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FRACTIONS. . .

Presentation:

1.

3.

&.

Use the blackboard to demon-
gtrate the progression of signs
used,

Intraduce the words numerator 3.

and denominator.

Use the three-period lesszon.

4.

Mumerator and Depominator. . .

It is gimply a division.
A divisiom is simply a fractionm,

The Lating wrote divisions in this
way:
To write & divided by 4 they wrote
B Fractus &
Then at a certain point they rot
tired of writing the whole word
and wroke:
B F L

Then they mot tired of writine the
whole letter and wrote

8 = L
Fowr we fust wirite

8 F &

Man is always looking for the

fastest way.to do things.
AND = that iz why fractions are
written this way.

B F

It doean't matter which way the

line roes, It iz a divisiom.

When I break the whole inte fractions
I divide it,

How I will tell wou how to write all
fractions.,
Here is the fourths family:
£k 5
5 ¥ T
In workiner with fractions, this last
name is called the denominator.

And this number of members or parts
that we take 15 called the numerator.

Show me the dividinr line.
Shew me the oumerator. ]
What is this?



FRACTIONS. , ,

Equivalence

Material
Only the cirele fractional insets. {a second hard plastic set,
showing the whole circle and them the circle divided into

1.

2.

fractions from halves to tenths,
THE GEOMETRY CHARTS:
points of presentation mads,
¢lagsroom after the presentat{on.

Presentation

58

2.

k.

With the set of circle imsets ) i
displayed, remove the whole From
the frame and replace {¢ with

the two hﬂl Vves.

Do the same demonstration with 2.
all the fracticnal parts to show
that each group occupies the szame
Spaceé-=-although all the fraction-
all parts are different. . .that

they are not egual, but ecuivalent.

the circle charts which corresnond to the
Theae charts should be hung in the

These two halves occupy exactly
the same space a= the whole.

How let's try the thirds,

Thege thres thirds also ocCupy
the same space as the whole,

Is the third the same size as the
half?

How many halves did we nesd to
oceupy the same arate as a whole?
How many thirds?

These four fourths also occupy the
SAmMeE snace as the whole.

Show the other whole circle inset 3.When two figures are equal ¢ when

from the first metal set, Pit
it In the first frame. Both
are the same---egqual,

Enchasize the important concept
of the different betwesn sgual
and equivalent.

Introduce the sign for egui- k.
valence az contrasted to the
gign of mguality.

one {8 placed on top of anothar
and they are shown to he sxactly
alikéme=those Figres are ENUAL,

The two halves are not the same as
the whole.

They are NOT agual.

But they show equivalence, . .

When the figures are not equal, but
they occupy the same space, they
are celled EQUIVALENTS,

Equivalent comes from the Latin
word "asguus,"™ meaning "the same"
and "valere” meaning "walue. ™

The =zirn of equivalence is thres
1ites: =,

What iz the sign for equal?

It is important to remember that
thege signs mean different things.

The difference between similar, squivalent and equal iz an important

one as well as the signs for each of the thrae,

resentations.
g established.

the ?qint in further
egqual and egquivalent

We shall smphasize
Here only the difference between

et =



Equivalence, ., .

Pregentation. . «

ROTE =

The sign of equivalence iz used only in geometry and not
with the arithmetical operations. 3o, , .

for % + % = % we use the equal sigm,

Refer to the previous demon- 5. Thersfore, we can say that two

stration of equivalence., . . halves are eguivalent te one
whole;
Three thirds are sguivalent to
ofte whole;
Four fourths;
Remove one of the two halves. 6. Now let's look for other equi-
Discover the equivalences with valences,
the child, Let's see what other fracticn

wa can put im this space.

We see that it is not possible
with the thirds,

Ho combination of thirds will
occupy the same space as one half,
It is possible to fit twof ourths
into thiz space.

This means that & is equivalent
to 2/45-—m—0or vice versa. —
With fifths it is not poseible,
With sixths it is,

This means that & is equivalent to
168,

4 is also equivalent to 4/8s and
57108,

‘1 5'745‘-%

7.

The child can draw the equivalent fractions or cut them out of
red paper for pasting in their notebocks. He writes:

/2= 2/ m 356w /B = 5710 OR /6 B 1.2

- —



Equivalence. . .
Presentation., . .

8. Present Circle Charts #1, #2, and #3,

7. The child emn leek for more squivalences on his own, He may
remove the 1/3 and look for the fractions equivalent. Or 2/7,

OR

10, Using the commands prepared bv the teacher, the child may:
Look for the equivalent fractions for 2/3, for 1/h,

AGE: 7-8

THE QOPERATIONS
. Material (the same)

Presentation: Addition

1. Introduce addition with fraec- l. Bow we are going to make arith-
tionSee==note that with the metical operations with frae-
arithmetical operations, we tionz,
use the squals sign. So we will not use the equi-

valence sign for geometry with
the three lines.
We will use our equals sign, . .=

2. Begin the addition with 2 2. We went to add two halwes,
halves. Show the addition We'll use the addition sigm.
both with the materials and We are putting the two fractions
with written slips. together,

That is sgqual to 2/2.
2/2 i3 equal to 1.

I

I

z

2] & [1

cotresponding circls
addition.

cha
T %, GShow another example of a2ddi- ¥

tion, using both paper =lips 175 + 355 = &B/S
and materials.

5. The child can coler or cut out the fractions for an addition,
writing the whole operation in his notebook,

i | ok



FRACTIONS, . .The Operations, . .

Presentation: Subtraction

1. Write on slips and display 1. I hawe 5/7.
on the mat: 5/7 - 3/7 = If I take avay 3/7, I have
Ask the child to set up the 277 left,
material «==to g&e whether
he knows to anly show the We can show those 2/7 after
minuend. the aquals sign.
That is our answer: we hawve
2/7 left,

W "R

2, Read the subtraction carefully 2, Read: 1/5 + 3/5 = bys

with the ehild——and nots the SAT = 35T = 307

process, Then show an addi-

tien and read, noting the What deo you do when ymsubtract
change again only in the num- Eractions with the same denominator?
&rater. #hat is the quantity that changes

in addition?

Which one remains the same?

The one above the line changes:

the numerator.

Ihe denominator dossn't change,
S0.--what happens in both additisen
and subtraction is that the puwerator
changes and the denocminator stays

the sase,

3. Formulate a ruvle. . .not for 3, Let's form a rvle: When we add or

the child to menorize, but to subtract Fractions with the same

understand, dencminator, we add or subtract the
nmmarator and the denominater stavs
the same.

4. Display Chart #8 which states this rule---and Chart #12, a subtraction
with the same denominater,



£y

FRACTIONS: The Uperations
Presentation:
l. Write om slips: a multipli- 1.

3. Present chart #4.
Presentation: Ancther example of multiplication:
1. The problem is presented on the 1.

cation and ask the child to
place the corresponding mater-
ial.

He shows the 2/5 four times.
He may use the insets er, if
engugh sets are not available,
ve may prepare others cut.,

If the product is more thanm 2.
one whole, the child firat shous
all the fractional parts, with

a corresponding slip: and then

he substitutes the whole plus

the fractional part az a final
produst.

And write a corresponding slip,

mat and the child forms the eul-
tiplication with the material.

Note that the numerator changes 2.
and the dencminator stays the
Same.

Multiplication of a Fraction times a Wheles Nusber.

What does it mean to multiply?
It means "to take,”™

If I want to multiply, 2/5 X &,
what shall I de?

How many times do I take the 2/57
This nmber tells me I have to
take this fraction & times.

Then we will have to show 775
four times,

Then what is our product?

It is 8/5.

(M==-buit look what has happened.
We have mors tham 1.

We have 1 whole and 3/5.

How can we show that with the
inseta?

We will use 1 whole and three
Eiftha.

We write that: 1 3/5.

Division of denominator

1 x 2= 2/m =4

What do vou do when vou multiply
a fraction times a whola?

We moltiply “he nimerator and

the denominator stays the same,
Here we moltiplied 2 X 1 (fourth)
and our result was 2/4 or 1/2.

When the children have worked with the operations a lons time, we
can make this explanation for him, helping him towards abstrsetien,

We discover a new rule of multi-&,
plication.

To multiply a fraction by a whole
nuEbar, one can multinly the
nmmerator oy the whole nuomber,

ORy if possible (the dencminator
divisible), we may divide the
denominater by the whole number,

SHOW THE CORRESPONDING CIRCLE
CHART WITH THE RULE,

How we want to discover a faster
way to arrive at this 1/2.
When we did our operation:
3 X 2 = 1X3 = 2 =
5 T B
Mow we can get the same result by
working with the dencminator:
I 2 = 1 = 1

&+ 2 2

L
2

The nmumsrator stays the same and
the dencminator is dEvidegjﬁ?
the whole number.



FRACTIONS. . .

Additiom and Subtraction: Moving Towards Abstraction

Presentation: After the child has worked with the fractional materials

&.

with the operations of addition and subtraction for a long
time.

The child may, at a certain point In his work with the materials,
discover on his own what happens to the fractions with whieh

he is working in additien and subtracticn. If not, then we

must help him towards abstractionm with the following explanation
and the formulatiom of the RULE.

Show the child that: 1. When we add the fractions one-third
and two-thirds, what is our answer:
three=thirds or ons vhole,

) Let's see what has happened:

Write the caleculation, draw- i e P -

ing the 1ine throush the 3 to ':"AT + . T T e J

show that it has not beenp i

invelved in the nddition-—-- - L SN . it ' S i

it stays the same, Tt 3 - 3 =

We hawve added the two numeratorsa,

2 but the denominator is unchanged.
It remainsg 3, ., .throughout the
oparation,

Show the same written caleoo-
lation with a subktraction.

Help the child formulate the 3. Let"s see if we can discover a rule:
Tule, If I must add or subtract fractions
which have the same dsnominaters,
I leave the dencminator the sams
and perform the operation on the
nUmarator.,

Present circle chart #8: the rule.

Hultiplication: Moving Towards Abstractienm

1.

Show that in multiplieation, 1. MNow let’s see what happens in

when s fraction is multiplied by the mmltinslication of a Eraction by
a whole number, the denominator a whole number:

remains unchanged and the opera-

tion is performed on the mumerator. % x3 = ﬂ'??— = —,":_;,—-

It is the 2'that is multiplied by
the 3, The 7 dencminator of the
product iz the same as the dencminater

throughout .



FRACTIONS, . .

= Equivalence:

Moving Towards Abstractien

Fresentation: Made when the child has worked with the equivalences of

the fractional materials for

about a year. T i

to abstraction so that he may coentinue without the

materigls,

Shew the 4 and the 2/8% in the 1,
vhole inset,

Show the child that the resylt 2.
in both cases can be arrived at
by meltiplication of the numer-
atoer and the denominator by the
fome mumber,

It is important hers—--and later
===that the child knows that
multiplication means "to take, "™
that number a certain number of
times.

Show the division of both numera-
to and denominator by the sane
numbear to obtain the second
equivalanes,

What equivalence is shown here?
What has happehed hare?
We gee that:

—‘F—:-.__ _L

- T
Aot

s o

¥ = - ™

If I wish to transform this with-
out the material, what eperation
can I do to arrive at this result?
In the first case, the 1 has become
a 2; and the 2 has become a L.
So:

J L s L,

—— — =

2 & x4

This half, which was 1 piece, has
become two pieces. But the twe
pieces are not called halves:
they are fourths.

What hawve I done?

I have multiplied the 1 by 2

and the 2 by 2,

In the second case, ? pieces have
become 1 piece. What have we

done?
L. + o !
7 ra—=%

We have divided the ? bv ? and
the & by 2,



FRACTIONS., . .

Equivalence: Abstraction. . .

Fresentation. . . e
4. Note that we do not change L, We have said that =guivalants
the value of the fraction when sccupy the same soace,
maltiplying or dividing both They have the same valus.
terms bv the same number. If 1 eat 4 2 pie or 2/h of a ple,

I =at the same amount.

Here I've multiplied sach term by
2y, here I"ve divided each term

by Zl===and the wvalue is unchanged,

Formulate the rule, 5. Moltiplving and dividing a fractien
{both the numerator and the
denominator) by the same numbsr
doss not change the valus aof the
Eraction.

Mow the child is ready to do all the equivalence exercises which he
did with the material WITHOUT the material,

He begins with the squivalence:
:é: a3 . R i IR (3

- " A 3
And then he discovers what has happened--—and throuzh this
process he proves the rule, ; —
L~ ax3s e & &3 Z

—



Division of a Fraction By a Whole Fumber

8

FRACTIONS. . .

1. 9710+~ 3 =

2. BHow I oust show nine tentha.
And that guantity mmst be divided
equally among 3 skittles,

3. What is our result?

It is what one unit receives,
That is equal te 3710,

WHEN THE CHILD HAS WORKED WITH THE MATERTAL A LONG TIME IN THIS WAY:

ol S e St Sy et
E&-E’ e 7

To divide a fractiom bw a whole mumber,
we leave the dencminator unchanged

and divide the mumerator by the

whole number,

Material
1. The same fracticn insets, (eireles)
2. The division skittlas,
Fresentation
1. Write the division on a slip.
HOTE: all division problems
mist be prepared to avoid
difficulties at this peint.
2. The child places the fraction
materials out and then, to the
(_‘: Tight of the material, showa
the skittleas as the diviser.
3. The ehild distributes the
fractioms . . .note the resple,
4, Show chart #18: this problem,
5.
we show him what has happened:
. a3
I cg= o
and formulate the rule:
AGE: The fractional work to this point:

addition and subtraction with the

same denominators, multiplication and division with whole numbers,
constitutes the whole of that work presented to the ehild through
thé age of Be———=during the years 7 and 8 he meets fractions in this
way and also gains a food understanding of equivalence,



FRACTINNS: ADDITION AND SUBTRACTION WITH DIFFERENT DENCMIMNATORS AGE & - 10

Presentation:#: A Preparation: BNomenclature (Using the circle inasts)
1, BExplain the concepts of real, apparemt, and improper fractions:

- JE

3.

There are two different kinds of fracticn=, 274 iz a REAL FRACTION because it
nemes o quantity which fs smaller than the vnit, {(SH0W two fourthe taken from
the circle inset of Fourtha)d

But if we say 4/5, we have named one whole which is divided into four parts,
When we take the parts together we have the whole, 48 iz c3lled an APPARENT FRAC-
TION. (SHOW the four fourths together in the cirele inset.)

Mow let"s take 670, (USE the four feourths from the inset + two red cardboard
fourths.} 6/% {s not smi}ler than the whole: AND it is mot THE whole. It i= larger
than the vhola, We e2all it an IMPROPER FRACTION. (SHOW the six fourths,)

Ask the child to form examples of real, apparent and improper fractiona with the
parts from the circle insets, He identifies them.

Three-period lesson.

WHEN THE CHILD HAS UNDERSTOOD THIS WELL:

Presentation #2: Addition with Fractions of Different Demominaters

1.

Intreduce the concept of tranaferming two denominators inte the same family:

If we want to add peas and beans, {n order to add them we can't put them all
together to count them; but we must first group the peaz and then group the beans.
They cannot be added all together becaunse thavy are not in the same Family,

The same iz true with fractionm: we cannot add 1/4 and 3/8 because they deo
not belong to the szames family. The 1/8 belomgs to the family of fourths: the 178
belong to the family of eighths. We pmzt try to transform the eighths into Eourths
or the fourths into eighths in order te madé an addition (or subtraction) with
members of the same Family,

Show the proposed addition with the materials :“-‘-:“'h
and the avmbols, “=._:-

Leaving the empty frames above the displaved
materiala, try first to Fit the Ffourtha into T E

-
+ %

the space vacated by the 3/78__THEY WON'T GO.
Then try sights in the smpty space in the
frome of the fourths., We ses that 7/8 is
equal to 1%, Thersfore, we can substituts
those 2/8 for the 1% in order to make ocur

"‘; Hjh-:'l*____" )=

addition,
SUBSITUTE the 2/8 for the 1/4: TURN THE SLIP & 2 = .i_
THAT READS 1/5 OVER and write 2/8,

R
The child makes the addition. He writes the = i"’
answer 5/8 om a slip and shows it with the + -

materials, Then he coples the operation in
his notebook.

Problem #2: 274 + 4/ =

In this work the child discovers that he can transform the sights into fourths
OR he can tranaform the fourths into eights, Hs begins by showing the two fourths
which remain in the frame after he has set out the materials of the problem in the
empty spaee left in the frame of the sighths, TWO POURTHS PIT. . .THSREFORE HE
CAN SUBSTITUTE 2/4 for the 4/8, write the new fraction on the back of the slip that
said 4/8, and make the addition. The result is 4/% or 1, so he substitutes the WHOLE
CIRCLE for the 44,

THEN he returns the materials of the oroblem to their original positioms amd tries
the reverse process, discoverimg that he can place 5/8 inm the empty space left in the
frame of fourths, He makes the necéssary substitution with t he material, changes the
symbol and makes the addition. Again the result if B/B or ome whole.

In both cases, the result iz the same--=1, AND this is an APPARERT FRACTION.



FRACTIONS: Additiom and Subtractionm with Different Eminntnrn. - -1::
Addition. « =

Ta

10.

= T e = e = e T - o T e,

Preblem #3: 1/2 + 2/31 =

We begin the solution for the search of a common family by trying te £it the
1/2 left in the frame into the space vacated by the 2/3 in the thirds frame; them
trying the third in the halves frame, NEITHER ONE OCCU-IES THE SPACE EXACTLY.
So we must find a new fraction whieh will fit in place of both the fractions which -
have been taken out of the framess for our addition, We sust find a MEDIATOR which ]
will give us a2 common Family, -

The child first tries the fourths, He can fit two fourths exactly into the space
intthe frame of the halves; but the fourths will not £it in the place of the 2/3,
He tries fiftha, Then he tries sixtha---THEY WORE, He discovers that 3/6 will occupy
the space of 1/2 in the frame; and 4/6 will occcupy the space vacated by the 2/3.

So he SUBSTITUTES 3/6 (inset sixths) for the 1/2 he has showm In his operatiom
display of materiazls and symbola: and he writes 376 on the back of the slip Teading
1/2. Then he substitutes 4/65fer the 2/3 in the zams wavy,

And he makes the additiom. His answer ia 776, IT IS MDRE THAR ONE WHOLE., 2o
he substitutes the 776 showm with the vhole cirels insst and one sixth, This then
is an fmproper Eraction,
HOTE: Whenever more fractionz]l parts are needed than are available in the actual

insets, we use egqual cardboard fractions,

Problem #4: 178 + 1/8 + 39 = i

The child begins by showing the additiom with materials from the fnsets and
corresponding symbols in the usual way. |

The £irst step here iz to combine the fractions with the same dencminator. i
Thus we reduce the three fractions to twe., The ¢hild changes the slim reading
1/4 and 176 to one reading 2/0: and combines the two fractiomal pisces,

Now the addition is 2/4 and 3/9.

He procesds to find a fraction which will exactly occupy the aspace of BOTH
2/4 and 3/9, He tries first the fourths in the ninths frame and the ninths in the
fourths frame, Heither work. Then he tries fiftha. Then sixths-==THEY WIZE.

He- substitutes 3/6 for 2/%; and 2/6 for 3/9, writing the new fraction symbols
on the back of both slips,. He makes the ad@tion=—5/6, It is a real fractiom.
HOTE: It is important each time to identify the kind of fraction which £z the

answer, It is alao important that he try the wvarious fractioms im hia
gearch for the common family in mmerical succession=--A PREPARATION FOR
FINDING THE LOWFEST COMMON DENCMINATOR,

Problem #5: 1/3 + 3/9 + 276 =

This is a particularly interesting exerciss. The child finds that he can make
the necessary transformation to a common family by using, suvecessively,each of the
three denominators, He first discovers that he can convert all the fractions into
thirds; then he replaces the original material and tries the ninths in both the
frame of the thirds and the sixths, He finds that each can also be transformed into
ninths, And finally, he tries the sixths and discovers that all can be showm as
members of the sixths family. Each time he completes the addition, he copies it |
in hie notebook; thus he sees that in each of the three operations his resuls ia |
the same: the whole inset---1, = 3 |

Problem #6: 1/2 + 2/5 =

Here the increased difficulty is the long search for the common dencminator,
The child discovers that the halves will mot occupy the space left by 2/5; and that
the fifthes will not occupy exactly the space vacated by the 1/2. So he tries thirds,
fourths, sixths, sevenths, eighths, ninthas, and finally tenths., THE TENTHS WORK.
He gubztitutes 5/10 for the 1/2 and §/10 for the 2/5, And makes the additiom: 9/10.

HOTE: TUse the sirele charts for additien #9 and #10,
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MULTIFLICATION AND DIVISION OF A WHOLE NOMBER BY A FPRACTION

In mltiplication of a fraction 1{:_'1 a whole pumber such as 276 X 2, we mean to take
2/6 TWO TIMES., To divida 4/6 by 2 (4/6 = ?) means to take that 4/6 and divide them
betwesn TWO (skittles, persons, etc.) Both operations become more difficult when we
de the opposite process: when we have a multiplier Egl;é a divisor that is a fractiom.
S0 we first consider the multiplication and division of the fraction by ths whols
number at the first level of the fractiom work. Here we meet the sedond, more complex,
CABES,

Presentation #1: Maltipliecation of a Whole Number by a Fraction

Haterials
1. The circle fnsets.
2. Additionmal cardboard inset pleces for all the fractions of the circle.
3. The green unit stamps,
5. Slips of paper,

l. As a preparation for the newr work, present the 2 X 2= maans to take the 2
multiplication 2 X 2 = . The child uses the twe times,
thl: ud unit circles to show the produce on

showing the corresponding notation om
sl !'.pu. -oé paper and using the operation symbols.
He copies the operation in his notebook,

2, Proceed to 2 X1 = . The child agaln ahows 2X1 = peans to take the 2
the multiplication. ., .with the cardboard one time,

cirele insets and symbols, He copiss the
opeTation.



FRACTIONS: Addition and Subtraction with Differsnt Deaominators, . .

Presentation #3: Subtractiem with Fractions of Different Denominators. . .

l. Fresent the problem of subtractisn on the
mat with the aymbols for the child and ask
him to form the problem with the materials ¢

2. Introduce the frame of the subtrahend and

put the fractional parts aside which repre-

sent the subtrahend explaining that beesuse

we have fractions with denominators of dif-

ferent families, we must find a fraction

which will oceupy the space left In the a

i
X
of the ecircle insets, HE WILL FORM ONLY
THE MINUEND, 1"!%?

frames by both terms of the operatiom. Thus
we need the empty space that the subtrahend

would occupy, even though we do not need the P
meterials themsealwes.

3. HMHow the child proceeds, as in addition, to = -
find 2 common denominator for both minuend - i 3 =

and gubtrahend fraction. Halves will not
fit in the Fiftha frame; fifths will not £it
in the halves frame, He tries the successive
fractions and discovers that tenths work,

written symbols. Then makes the subtraction,

«» He subatitutes the materials and changes the FROCEED TO OTHER EXAMPLES, . .

5. AT THMIS POINT THE CHILD SHOULD HAVE BEGUN TO TO ABSTRACTION. . .IN + AND =
UNDERSTAND THE TRANSFORMATION OF THE FRACTIONS, ¢ B =
RBecalling the squivalence work, we show him - T i %
how to write the transformation, begimning with SR _ K
the original fraction and the and fraction he X a2 x= =10
has made 'H'I.thi. the materials, Then deducing
the mediater's proceas. What 4id we do te - A §
cbtain 5/107 &/107 'i{? "‘“%' EINY NhaE
6. Repeat several of the additionm problems, WRITING 1 _ f x 2 -
NOW THE TRANSFORMATION. And use other subtrac- f 4 X2 2
tion problems in the same way. INCLUDE TRANS*
PORMATIONS WHICH INCLUDE BOTH MULTIPLICATION AND =  # _ § +.‘E. OR = .E.;.,.ﬁe
DIVISION BY THE SAME NUMBER. . AELEAE IR L
. N e P e
7. The child does many of these operations in order - =
to help him deduce the rules. When the children & *xs'i_"‘*""'“—?
deduce the rules themselves, they don't forgst 4 o =9, S 8
ther because they have understood. g - T = o . 4

1. In order to add or subtract fractions with dAiffersnt denominators, It
is necessary to transform fractions to the same dencminator before
executing the operatiom.

2« In order to change the terms of fractions, it is necessary to multiply
or divide the terms by the same number,

3. Miltiplying or dividing the terms of a fraction by the same mmber
does not change the volue of the fracticnm,

MOTE: The Rules are found on circle chart #11, See also subtaction charts #1? and

713,

-t
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FERACTIONS, . .
Moltiplication.and Division of a Whole Mumber by a Fractionm,
Calenlaticn and Rules. . .

« » sdeducing the rule for dividing a whele number by a fraction:
According te the caleulation utilizing the cross, as shown: In order to divide
a whole mumber by a fraction, it is necessary to multiply the numerator of the
dividend by the dencminator of the divisor te ecbtain the mumerator of the quoe
tient; and to multiply the dencminator of the dividend times the mmmerater of
diviser to obtain the denominator of the guotient.

A SIMPLER RULE: In order to divide a whole mmber (or a fractiom) by ancther
fractiom, it is emough to mmltiply the dividend by the inverse of the divisor,

Fresentstion #: Multiplication of a Praction by a Practionm

ls« Fresent the operation on a slip: 1. If to mmitiply mesns "to take™ then it
1/3X1/3 = ., The child shows the mesns that I sust take thia 1/ 3
operation with symbola and operatiom one=third time.
sigms. Then he must substitute ninths In order to do that, I must divide the
for the third in order to take one-third 1/3 into throee equal parts,.
ef the third, His result is 19, What is the equivalent fraction of 1/3
which is divided into three esgual parts?
HIKTHS,
HOW I ean take ome-third of the 1/3,
2, ¥3X2/3 = 0% Z. Here we must talke two-thirds of each
The child must find the equivalent Frac= of thesa 273,
tion which will show each of the thirds 30 epch of the thirds mmast ba divided
divided inte three parts, Then he can into thres saqual parts. . .theh we can
take two-thirds of each of the thirds-—— take 2,
or 2/9. What is the appropriate equivalent

fraction? HINTHS,
ind from each of the thirds we take

: 29, The produce, then, i= &9,
3, 1/2 X 2/4 wm 2/8 3. We want to take twa fourtha of the
Here the esquivalent fraction must be need half, . .30 we magt find the equivalent

which will divide the half into four squal fraction which divides the half inte
parta: then the child can take two fourths. four equal parts. J
Then we take two of those fourths: 2/ 8,

&, 273 X 34 = 612 L. Here each of the thirds emst be divided
into & equal parts (twelfths) so
x] [5 = that we may take 3/8 of each of the 2/3,
OR 6/12, (Three twelfths from each
third.) :

% oo
X,
5. CIBCLE CHART 717

Presentation #2: Passage to Abstractiom: When the child has worked well with the
material. . .

« =« W8 Tepeat the operation with the moterial
and show the caleulation which represzsnts
that operation,

Then we candeduce the rule: To multiply a frsetiom by a fraction, it is smough te
mul tiply the numerator by the mmerater: and the dsmom-
inator by the dencminater; then reduce the terms if
necCeSSary,



FRACTIONS. . .

Presentation #: Division of a Fractiom by a Fraction: Distribntive Division

1. 1V = 2/3 = 1, It is not possible to divide 1/4 between
- two thirde, =20 we must divide the fourth
- E = E into 2 equal parts by finding the
squivalent fraction. . .two eighths,
ﬁg WE WRITE THE NEW FRACTION ON THE BACE OF

‘h -:,,;1..

' THE SLIP 1/4.
Then one eighth goes to each of the two
t.hirdﬂ..
BUT BECAUSE THE RESULT OF MY DIVISION MUST
3} E BE WHAT ONE UNIT GETS, One sighth must alse
: go to the third third.
1 Mnd the Tesult is 38,
L]

Here we must find the equivalent fraction for the fifths which
can be divided between the two fourths. Each of the Fifths
CIRCLE CHART #20, can be divided into two tenths——-then each of the twe fourths
will receive three tenths., (Here we have discoversd a denc-
minator which will give a numerator which cam be divided by
f===that is, it is the 6/10 which can be evenly divided:; or
we can see it as simply a matter of dividing each of the fifths
into two parts for distribution.) THEN when each of the fourths
has received 3/10, we must also give the other two fourths
31 0===and the gquotient is 12710,
ml - -
An interesting variation: Instead of immediately finding the equivalent fractions
for each fifth, we begin by distributing one-Ffifth to each of the two fourths, Then
we have one-fifth which canmot be distributed equally, so it must be transformed
into two tenths before distribution, At that point, the 1/5 + 1/10 might be transformet
inte 3/10...0R,.,1/5 and 1/10 can be distributed to each of the other two fourths.
THEN WE ARE ADDING TOGETHER(1/5 + 1,10} + (1/5 + 1/10) + (1/5 + 1/10) + (1/5 + 1/10) =
LS + L/10 = L4/5 + 2/5 = 6/S, The variation is interesting because it follows
the pattern of distribution used with the decimal system materials. . .and also it
gives us a result which does mot reduca,

Presentation #M: Group Divisiom: 2/3 + 2/9 =

The problem here is stated in a particular vay: FHow many groups of 2/9 can I form
with 2/3. In order to answer that guestion, the dividend 2/3 must be transformed
inte an equivalent fraction made up of ninths, We change 2/3 into &/9,

Then we take those 6/9 and discover how many groups of 2/9 can be formed, 3 ETOuUpE,
/3 = 1/3 +1/3 = 3/9 +3/9 = 6/9 divided into groups of 2/9 gives 3 GROUPS.

CIRCLE CHART #21



FRACTIORS. . .
Moltiplication and Division of a Whole Mumber by a Practiom. . .

3.

Ha

Te

2 X4 = 2. + . .means to take two wholes divided in i
The symbols and operation signs are half so that we can TAEE % of each of these 1
placed on the mat; the quantity shown two wholes, ;
with the whole cirelea; each whole di- :
vided inte two halwves; then one=half < - " E!
of each whole is taken to show the pro=

x] [£]

duet, ]
- - ==

In this operation, shown with the Y 'ﬁ 7
symbols and materials as in the pre- it

i

2X1/4 =

=
_—

—
ceading, the wvhol® must be divided
into fourths in order to take 178 of

each whole, We take 1/% of 2 wholes. m .

LT -1 90 0O
=

Obsecve with the child: Inm the firat 2% J :'" ..

How the wholésmmst be divided ints
two cagses the answer i larger than the .

Eifths so that we can take 1/5 of sach,
terms, In the third case it is smaller |2 xai- 1
than the term we are multiplying.

COMCLUSION: The smaller the fractiom .

by which we maltiply, the smaller the l X o l% ‘ .
prodoct, '
CIRGLE CHARTS 15, 15, and 16. AxLt=% 1

Presentation #2: Division of a Whole Mmber by a Fraction

Materials

2.

3.

1. The green unit stampa,
2. The small green skittles (from the stamp games or from the division memorization
materials),

3. The cardboard fractions---circle insets.

4, The BIG SEITTLES FOE THE FRACTIONS: One black whole
One black divided inte halves: red inside
One black divided into thirds: wvellow inaide
One black divided into Fourtha: gresn imside,.

Preparatiom: 6+ 3 = 3, 1. The cesult of the division {s what one unit

The child shows the division with gets.

glipe and symbols. Then he sete oot :
6 green stamps to show the dividend '
and three green skittles——-he distributes

the stamps,

Freparation: 2+ 2 = Y. He makes The quotient is what ome wnit receives.

this second division in the same way,

rasgage to the work: 2+ 1 = 37, 3. Because there is only one skittle, the divi-
The child now shows only one skittle. dend is given to that ona,

A GO TIME TO INTRODUCE THE ONE And the result i& again wvhat one unit recéiwve:
WHOLE BLACK SEITTLE IN THE FLACE OF In this cass there is only one wnit, and he
THE ONE GREEN, has recelived 2,

2% = &, b, How we want to divide 2 by 1/2.

S0 we must use this skittle that iz divided

2 B3 |1E = into two halves,
But our divisor is only 1/7, . .50 we uae

L4
] .‘___’i EEEEw U1 oe half,

_____ And to this one half I give the 2, , .becauss
that i3 the quantity I possess to be divided, '
B + BUT my result s wvhat one WHOLE TNIT GETS.
‘rrag S0 if 1/2 receives 2, then the other 1/2
teceives 2 alsc., ARD MY ANSWER IS &,




FRACTIONS. - -
Division of a Whole Mumber by a Fractionm. . .

5. 2= 21 = 3, £+ I have ? whole units which mast be divided
The child shows two greem unit among twe halves,
stamps, and divides them between the So each half ceceives one,’
two skittle halves., Bach half receives But the two halves together make up one
one tnit. Then the two halves must be ueit. . .and =y answer i3 what one umit
put together to discowver what one unit receives, 2o the answer i= 2,

receivaz: 2,

[ ] ; .I'l L
. L:gzt:e ¢h£11§ must divide one whole 7. 1 E m E E Ii
H

wnit between two halves. Sa 'ge miEE
divide thes unit into two parts! he
substitutes two red circle halves for
the vnit, showing firat that the ciccle
is the equivalent of the green unit .

= o
stamp, Then sach half receives 1/37;

and the vnit receives 2/2 or 1. q e e

-—.-r" +
7. 1+ 2/3 = 3/2 = 1% ﬂ
Here the skittle divided inte thirds

fs introduced, And the one vhole must
be divided betwesn two of the thirds,

.

S0 it must be divided into halves: ﬁmﬂ&?.
subatitute the cardboard halves. Then
each third receives one half, But the (o = 3 2
answer cust b= what 373 or one vwhole
unit recefves, . .80 the equal quantity
for the third third must be added togive |D— 2 = ] i
the quotient, We cannot consider 1/3 of
4 childe—wa must see what the whole gets,
g, 2+1/8 = 8 = 1=2| ©OE
How the skittle divided into fourths
oust be used, And the entire quantity
of 2 is given to the one fourth, But 1+-4+=4| @QEmD
to shiwe what one unit receives, each of
the other three fourths must alsc Feceive
2. Therefcre the answer is 2 X & or &, 2~ _i=1 Em
9. CIRCLE CHARTS 18 and 19. i ~%=1 0|
t +&=3 -1 O(
2-%=3 | DEEDDO

Presentation #3: Writing the Operations; Giving the Bules

When the child has worked with the materials for a time, we ask him to show a parti-
cular operation (in multiplication or division); and then, from the olervation of
that cperatiom and ites result, we discover with a caleulation what happens:

MULTIPLICATION: .".L‘.Jté-=—5——-=§" Ixd =22l - %
axd- 20§ gxi- 4B -

THEN, from a series of such calculations, we are able to deduce the Tule:

In order to oultiply a whole mumber times a frastion, it is enough to sultiply
the mmerator times the whole and the denominater stays the same,

W —:-fI: a H —
a2+ %+ —4— 4 iy - 282 -y

Here we must explain that if we want to write a whole number as & fractiom,
we Hes the whols mmber as the neSerator and the densminater is 1.



FRACTIONS: An Imtreductiom

Material

l.

3.

The series of metal circle inset$e=othe real fracticn meterial,
chosen because the circle iz casy to divide inte many equal
parts or a few. . .but can be divided even into the amallest
f£raction, This set includes the whole, halves, thirds, fours,
fifths, =ixths, sevenths, eirhths, nineths, and tenths,

The series of square metal Insets——-divided into whole, halves,
Eourths, eights, and sixtesnths---all shown as obtained by the
diagonals (which gives triangles) and as obm ined by joining the
midpoints, giving squares and rectangles.

The series of triangle metal ingets, with the whole, halwves,
thirds and fourths. (above,)

NOUTE: All of these metal fractional insets are red framed in green

b,

3.

for masy recognition,
A bowl or box containing 1ittle white tickets which label all
the fractional parts of the trianrle, square, snd circle.
There is one for each part of sach inset in each series.
A golden bead, an apple, a *nife,

‘resentation: Group

1.

Agsk the shildranp: 1. Where deoes numeration start?

Wher =
The fraction material fs displayed. "here do we start counting?

Shew the golden head. 2. One is represented by this golden
bead.
Up until mow, it has been Iindivis
gible.

We have had the {mpression that

this bead iz the bersinning of

all numbers,

In fact, to this bead we can add
many many more mumbers to infinity—--
but we cannot take 1 sway Ffrom it.

If I want to divide it, I must

take a hammer and smash {t up.

With the inset as a guide, draw 3. If I could take this bead and

a whole circle inset on paper. break it up into very small bits,
Cut it out and place the circle it would become something round
in the frameée--on it place the flat 1ike this.

ton of the paper cirele.



FRACTIONS. . .
Bresentation. - «

4. BShow how an apple can be cut &,
into parts.

5. ©Cut the paper circle and cut 5.
it unevenly. DHaplay the two
patrts on the mat.

6, Display on the mat noe the &,
whale circle inset, the halwves
and the fourths,

First display separately-==
then fit tegether for the whole.

With this flat circle of paper,

I could cut it into equal parts.

I couldn't do that with a hasmer.
We conld also cut an apple into
equal parts.

If I have an apole and I want to
divide it between two children,
what must I do?

I wil! cut it -nd give ecach one=
half.

Bow I have ne longer one unit,
1ike the bead, But I have tweo
halves,

Suppose we had four children,

I could cut each half again to
make four parts.

And what part of the apple would
ene child receive?

One quarter--—-one fourth.

The important thing iz to cut the
apple carefylly to make four equal
parts.

We hawve shown, then, that although
the bead is too hard to be divided,
we CAN DIVIDE ONE TINIT.

We can eunt this mpsr eirecle in
half, too,.
Hd we ent it intos two equal parts?

Thig hags been divided into two
perfectly mqual parts---like am
apple,

This whole has been divided into

L parts.

Each part is one fourth, |

Of course, they must be divided
exactly intoe equal parts.

Ses how exactly they form the whole.



£
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FRACTIOMS. . .
Presentatiom. . -

7.

10,

Introduce the term fractions,

Maecuss the use of fractions,

Introduce the matarials.,

Sheee all the halwves, . .lesid
out together on the =at,

7.

B.

10.

What do we call these parts of

a numher?

We have been saying one-half,
one-fourth,

These partsz of a nmber are called
fractions.

Fraction comes from the Latin word
which oeans "to divide.™

In order to obtain fractions, it
is necessary to divide the unit.

Do you think in our daily lives,
that we use only whole numbers or
Eractions?

let"s gee if thet iz true.

At what time do vou come to school?
8:30: 8 is a whole number, hut

30 tells u=s "one half™ an hour.
When we buy milk, szometimes we

buy % quart or } pint.

When we buy butter, we bey 4 pound.
He DO use fractional numbers,

THE FRACTIONAL NUMBERS ARE SMALLER
PARTS OF A WHOLE TNIT.

How that we hawve understood what
fracticnal numbers are, and that
a whole number can be divided,
we want to know oot material betker.
Let"s see what thege are:

What is this=s? Apirele,

What is this? A mguare,

What iz this? A triangle,
This is one whole sqguare. I cam
call it a wmit.
Thiz i= one whole eircle. . .
All three correspond exactly to ons
[=I-F-1. 1
Let"s see how I can divide them.

Let"s see how the cireles is divided,
Here it is divided inte ? parts.
And here iz the square divided imto
? parts,

This iz the square divided into

? parts amother way.

Here iz the triangle divided into

2 parts,

Can you tell me what part we have
when we have divided a vhole into

2 parts?

This is a half, and this i= a half, . . . .



FRACTIONG. . .
Presentation. . .

11.

12,

Leaving the halwes displayed 11.
on the mat to one side, proceed
to the thirds, laving them out
aide by gide,

Here the circle has been divided
into three parts.
And the triangle has been divided
inte three parts.
Bach of these parts {s one third,

Proceed with the demonstration of the materials, showing the fractions

in groups through the tenths.

Be sure the child knows that a whole

can be divided into egual parts to obtain the fractional mmbers.
And that he knows what the names for those fractional parts are.

Presentation: An introduction te the writing of fractions.

1.

2.

Discuss the families of frae- 1,
tions, as a preparation For
writing them,

The fractional materials are

all displaved ENERDEELREY
grouped together as introdvced

in the first presentation.
QR

the insets may all be replaced
in the frames and pointed out
az they are mentioned.

Show the square of 16th {f not
previcusly presented.

Place thin white paper strips 2.
on the face of each inset Frame
below the figure-——=the firures
should have been replaced in the
Irames during the diseusszion.

Now we want to know how Ffractions
ar= written.

Tell me vour nams.

Your last name,

Your father's last name, vour
mother's, wour brother's,
Thefe—wSnith is your family name.
Row, what 15 your name?

What is your father's name?
Sg===each member of your family
has two names: their own name
and the family name.

Al11 of these fFractions have a
family name.

Each family has its special name.
This is the family of halwes.

This i3 the family of thirds.

How many members are in the family
of halves? 2

Hers many mesbers in the family of
thirds? 3

Here i3 a very mumerous family.
This is the family of 16ths,

Count how many members it has.

We are going to write the family
name below this white line,

This is the family of halveg-—
it has been divided into two
parta.

We'll show its family name with
this 2.




I_.-r-l'_l

-

How we know the lant nameg oF all

But if I want to address one member
of a family, I cannot say "Smith"”
calling them by their last name,

Se Lf I want only ? members of

the 7th family, I ecan't just

write seventh---that means

S50 1 name which members I want
and I write that number abovs

This number tells me how nany
members of one family I want,

This tells me that I have two
members of the seventh family.

Hera I have three sevenths.
It is still the seventh Familwy,
but imatesd of 2, I am showing 3.

Therefore, the number belew the

line tells me the family': name.
And the mmber above tells me

There iz ocne for

Efifn 1abel each fraction, laying

4, 2/8, 3/7.

FRACTIONS. . .
Presentation: Writing Fractions, e
3. Explain the numerator nsme and 3,
funetien. the families,
everyone,
Use another white square of
paper, write a ? on it and
place it abowe the line on the line,
the fraoction named.
4., Now move the two sevenths teo b,
the mat---and below it place
2
7
5. Write another slip: 3. L
Pat it in place of the 7 and
add another seventh to the
ﬂi!plﬂ.‘j"u
State the rule, how many I want,
6. Distribute the small prrpn:iﬁ to the children,
every Eractiomn, The childf ﬁ
the small cards on each part.
7. Row the children are ready to work by themselwes,

a) They can take the parts they want from one family,
trace those parts in their netebook, color them
red, and write down the fraction:

b} They can cut out the fractions from paper, write
the fractional number.

They should work with these activitiez for a long time-—-7
or 3 months. When they have mastered all the fractions,
pags to the last part: the name of the numerator and the
denominator,
Presentation: The names mmerator, dencminater, fractiofe--and what
they ars,
1. Tell the children: b i

do we call the partz of a unit
a action?
What do we really do to the whole?
What do we do to a number to
make fractions? We divide it,
Theh---what {2 a fraction?



