the resainder again
in the written speratien.

Repeat fer the tens and humdredsa,

Mete the resmaindef———write it belew the
celmwn after the last disit shoun,

Examining Each Part of a Divigien:

fietabaalk 1

S

MHwvidend, Diviser, Quetisnt,
Remaindar

95, 357 + 6 =

Here we cannet distribute the first

quantity.

BUT WE DON'T WRITE A ZERO AT THE

BEGINNING.

Instepd we can unite the first twe

orders,

If we change the twe ten theusands inte

theusands, hew many theousands will we

hawve te divide amons the 6 skittles?
5

3o here we have put beth hierarchies

together and we have 25 units of

thousands ,

The firat digit will be & in green,
There iz a remainder in the bowl.
We write the resmginder like this:
25,357 % 6 = 4
1.3
And then we brin# dewn the dirfit of
the hundreds,
bew the number we have below shews the
nmbetr of hesds we howve in the hundreds
bowl te distribute,
We have 13 hundreds te divide among
the & s¥ittles.

25,357 = 6 = 4236
19
15
a7
1 B

We hawe 15 tens in the bewl te distri-
b'l.:lht...-
We hawve 37 units in the bawl.



HIERABCHICAL DIVISION, . .

GHO0F DIVISION

We have, to this point, considered division as diestribution.
consider group division, which the child has seen with the stamp Eame,
division is important because when division is carried ovt abstractly,

sidered as group divisiom.
division.

An example: Distributive:

Fow we move to
Geoup
it iz com=

And ‘it is necessary to solve some problems with group

If I have 12 candies to divide among & children,

howr many will each receive?

Group:

If I have 20¢ and I want to buy candies, =ach one being

¢; how many candies canm I buy? (Here I must carry sut
group division for the answer to find ocut how many fives

are contained in 20)

A PREPABATION: Reviewing group division with the decimal e¥atem materials,

Take 25 loose golden beads: and with the
child, discover how many groups of five
are thersin containsd,

GROUP DIVISION : OME-DIGIT DIVISOR

How many groups of 5 can I form with
25 beads?

Here iz one group. .
I have beet able to Form 5 groups of 5
beads sach from 25,

«another ETOUR: o =

NOTE: Here the division process with the long division materials is the same; the
difference iz the way we verbalize the process,

1. The child writes the division; then
forms the dividend with the beads
in the four appropriate howls. And
shows the divisor on the unit board
with skittles,

2. The child begins by discovering how 2,
many groups of five are contained in
9000, distributing the green thou-
sand heads among the five skittles,

One complete distribution eguals ons

group.

3. The child then multiplies the guo- 3.
tient digit times the diwvisor to
find out how mamy beads he has usad,
Then he shows that product below the
dividend digit. -'il'iﬁlﬂ'é-ﬁ r

g

4. Then the ¢hild subtracts that pro- L,
duct frem the dividend digit——
THEN HE CHECES TO SEE WHETHER HE
DOES, IN FACT, HAVE THAT MANY BEADS
REMATNING IN MIS BOWL.

5. Then the board is cleared of the L
distributed beads, Then the hun-
dreds digit f{s brought dosm in the
calenlation and the hondreds bowl is
brought doeem to the board. The re-

maining 4 thousands are then exchanged
for hundreds. And the hundreds are

distributed in groups of 5.

1. 9684+ 5 =

Let's see how many times this pgroup of
5 is contained in 9,

It is contained only one time im 9.
Theres is only one group of 5 im 9,

I wvant to find ont how many of these beads
I used,

I emltiply the guotient which is the oomber
of groups I have besn able to form, times
the divisor, which tells me how many ars
in each group.

And I write that produce below the 9,

I had % units of 10008, and I used 5.
Se I subtract this S5,
Hewr do I have & beads in the howl?

How how many hundreds do I havs?

How manmy groups of 5 can be formed with 467
1 group. . .2 groups. . .3 groups. . .

I have been able to form 9 groups of 5
with &6,

How many hundreds did I use?

How many groups of 57 Then I mmltiply 9
times 5; and subtract that product from the
46 that I had,

And I should have one bead remaining in the
bensl . (He checks)
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HIERARCHICAL DIVISION. . .
Group Divirion. . »

6.

ROTE =

The ¢hild clears the bosrd of hundred A,
besda, bring: dewn the tens in the cal-
eulation snd brings down the tens bowl.
Then he exchanses the remaining humdred
for one tube of tems. And procesds to
discover how many groups of 5 can be

formed of 18 tens,

He now clears the board of tens, brines 7.
doem the wnits in the calevlation and

the unite bewl, Makes the exchangs for
the three tubes of uvnits. . .snd discovers
the groups of 5 in 37,

the &¢hild must have mastered grovp divisien,

AGE:

DIEECT AIM:

TWO-DIGIT DIVISION:

6%

bring the child to abstraction,.

L.

3.

Recall the two-digit division with the L.
decimal svaten work.

Introduce the second division board, 2,
the board of the tens,

The child writes the divigion. Then L S
he shows the dividend a=z uvaual in the
bowla with the beads. He shows the

bluse skittles cn the tens board ta re-
presant the two tens and the gresn skit-
tles on the unit board.

Bring dosm the tens of thousands(bowl b,
and test-tube holder) above the tens

board. And the Bousands sbove the
units board.
The child doss the distribution, amd 5.

reads the gquotient digit as that number
which the UNIT MAM GETS. He writes the
quotient digits in colors again here

because it is o0 important that we ses
the answer as vhat one man {one wnit)
receives,

This is the last passage before abstraction.

We exchange the remaining humdred for
ten 10=s.

S0 I'11 have 18 tens in the bowl.

I was able to form thres groups of 5
with 18.

How many 108 4id4 I uge?

5§X3m15,

Then I should have 3 heads left.
YES—= in the bowl are 3 tens.

Before going to twoe-digit division,

To make the child understand the technique of group division: te

Long Divisicn (with two or more digits in the diviser)

Bemember the division that we did with
the decimal system material?

YTouir friend wore a blue ribbon,

And the ehild with the blue ribbon
alvays Teceived 10 timssz more than the
child with the green ribbon. Why?

When & child wore a red ribben, what
did that mean? How much did that child
receive?

Each bead that we place on this board
represents ten times as much as the
bead that we show on our Eirst board.
When wa distribtumte one bhead om this
tens board, we tmst distribuote a bead
that haz a value of ten times less to
the first unit board.

On the tens board, I will show two blue
skittles, On the unita board, four
green skittles because we now are divi-

dng:  IJTYLY +2Y =

I will give 10,0008 to the tens and then
how much shall I give to the units?
Ten times 1e8gce=go I give them 1000s,

I find that T can distribute the 10,000s
only once,

I have only one 10,000 1#ft and 7 tens,
Bow I have distributed 1,000 to each of
the units,

And that is my guotient digite_-the
anount thet one walt geats,

S0 I WRITE MY QUOTIENT DIGIT IN CREEN,



TWO=DIGIT DIVISOR. . -
Presentation. , .

6. How the child removes all the beads
from both boards, replacing tham in
the test tubes. He exchanges the
remaining 10,000 for 10 thouszands and
puts the 10,000 bowl and holder aside,
THEH he moves the thousands bowl  and
holder above the tens board and brings
the hundreds equipment to the units
board.

He distributes the thousands and hun-
dreds. When there are not enough
hundreds, he sxchanges one of the thou
sands for ten hundreds and contimves
the diatribution.

He repeats thiz process vhen he again
does not hove sufficient hundreds,

YWhen this distribotion is completed,
we read what the vnit has received=--
3 hundreds. -and write the quotient
digit in red,

He sxchangss the remaining thouszand
for ten hondreds, puts the thousanda
equipment aside. And distributes

hundreds to tens and tens to units,

10. Pow he distributes tens to the tens
and units to the uwnits, comrleted the

gquotient with a green units digit.

6.

7.

8.

9.

1 eannot distribute more 10,0008,

20 I exchange =y one remaining for 1000s.
Bow if I give units of thousands to the
tens, I must give hundreds to the units.

Bow I have given ? thousands to each of
the tenz, but I have only one row for the
hundreds.,.

And I do not have esnough hundreds to con=
tinue,

S0 I wust exchange one 1000 for ten more
hundreds and I cean continue,

How we have only one unit of thousands left.

S50 we read what the unit has receiveda==
5 hundrads.
And we write that 5 in our answer in red,

If I give 1008 to the tens, I give tens
to the wnits,

When there are no more hondreds, we write
the quotient digit im blue because that®s
what the vnits have Teceived-—— & tens.

37,464 + 24 = 1567

Digtributive Divigien with a TWO-DIGIT DIVISION, CONSIDERING THE REMAINDER

1. The divisiom:

7,886+35= 225 <. 11
48
186

11

1.

First we give thousands to the 105 amd
hundreds to the vnits,

Our quotient digit is written in red becauss
it is hundreds,

And this time we write in our caleunlatfon
how many beads remaim,

Thare are & hundreds left.

Than wa bring down in the caleulation the
wumber of tens we show in oor dividend. .
and ses that now we shall distribote

& hundreds and 8 tens,

e distribute the humdrads te the 10z and
the tens to the onits.
When we have only one hundred left, we

“can distribote mo more.

The onits received 2 tens. I write a blune
2a

ind I show that there remains in wy bowla
one hundred and B tens, I write that in
the calenlation. . .and then brins deum

the units digit.

Bowr I hawve 18 tens to distribute to the
tenz and 6 wnits to distribute te the units,
ome exchanging will be necessary,

e e —



HIERARCHICAL DIVISION, . .,

GROUP DIVISION With A Two-Digit Divisor

1.

Pe

Repeat the preparation with the decimal system material.

Use 36 loose golden

unit beads; and discover how many groups of 12 can be formed with that 36,

The divisiom: 8,847% 28 = 2,
The child shows the dividend as beaads

in the bowls and the skittles om the

two boards, as befors, He beping ths
distribution of thou=zands to the tens

and hundreds to the units, but now he

is forming groups.

Becanse he is able to form four rromps 3.
of 2 with the 8 thousands beads, and
enly 2 groups of & with the 8 hundreds
beads; he must exchange some of those
beads already shown on the board in
order to have adequate hundreds to
equalize the distribution, giving as
many beads to form the groups of 24 to
the whits as to the tens. HE REMOVES
THEN, ONE GROUP FROM THE TENS, FUTS THEM
BACE TN THE BOWL, THEN TAKES THEM ONE
AT A TIME TO MAYE 10 HOEE HUNDREDS,
until he equalizes the groupa.

As in the previous group division, he &,
now multiplies the number of groups,

the guotient digit, times the diviser

and subtracts that product from the
dividend., We may note, as he carries
over in this multiplication, when he

does that we are giving back that ten
which we swchanged,

The child exchanges the remaining 5.
thousand for tem hundreds. Then he

forms groups of 24, giving the tens
hundreds and units tens.

He exchanges the groups of hundreds,
takins one group off the board, then
exchanging the beads one at a time,
until there are the same number of
groups for tensz and omits,.

Repeat for the final distribmtiom,

forming groups of 2& with the tens to
the tens and the wnits to the units,

I must discover how many groups of

24 are contained in B8,

I begin by finding out how many groups
of 7 are contaimed inm 8,

Now I want to find out how many groups
of & there are in 5.

But when I run out of hundreds I have
formed only ? groups,

And here for the tens I have formed &
ETOUES .

In order to show a whole group of 24, I
know I must give the units one bead for
each bead I have given the tens,

5o I must take one of the tens groups
Off===that Ls 7 thousands beads,

And I'"11 exchange one of those thousands
for ten hundreds,

Fow I can make another group of § for
the units.

ind I see that I have been able to form
3 groups of 24 with these B8 bheads,

My guotient dirit will be 3 hundreds,

I have seen that I can form 3 groups of
i

S0 I maltiply 24 X 3m—-and subtract that
from the dividend I diwided,

Then I should have 16 left-—= one thousand
bead and six hundreds,

I do.

How many group of 20 ecan I Fform with
1647

I begin by discovering how many groups
of 7 are contaimed im 16.

Then I £ind how many groups of & are in
&,

And I see that I must take the last group
of hundreds off the board to provide
more tens so that I cam form as many
groups of tena for the units as I have
hundreds for the tens,

I know I mast have the same number of
groups for each to show groups of 24,

8347+ 24 = 3L% . |5
—72
IzY
— 144
207
—/qad
5



HIERARCHICAL DIVISION. . .

DIVISION WITH A 3-DIGIT DIVISOR:

LORG DIVISION

The child must know how to carry out two-digit divisor division abstractly before

going onto longer division with the three-digit divisor.

abstraction, he abandons the material: at this
recreate hiz interest.

¥hen the child reaches
point we must offer new material to

But, when he vnderstands the mechanics of 2-digit divisor

division well and abstractly, he meets the 3-digit divisor easily and will not be

interssted in working with the material long.

In the work with the 3-digit divisor

we skip distributive division because the child is working abstractly with divisiom.

So wa berin with Group "Division,

Long Division: OGroup Divisiom: 56,038+ 234

1. Introduce the third division board, that board of the hundreds.
Then he shows the divisor, thiz tims
2 red skittlea on the hundreds board, 3 blue skittlas on

the dividend in the corresconding bowla.
on all three boards:

The child Forms

the tens board, 4 green skittles cn the units board,

2, Be bepins by distributing the ten- 2.
thousands to the hundreds=, the thou-
gands to the tens, the hundreds to
the ynits, IN GROUDS,

3. The ehild hers must change a ten 3.
thavsand Bead for tem thousand beads
becangse there P4 nofne. Then hea
can sxchange one thousand for 10
tens to complete two groups for the
units.

&, Whsn the groups have been equalized &,
and shown, the child multiplies the
number of groups times the divisor and
then subtracts the product from the
dividend firure he was dividing.

HE CHECKS TO SEE THAT HIS DIFFERENCE
1S, IN PACT, THE BEADS THAT REMAIN,

5. Then the child sliminates the ten thou-

I want te knew how many times 234 i
contained (Foes) imn 564,

Tha ? foss inte the 5 2 times,

Mow. . .does the 3 also go into the 6
two times? YES.

Will the & po into the & two timea? NO.

I have no fousands to borTos.

20 I change a ten thousand for 10 tousands,
and then I can change 1 thousand for

10 hundreds.

How with the hundreds I can form 2 groups
for the units,

Mow I can say that the whole group of

234 pgoes into 564 two times, I write
that 2 as my gquotient digit,

If my cperation is ecorrect, I should have
2 thou=zands beads and 6 hundreds beads
remaining.

56,438+ 234 = 241 A HY

sand - equinment, shows the thousands above —46 B

the hundreds board, the hundreds above the :ﬂ 3
tens board, the tens above the unita, — g 36
He distributes in groups: there are § groups e
of thousands on the first board; he changes - 278
1 thousand for 10 hundreds to make & groups - 234

en the second board; then, not being able to
form b groups of tens for the units, he
changes 1 hundred for 10 tems, That makes
four groups for all. He haz shown that

234 goes inte 963 four times, He writes

the quotient digit; multiplies, then sube-
tracts from the dividead. CHECES to sae if
2 hondred beads and 7 tens remain, Hs
replaces the beads in the tubes, sliminates
the thousands materials, moves all the hier-
archies up one board. And proceeds as before.

oy

He eannot distribute these
Sn 84 is the remainder.

In completing the oneration, & tens and 4 units remain.
because thers would mot be ancther group for the hundreds.



HIERARCHICAL DIVISION. . .
i_Digit Diviger. . .

SPECIAL CASES: Case #1: Zero in the Place of the Tens in the Diviser
Zero in the Place of the Tnite in the Divisor
Zero in the Place of the Tens and the Units in *he THviser
The c¢hild has met thase gpeeial cases hefore. He has seen a divisor of 100 in
centurion division with the decimal system materials. He has mat these special cases
in the stamp game, Now he recalls the previous exveriences in a new way,

Pregantation: Case #1:2 51,252 = 207 =

1., The child forms the dividend as uvsual and the diviser on two of the thre= boards
displayed, ¥We mmat point oot that, even though there iz a zero In the place of the
tens, we cannot skip tha hierarehy, The board remains to show its place,

2. The child first discovers how many times 207 goss into 512, The hundreds receive
the ten thousands and the units receive the hundreds, But we do not distribute
anything to the tens, However, that dividend digit is showm in the beads in the
bowl above the tens board. It marks the hierarchy. It iz used if more hundreds

are needed by the units. OFE it simply stands silently vntil the thovsands are
moving up to the next board for distribution to the hundreds,

3, Then when the thoussnds are distributed to the hundreds, the tensz are distributed
to the units., How the hundreds keep the place above the tens board,

L, When we divide 207 into 1,572 (the remainder S/, 5d + 207 = 247 2123
shown after the second subtractiom), we dis- —dfy A
cover that we must change that thousand so that = 75
we have 15 hundreds with which to form groups = g
of 2 for the hundreds. The 7 tens rest until — %af%
nesded for the exchange and we form groups of IsT7a
7 with the ? units, (necezsitating exchanges) —iu g
- ;3

Pregentation: ©Case #2: 19,293 370 =
In our First experience with this case, we return to the guotient written in
the hierarchical colors.

1. We must begin by Einding how manwy grouvps of 370 are contained in 192, an obvipusly
impossible division. So we must take into consideration the next digit, When
we have sxchanged the ten thounsand bead for 10 thousands, we remove the ten thou-
sand equipment and give thousands te the hundreds, hundreds to the tens and
tens are placed abowe the nnita—--BUT HONE DISTRIBUTED.

2. In this formation of the groups, we cannot form as many groups of hundreds as we
have formed sroups of thousands, So we must remove 8 whole groun frem the hundreds
board in order to add to our humdreds baada, Then we exchange the thousand beads
ofi= at a time gatil we have anough hundreds to form as many grouvps as we have formed

for the thovsands,

3, When the first groups of 270 have been formed from 1929 (5 groups), we conasider
the guotient digit and its color, We have formed S groups, But we write 5
groups of what the units receive, That would have besn tens, 80 we write the
digit in bine, The answer s what the units receive. We are actually dividing
the number of groups on the tens board by 10 becauss we know that the vnits will

have received ten times less than ths tens, 19,293 % 370 =85 » 553

&, For the same reason, in the second part -+250
of the operation, the cuotient digit _—“T?E

will be presn, o
740

53



