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MEMORIZATION OF MULTTPLICATION . . -
EXERCISE #4, . .

Presentation

1. Introduce Chart IV, 2 I

2. Child takes loose combinatiom 2.
and wirite: 1t in hisz notebook.

3., Show the child how to £ind a,
the product on the Chart -—--
note similarity &f the process
to the addition Chart IV,

Child writes product in notsabhoesak.

&, Show that if the multipliesnd &,
iz larger, we must reverss the
combiration before finding the
product.,

EXERCISE #5: Binge

PART A
Material

On Chart IV, the pink numbers omn
the left are now both the mul-
tiplier and the sultiplicand.

7X9 =

To find the product on this chart,
first I find the sultiplicand

7 with my finger and move it

to the very end of the road.
Then I place a finrer on the
pink 9 sultiplier and meove it
along until it iz directly below
my first finger. . ,

Which desecends to meet on this
white square =-- 63,

And that iz the product,

S X8 m

Here the multiplicand iz the larger
number .,

And when we usge this chart, we
must always bersin with our molei-
plicand a=z the smaller mmber,

30 we must use the combination

8 X9 to find cur product.

Will our answer be the same for
8X9% and % X 87

Then we can proceed with 8 X 9

on our Chart IV te find the
product 9 X B,

Can you find that product?

1. Chart V. Chart V is Chart III without the products written in

the white squares,
2, Box of loose combinaticns.

3. Box of green wocden stampas, representing each product.

4, CONTROL - Charts I & II,
Presentation

1. Put Chart V on the mat. Hgwve the

¢hild put out all the wooden stamps

with the products face up.




MULTIPLICATION WEMORIZATION. . .
BI1RG0 = A-l- ® @
Presentation. . .

6.

Child draws a combination from the box and writes it im his notebook.
Then he finds the stamp for the correct product of the combination,

He places the stamp on the square of Chart V that corresponds to
his combinatiom.

IF he does not know the product for the combination, he consults
Chart I. If he does not know the correct position on Chart v,
child consults Chart III,

CONTROL - Chart I for the product, Chart III for the position.

- Part B
Haterfial
(the same, without the loase combinaticns)
Presentation
1. Child puts all the stampa baeck in the hox.
r— _:_

Child draws ome product from the hax --- 30,

3. He writes in his notebook: 30 =
and then he DECIDES which combination to use,
Jo= 3 X 10.
4. He places the stemp on the correspondins aquare for that comkbination,

5. CONTROL === Charts I & ITI,

Part C
Materials .
(the =ane)
Fresentation
1. The child finds among the stamps-—=R0W MAY BE LAID OUT AGATN—— all
the products of one number. Ea: He finds the four 20s.
2. In his notebook the child writes all the combinations which give
20: 4 X5 = 20 5X4w=320 2 X10 = 20 10 X 2 = 20,
3. Then he places the stamps (four 20s8) correctly om Chart ¥, looking
for each combinatiom he has written.
4. Continues with the exercise, taking all of one equal product each
time until the board is completely filled, Included will be 81
of the vhite squares---and 19 additional products which cover each
of the blue and pink squares. 100 products total,
KOTE: The Bingo Game is an indication of whether or nmot the child has

succeeded in memorizing all of the multiplication combinaticna.

£
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MEMORIZATION OF MULTIPLICATION. . .

SPFECIAL CASES
48 in addition and subtraction, there are six special cases of
meltiplication:
1) To calculate the multiplier: 2 X 7 = 17
"How many times do I hawe to take 2 in order to get 127

2} To calculate the multiplicand: 7 X 7 = 28,
“What number taken 7 times sives 287

3) To calculate the product, given first: 7 = 4 X 7,
"What is the product iz we take 4 seven times?

4) Foowing the product and the multiplicand, ealeulate multiplier:
M=4xX7
"28 is obtained if we take & how many times?™

5} FKnow product and multiplier, calculate multiplicand: 12 = 7 X 3
"2 is the product of which number taken 3 times?

€) Caleculate the product with two unknowns; 6 = 7 X 7
"2% is the preduct of which mumber taken how many times?

EXERCISE A

Material
1. Prepared cards of the specisl multiplication combinations.
A sempling of the six cases im various number combinatioms, from
efeh of the tables,
Exercige:
1. The teacher places the cards with special case combinations in a
basket. The children work with these special cases, using their
notebocks to copy the combinatioms and writing the unknown in red,

2. Child draws, reads: Which mmber taken 9 times gives 457 Then
writes: 5 X 9 = 4%

ROTE: It is important during this exercise that the child learn to
read the apecial case combinations correctly as the expression
of them iz a key to understanding the verbal problems,

3. Teacher mives with these special cases those of addition and
subtraction and the childrem continge the éxercise,

EXFRCISE B: Verbal Problems

Materials _
Cards on which are written verbal problems exnressing the six special
cagsesn of multiplication.

125



WEMORIZATION OF MULTIPLICATION, , .

‘Evercisge
1. Child selects a card: How many eggs must I take seven times
te get 78 of them?
2. If the child has understood the special cases, he should be
able to formulate the equation: 7 X 7 = 28
He wrires that in his notebook.
3. Then he writes the equationm with the unknown in red: & X 7 = 28,
8. A second example: In his pencil case Lec has 15 pens. Rose has
given him 3 pens how many times to make this
number?
15 =3X7 15=3X58
3. Mix the wverbal problems of addition, subtraction and maltiplication.
WOW THE CHILD MUST FIGURE OUT THE OPERATION.
WOTE: Im the preparation of these eards, the problems should he coded
on the back with dots to indicate which operation {3 nesded.
HOTE: The child who memorizes the multiplication combinations im an

abstract way has mo point of reference when he forgets one.

The child who learns them thromgh the nze of the materialas

may recall the correct product im 2 rational way, with the
beads or on the board or with the charts, ., ,BECAUSE HE HIMSELF
HAS CONSTRUCTED THE FRODUCT.



GAMES FOR THE MEMORIZATION OF MULTIPLICATION

GAME #1: 3Skip Comnting

Material

1.

2.

The Cabinet of Powers

The cabinet of powers is a fascinsting piece of sguipment.
In its visual presentation of the powers of numbers, there
is found for every number from 1 through 10 the Tollowing
materials in beads:

a)} The bead bar,

b) A short chain reprezenting *he square of the mumber.

c! A square. . .as many squares as necessary to form the cube.

d) A long chain showing the cube of the number.

e) A gube,

The colors for each quantity are the same as the colored
besd bars: one-tred, two-green, three-pink, four-yellow,
five-turquoise blue, six-browm, seven-white, eight-sky blue,
nine-dark blue, ten=pgold,

The arrangement of the cabinet gives an immediate visual
impression of the powera:

a) The length of the shelwves incresases proportionallye--
ending in a perition just below the end of the cor-
responding chain and exactly the length of the correct
nuobar of squares.

b} The chains have rings so rlaced that when one hangs
them, the cube chain forms aguares,

Two hoxes: one containing the arrews for the short chain
which inelude the first nombers of the guantity,
then one for each multinle, . .the the square,
Example: 1,2,3,4,8,12,16.

oné containing the arrows for the lomg chain,
beginning with the guantity numbersed froe one
and then the multiples., . .to the cube,
Example: 1.7,3,4,5,10,15,20,25,30,35, 40, 45,
50,55,60,65,70,75,80,85 90,905,100,
05,110,11%,120,125.
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MULTIPLICATION MFEMORIZATION GAMES, . .,
Skip Coumting. . .

Fresentation

1.

2.

3.

Begin by showing the ehild the
red 1 bead.

Then present another number,
beginning with the bead bar,
and showing all the materials
for that quantity, introducing
the nomenclaturs,

Using the short chain, show how
it forms a square and display
it bezide the square,

Unfold the chain and look st
it beside the square,

Fresent the group of arrows for
the shert chain being considered
and show the child how to place
the arrows,

Move the sguare to the end of
the short chaim.

Ask the child to count the atrows,

and then have him count them
backwards.

Introduce the lomg chain-—-much
more interesting. PFirst show it
Jbeside the short ons as a com-
perison,

Then set out the cube at the end
of the loog chainm.

Show the cube next to the square
and then build the cobe with the
Sgquares,

l.

2.

What is thi=?

WVhat iz this? (&)

Thiz is the bead bar &,

And this is the square of &,
The shoert chain of & is called
"the sguvare chain,™

This is the long chain, called
"the cube chain,™

And this iz the cube of 4,

If we fold up the shert chain,
wvhat Figurs have we made?
Here is the squares,

Are they the za=e?

How the square chain loocks like
it does in the cabinet.

Here are the arrews to help us
count this square chain,
Remember how we countéd the
100=chain?

Here again we begin by placing
an arrow for each bead in the
first bar: 1, 2, 3, O.

Then we place sn arrow at the
end of the next bar-=wfB=--and
12 and 16,

We stop at 16 because that is
the square of &4,

Let's place the square ot the
end of the chain to show that
we have the square chain.

“owr we can count this chain

by bLg,
let's count it backwards, too,

Row let's look at the long ehain,
Notice hew much longer it is
than the zhort chain.

This iz the cube which our long
chain shows,

Look at it beside the square.
How iz the cube foromed?

Can we show that?
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MEMORIZATION MULTIPLICATION GAMES.
Skip Coomting. . .
Presentation, . . S

10, Present the arrows for the leng 10, With these arrows, we can count

ehain and have the child place the cube chain,
them.
11. Place a square each tinme he 11, Each time we cowmt a square of
reaches a square and at the end the numher, we place one of
he places a cube, SUT squares at that point.

At the end we place the cube,
Then: our square will be placed
here: at 16, 32, 48, and at

64 where we will also place

the cube.

64 iz the cube of &4,

12, The etild counts by arrows and #
then counts backwards.

KOTE: At first the child must count by arrows, but gradually he mey be
encouraged to learn the progressive mumeration (skip counting)
forwards snd backwards.

EXERCISE #1: Lay out all of the shert chains OR
Lay cut =211 of the long chains OR F
Make a tower with the cubes.

Indireet Preparation: For work with the powers,

In the exercise, the child cbserves the comrarison. That each set of
chains increases orovortionally, That the higher the quantity, the larger
the increase, the greater the interval between each successive chain ov cube,

EXERCISE #2: With the short chains, the child exploras the possible
geometrical figures he can make: a) chain of ? forms
an angle, b) chain of 3 forms a triange, ¢} chain of &
forms a square, d) chain of 5 forms a rentagon.

Indirect Preparatiom: OGives the child a seometrical vision of the
perimeters of regular polygons,

Al e e e e e e o

Direct Aim: With these exercises, we give the child the names of the
square and cube, whieh he will use for further counting
and memorizetion work., We do not want him to study the
squares and cubes.

Also evident in the work here iz the 1limnear aspect that
iz the pazsage from 1ipe *o square, square to ftubte--chains. TR

Indirect Aim: Preparation for the understanding of the powers of numbars,

Opportunity for the child te absorb the A{ffersncs :
between different bars, square and cubes,

Indirect preparation for the child to understand sultinles
and divisibility,
AGE: 6 on CONTROL: in mumber of arrows



GAME #3: The Snake Game of Multiplicationm

Haterial (All the same moterials used for the addition snake game)

Frezentation

1.

Explain to the child before he

builds hisz snake that he must use several

bars of the same colef to form the snake, For
Example: &4 eight-bars, 3 six-bare, and 5 seven-bars,

The child then constructs the snake of colored bead barsz and
proceeds to count the snake as he did in the first memorization
games for addition, taking two bars down each time to count the znake,

When the child has transformed the whole snake, he WRITES the total
in hiz notebook. BS

Child proceeds with the cheeck, firat placing together the bead bars
of the sase quantity. . . .
and we say "There are four bars of B,
We can write 8 X & = 32, . .

Child changes the colored head guantity for golden besd tens frem
the transformed snake, ctonging ten bars when necessary to shew
the exact quantity for the like groun of bars he haz moltiplied.
For 32, he must take three ten bars and a bar of 2,

When the child has showm the check, matehing the golden bead
combinations te the quantity groups, he writes im his notebook the
multiplication combinatir-ng which show the bead quantity groups and
total the snake,

EXhL = 33
5 X3 =18
7X5 =235

BS
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GAMES FOR MEMORIZATION OF MULTIPLICATION, . .

GAME #3: The formation of all the multiplications with cne multinlicand,
Only the multiplier changes.

Material
l. The box of colored bead bars, with the 10-hars included.
2. The box of operations svmbols, ;
3. CONTROL: Chart I or Chart II
NOTE: Insist that the child checks his work,

Erezentation

L. Take one guantity and begin form- 1., Let's begin with 5,
ing the table with the firas
combination.

2. The child writes: 5 X 1 = and ¥. o
shows it with one S=bar,
Then he forms the product below
vertically. He writes the answer.
SO006

3, Continue with 5 X 2 = =

4. The child continues the table,
forming each combination through
10 with the same multiplicand and
writing the preducts im his note-
book,

3. IF the child does not Yneow the
preduct for the combination, he con-
sults Chart I or Chart IT———he
DOES ROT COUNT THE BREADS,

6. In this way, the child does each of the tables,

7. When he has done the exercise saveral times, invite him te cover
the work and write the product from masmory. Cradually he i3 able
to write both combination and product.

Direct Alm: To bring to the child's consciousness the meaning of multi-
plicand and multiplier. We see the multiplier only in the
number of bars laid out.

Indirect Aims: This succession of moltiplications with the materials

prepares the child for the concept of surface: one bar
18 a line, then we have two bars: a surface,

Prepares the child for geometrical figures: lime,
different rectangles, square. , . .and the fact that

e nnlr get the square when the multiplisr and the
multiplicand are the same,



GAMES FOR MEMORIZATION OF MULTIPLICATION. . .

GAME #4:

Mrect Afm:

First multiplication X 10

by 10,

To discover what haopens to & mumber when it iz multiplied

To bring to the child's comseicusness what it means te
multiply 2 mumber by 10. . .that i{s, simply to add a

zarg to the number,

Fresentation

1.

Ask the child to take tem of
any quantity-==they all must
be the same, Have him form a
vertical line with them.

Child weites the combinatfion

in his notebook and then forms
the product vertically beneath,
IF he does not know the answer,
he consults the table and then
forms the product.

The ¢hild continues with the other
quantities, taking ten of each and
forming the product, and writing it,

Hera we hawve 6

That is 6 X 10.

duct?

3ix 10=bars:
60,

It the child does not realize, through the axercise, that the
table of ten is formed simply by adding a zero to the moltiplicand,
help him by cbzerving the combinations snd products he has written.

GAME #5: How Many Wayz We Can Form One Product

Indirect Afm:

for
for
for

A preparation
A preparation
A preparation
A preparation

Fresentation

1.

2.

Write a product om a-slip: 12,

Fote that we know we can form
12 with twelve 1s; befin with
2-bhars.

factoring.
the study of multiples, and divisibility.
thae memarization of division.

for the stwdy of prime mumbers.,

Let"s see how many ways we can
form 12.

First we will form the 12,
We know that we can make the
12 with twelve 18, . .

Z2p 1et's herin with 3.

Can we form 12 with 2-bars?

taken ten times.

What is our pro=-



GAMES FORE MEMORIZATION OF MULTIFLICATION. . .
GAME #4, . .Factoring. . .

A,

3. I have been able to form 17 with
Soo 7-bars,
oe Eﬁ Sooobe Hew many 2-bars?
Then 2 X 6 = 172,
# Can I form 12 with 3-barsa,

How many 3-bars?

Thenm 3 X & = 12,

I have alzs been able to form
12 with 4=bars; &4 X 3 = 12,
And with B-barz: & X 2 = 12,

Bach time a factor is discovered, the child writes the corresponding
combination in his netebook.

Proceed to another number. And continue the exercise until =ach
quantity has been shown sz its facters,

In esch case, all the possibilitiess should be tried: above, the
S=bars are tried giving first 5, then 10, then 15---at which point
we discover that the total we are sesking has been evceeded and
therefore will not give us 12.

The child discovers that some numbers cam be formed in many ways,
some very few, and some by NONE.

CONTROL: After each quantity has been shown as factors, the child
consults Chart I and lecks for all the combinations
that give the guantity he has worked with,

If he chooses 13, he realizes there are no two factors
which give 13---AND he cannot find that product on the
Chart I,

GAME #6: 3Small emltiplication: the multiplicand, the multiplier and the

Breduct in one visual representation

Direct Aim: To further abstract the multiplication, now without showing

the product in the bead representation.

Preasentation

i.

2.

The child takes several bars of ons quantity---not more than 10.

He places one bar down on the mat: -ssoegeoe and reads: eight
taken one time is eight. He writes: 8 X 1 = 8,

He adds one bar at a time then, reads the multiplication from the
number of bars displayed and writes the cembination and nraduct
in his notebook.

COMTROL: Chare I



GAMES FOR MEMORIZATION OF MULTIPLICATION. . .

GAME #7:

Direct Afm:

Inverse products

Pregentation

1.

Aglk the child to take several 1,
bars of the same kind and form
a multiplication.

The ehild eounts the mumber of 2.
bars and vrites the comhination
and product.

Ask the child te teke the inwverss 3,
comhination.

Note that the resulta are the i,
game, but the Ffigures asre formed
in different wavs.

To emphasize the value of two factors of a multiplication.

How many bars do vou have?
Then you hawve taken 7 six times,
TX6 =42,

Suppose we take £ X 7 instead of
7 X8,
OO

Soeeht

2

What is the product of 6 X 77

Then the results of both com-
binations are the same,

what fiFure does each make? L——
How are they different?

Why e

EXERCISE #8: The Square of Mfumbers from 1 - 10,

Material:

of the nu=bers.

Pregentation

1.

Have the child form all of the 1.
multiplications with identical
pultiplicand and sultiplier,

@

Child writes each emltiplica-
tion in hisz notebook.

Child forms all the squares in 2,
a line on the mat. Obsarve the
Fipures formed.

Impose the squares on top of 3.
each group.

Children enfoy coloring the sgquares
and show.

the same as for those exercises preceeding, FLUS the squares

Today we sre going to take the

combinations that are formed with

the zame multiplicend and multi-

pliet.

Her will we form 1 X 17 -

Then write im vour notebook:
1X1=1

Howr will we form 2 X 27
22w i =

Let's see what Fienre hag hesn

formed,

We can check to ses if we have
really formed squares with thess
squares,

Yean, it is right,

on souared paper. . .to keep



THE POWERS OF NUMBERS

Direet Aim: To help the child understand the laws which gFowern the
porers of mumbers and to hakE him awvare af the First
three powers---101 102 10°, , .of the first ten
numbers of the natural series of nmeration.

Material
1. The cabinet of powers,
Thers must be a bar on every shelp for the quantity,
At this point we bepin te call the chains: the SOUARE CHATIN
and the CUBE CHAIN,
2. Two bexes: each containing 10 snvelopes.
a., UOne box for the square chain, sach snvelope containing
3 arrowes in the coler of ths hasd guantities.
1)base mumber {2}, A smzller arvow,
2)the square of base (4). Reverze side square com-
bination (2 X 2],
3)the square of base (5). Reverse side square (2°),

b. One box for the cube chain, each envelope containing
4 srrows in the bead guantity colors.

1Ybage number (7). A smaller arrow.

2)the cube of the base (8), Reverse side ecube
combination (2 X 2 X 2},

3)the cube of the baze (8), Revtsqe side cubs
combination using the square (2° X 2),

i)the cube of the base (8), Reverse side cube (7°),

BOTE: With this material we want to give the child the vossibility
to inteit the ways in which the numbers can be grouped. . .
and te underatand the diffecent hierarchies of nmumbers.

This way of grouping numbers in hierarchies is a conventional
system established by man. We pust help him understand that
these are artificial groups arranged by man. The great rule
governing numeration: the obedience to the law of the group.

Each group is formed by single unities., 3 is formed by 3 units,
Therefore, each mmber represents 1 set, one group., Growp 2
is formed by two single units. Group 4 by four single units,

AND higher mathematics calls 1 a set. . .that is, the group
of numerosity is 1. It iz formed by the number 1.

The law, then, that must first be cbeved iz the lav of the
group, That is, & =] + 1 + 1 + 1. And we must always come
back to this base composed of unities, the 20t of &,

In this organization of pumbers, the number raised to the
first power; that is, 10% represents the lowest social class,
that one composed of the simple citizens, the units. ThE
second power, 10 we call the princes, and the third, 10
the kings,

LE



THE POWERS OF NUMBERS. , .

First Powsr ll}1

The first power is 1. It is formed of 9 coomon citizens and includes

the 1 with the zero.
W=1+1+1+1+14+1+1+1+1+1 =10l

This is not omly the lowest class of numbers, but the lowsst class of
society. Howewver, it gives the power to the next kisrarchy.

As we move up the hierarchy, the power increases. . .not becaunse the
hierarchy is more important, but because the number below it fncreases.

That is, the citizenry increases and gives the power to the hisrarchy
above it, .

Why is this 1 so important? What eives importance to the 1 is the gero.
With the addition of each zero, 1 increases its power.
Hith ane zego, we have the firat power.
10" =1+1+1+1+1+1+1+1+1+(1+0)=10

By MATHEMATICAL CONVENTION, it is anreed that 10° =1
and that 10, 105= 1 "
a0 107 =10 =10 = 1

Seecond Fower

The second power is formed by as many unities a=z there are in sach
group. In the group of 4, there are four umits
S0 in order to obtain the second power, we have to take that Froup
Eour times,

B is the first power., The second power will be formed by 4 X 4.

Third Power

Here we must take & X the second power.
That is, we must take 4 squares 4 times.

“;

= .ll.zll

NOTE: It is important te show that the governing rule is the base,
We always multiply by the base, the number of units of which
it is composed. The common citizen is important in his owm
city.
All powers are formed by units put together to form a row or
geversl rows, but always it is the unit with which we build,

The second power is alvays a square.
The third power is always a cube. . .and represents, too,
the point which begins the next progression of:

point line Square cube.
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THE PWERS OF KIMEEES. .
Pregentation.

1.

As in the skip counting exercise, 1.
briefly introduce the materials,
showing all the materials of one
quantity:

Lay out the short chain and show 2.
the acceompanying envelops with
the three arrows, Display them.

The ehild nlaces the First acrcow 3,
gt the end of the first bar, then

he places the second one (0/31X3)

#t the last bead. Finally he nlaces
the sguare at the end of the chain
and the last arrow (§/3%),

Show the reverse side of the first L,
arrow as 3 X 3.

Show the reverse side of the last 5.
arrow as 3* and note the aguare,

b v 0 .
=t P o D e A %, v

: ’HHﬁ ol
4 33}

SR |

I

This ia 3, ;

This is the sguare of 3, (3 X 3)
This iz the short chain.

We call this the squars chain,
Let's form a square with the chain,
Is it equal to our saunara?

This iz the long chain.

It iz called the cube chain.
This is the cube of 3,

How many squares are Iin the cobe
of 37

Let's form that cube with cur
squares,

Is thiz Figure the same aszs the
Square?

We have three arrows te help
tia count this chain.

Yhat i3 the first one?

Hotice that it is smaller than
the other two.

Wherse shall we place thiz small
arTow’

That tells uws what our base
quantity is.

Bow let's count the sguare chain
by 3s.

We nlace this arrow 9 at the
lasgt head to show we have reachsd
the sauare of the 3.

And at the end, lat's place the
Squate with this last arrow
that tells us 9.

How did we obtain this 97

We counted 3, 6, 9.

There is anothsr way to get 9,
We can sultiply 3 X 3,

That's what is te=lls us on the
back of this arrew.

We can alsc write 32 because
with 3 ¥ 3 we form a square.
It is 3" becanse we are mula
tiplying 3 by a 3 again.

)

%

1
Ly 2

FENENEPLEL o T |
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THE POWERS OF NUMBERS, . .

Pregantation #2:

1.

The Long Chain

Intreduce the cube chain, forming
squares with it and imposing the

real sguares on top.
together to form a cube,

1.

Here iz the cubs chain of 3.

CHow is is formed?

Pot the aguares
Then lay
cut the chain, Introduce the srrows,

The child counts the cube chain, as 2.

in skip counting:

Places third square,

Place the cube at the end of the
chain.
show how the cube iz formed and
place them in a stack between the
e&nd of the chafin and the cube.

Show placement of the thres larger

ATTOWE . All are 27.

Intraduse the caleulation For the
cube,

Child writes the caleulation in his
notebock.

Turn over the Firast arrow on the
reverge aide: 3 X 3 X 3.

Intraduce the
which iz pointed to the stack of
squares and reads: 3% X 3,

—

Introduce last arrow reverse: E?.

Child writes all these calevlations.

3 (places first
arrow), 6, 9, (places first square),
12, 18, (second square), 71, 2&, 27.

Then gather the sguares to

second arrow Tewerae

.

&,

5.

6.

Ta

8.

Let's be sure we have squares.
How many squares form the cube?
Now we hawve four arrows.

Which one iz smaller?

Where shall we place it?

When we reach the sguare of
the number, let"s show that
with a sguare,

We need a square at 9.

We need another at 18,

And one at 17, the end of the
eube chain,

Let's place the cube at the
end,

How many squares did we count?
let's form a cube with them
and place them right after

the chain.

Let's place this arrow that says
27 at the last bead of the chain.
This 27 below the squares.

And this one below the cube,

How did we get 277
If we got @ when we multiplisd
3 X 3, vhen we multiply
thia 9 X 3
and that = 27.

202 =3X3X23,

Bemamhar hetr 3 X 3 can be
writ;en?
B 3" X 3 iz 9 +9 +9,
And we can see that we have
!grned the cobe,

3 X3 = 27,

I can write the cube of 3 in
still another way.

We zaid thet 3 X 3 X 3 m 27,
How many times did I multiply
the 37

S0 I ecan write 33i . « Which
shows me how many times I
mast meltiply the 3,

I can alao call this 3° “three
to the =uhaf



THE BWERS OF NUMBERS. . .
Conclusion. . .

The ¢hild will obasrve:
1. When we say 10 to the first power, we add one zero to the 1.
2. Ten to the second power is the addition of two zeros.
J. Ten to the third POWET means a&qang thres Zeros.
B. It is the same with 100 or 10 = we have to add as
many zetos as the number indicates,
5. That little mumber is called the expoment.

It is important that the child fradually come to this undsrstanding,
He already knows that, when multiplyinge a mmmber by 10, he sust only
add a zero. Here he realizes that he adds just as many zeros as the
exponent Says.

If he do¢s not berim to discover it,
HELF HIM.

Age: After B years,



GAMES FOR MEMORIZATION OF MULTIPLICATION.

> L}

GAME #9: Multiplication of a Binomial bv a Number

Presentation

1,

6.

Write on a =lip: 5 #+ 4 la2.

Then place it on the mat hetween
parentheses,

And form it with bars and

sipgns.

Place the snltiplication aigﬁ
and a cmltiplier after each
one. . .0n a papet alip,

Maltiply each of the quantities 3,
by the multiplier and shoe the
produets with beadfe--as an
addition., FProceed with the
addition to see the result.

ADDING FIRST UNITS AND THEN

TENS.

Fote the nuober of msultipli- L,
cations made. ., .then write on
a slip: 9 X 3=,

Crild forms the new multipli- 5.
cation and compares the pro-
duet with the first,

Later introduce the correct writing,
exercise well

(5+8)X3=(5X3)+(4X3)
15 I

27

it mn

G-s) BE =

oocoo [ 0ec) [ [3]

“What shonld we do here?
We have to multiply 5 X 3 and
O X 3,

Then we make:

t%EE 35 g

;

We have made ? multiplications,

We obtained 27,

Yo let's do this one: instead
of 5§ * &, we will use the sum: 9,
g X3=

e - |

when ke has nracticed the

3 X3w= 327
CR

IT IS ™HE INTRODUCTION OF THE “ARENTHESES THAT MAKES THE DI FFERENCE

IN THE FIGURES FORMED WITH THE BREADS.

-
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HEMORIZATION OF MULTIFLICATION

Direct Aim: To give the child reinforcement of the Idea that multiplication

iz a special case of addition (a concept he understocd through
his work with the decimal svatem).
To mezorize all the multiplication combinations,

Material

1.

2.

The multiplication board with 100 bead holes, the numbera 1 - 10
ghbowva each Tow of ten to indicate the meltiplier, and a =small
slot in the left side where the numerals indicating the multiplicand
are fitted.
A zmall green box containing: 100 green beads

gmall white numeral cards 1 - 10

a round green counter,
The multiplication bocklet of printed forms giving the cocmbinations
Eor the multiplication tables from 1 = 10, R
A green box of loosze combinations taken from those forms.
A green box containing green wooden stamps =-= 100 in number; re-
presenting all the products of the tables from 1 - 10,
Five Charts

Acquainting the child with the material: Presentation Preparatiom

1.

2.

Introduce the board. 1. The numbers at the top of each Tow
of holes on the multiplication board
indicate the multiplier,
What mumbers do we have?
Here on the left side we have a square
slot where we place the numeral card
to show our mmltiplicand.
We do our multiplication with these
beads.

Present a sample multipli= 2. Let"s place the numeral card 2 inm
cation combination. the slot. It is the number I am ¢ }
going to multiply. .
T wan® to take 2 three times,
20 I place this green ¢counter above
the 3, That shows me where I must
be when I have finished the
eultiplication.

Place the beads in the small 3. Mow I begin.
holeg=—=two beads in each of I place the covnter firat sbove the
the first three rows for the one and place two beads below it.
combination 2 X 3 = I have taken two one time.
ne. . .two,
Now I move the counter one mumeral
to the right, place it above the 2,
and put down two more heads,
That is two Esken two times,
Thres, . «four,
Finally I place the connter above
the 3 and put dowm two wmore beads.

Hews I have 2 takenm three times, ; T ]
And here is the product. e L ]|

Fi“. - -:irq-
Two taken three times ia six.




GAMES FOR MEMORIZATION OF MULTIPLICATION
GAME #10:

Indirect Preparation:

Square of the Binomial

L]

For the square of a binomial.

A parallel exercise with the powers of number=s,

Presentation

1.

Show the golden square, Tell 1.
the ¢hild that we are going to
divide it inte two parts.

Child writes 10 X 10 = in
his notebook.

Uze rubber bhands to divide the
Square.

Dhsetve the
Figures formed.

Use the squares
of 7T &3 to veri-
£y the two squares.

Hote the rectangles and theip 3.
composition.

Reproduce the square with bars &,
of 7 and 3===showing the Ffour
fignres. All rectangle bars

are placed wvertically.

The child now writes the four 5
combinations, moving from the
tap left,

What is this?

This is the square of 100,

Ir ia 10 X 10.

We are Foing to play » geme.
Let's divide this square into

2 parts,

What parte make 107 (7 & 3)
Then we will divide this side

of 10 first, using a rubber band
after 7 to show the two parts.
And then we must divide the square
the other way into 7 and 3,

I still have the 100 square, but
now it iz divided into four
peometrical figpures,

What do we hawve?
1,2,3,4,5,6,7wwwe have the

square of seven.

And we have the square of 3,

Let's check those with the sgquares
of 7 and 3.

We have twe rectangles.
We have 7 X 3 and 3 X 7,

Let's gee what has happened:

SEEEEEE
We can form our aquare now with
hars of T and 3.
First the square of 7.
Then the square of 3.
Then a rectangle of 7 X 3 and
a rectangle of 3 X 7,

Let's see if we can write what
has happened: i



The Square of the Binomial, . .
Fresentation, . .

What is this? 7X7=u4

And the rectangle? 7 X 3 = 721

Here? 3X7=12

And thiz square? 3X3='9%9
IN HIS ROTEROOK, the child writes: 7 X7 =48 7X3=171
(representing the rows) 3IXT=21 3X3= 9
Then : Lo * 21
21 - g
70 & 30

= 100

6. We have formed the square of a hinomial.
It can be written in this way:

100 e (74312 7XT 63X 6T XY +9XT
= 72 .+ 82 L xq7XD)
= 100

NOTE: The child should do this exercise a year. ., .with all the sSquares
and with all the possible ccabinations.




GAMES FOR THE MEMORIZATION OF MULTIPLICATION. . . —

GAME #11: The Zquare of a Trinomial

The ¢hild iz ready for this game only if he can do the follewing rroce=a
by himgelf:

1. Ask the child to prepare the sguare of the binomial. (6 + H)E

2:, When he has reproduced the sgquare with the corresponding bead
bars, he replaces the squares with the real squares.

J. Ask him to write wvhat he has done: 6 + 4 X & + &,

Show him the use of parenthesess: {6 + &) X (6 + &),
&, Then the child proceeds with the {6 + 4) X (5§ =}
caleulation, according to the figure: =(6 X 6) + (4 X 6) CBoss out first F

(6 L o) + (B X &) Cross oot &,
= 348 * 7
+ 34 * 16
60 = Ty
= 100

5. The conclusion: 10 X 10 = 100 AND (6 + &) X (6 + 4) = 100

Prezsenmtation
1. Show the child how to divide 1. Teday instead of dividing this
the 100-square into 3 parts, =quare into 2 parts, we will divida
using two rubher bands on sach it imto 3.
gide, Let's uge 5 + 7 + 3,

We must divide first one side
and then the other to show
{5 +2 +3YX(5 + 2 +3),

2. Cbserve the geometrical Fipures, ?, What geometrical figures can we
obgerve?
How many squares?
How many rectangles?

And number of operaticns, What is the positiom of the squares?
How many operations did we carry
ot when we divided the square
into ? parta?

How I have 9 geometrical firures,
Howr many operations will we have?
3. ©Child forms mow the Firures of

the trinomial with th= corresponding

bars. As he forms each fignre, he

writes the ealeuvlation.



GAMES FOR MEMORIZATION OF MULTI+LICATION, . .

Square of the Trinomial, . .

;
(e

1t
L)
"1

j:-. P

T
2

33

b, Verify the number of opera-

tions.

5. Child substitutes squares of
numbers with real sguares,

6, ©Child adds 211 the products,

(5 x5) +(2x5)+(3x5
+ (5 Xx2) +{aArA)+(3X
+ (SA8) + (AX3)+[(3x3)

= ﬂﬂf + /O + fEr
+ J& ¥ + &

=
B

We said there would be 9 operstions,
Do we have that many?

We can place our sguares over the
squares of the numbers we have
here,

How many are there?

How are they formed? (with same
multiplier and multiplicand)

What is the reosult of our oper-
ation?
Then (5 + 2 + 3) X (5 + 2 + 3) = 100

NOTE: Here the child has eonly transcribed what he has done with the

materials,

He works with the binomial and trimomial aquares
in this wav a long time,

7. The child can draw the trinomial square figure on square paper with

colors,

SECOND Presentation:
When the powers hawve been presented.

exerciseas,

How the trinomial sguare is writtem,
and many of the above

1., Using the same material, we show the child how to write what

he has done:
Cur figure is 10 X 10,
EUT what figure {s this? A square.
The logical way would be to write : 109 |

BUT how many tens have I multiplisd?

So instead of writing that, we write: lﬂE.
With this small mmber we nean that
we have to multiply the number by itself,
Whenever we see a small mmber in this peositien,
it tells us how many times we must sultiply

the mmber tines itsslf,




CAMES FOR MEMORIZATION OF MULTIPLICATION. . .
Square of the Trinomial. . .
SBCOND Pressntation. . .

2. GShow the correct calculation for the trinomial:
When I divided the square into 3 parts, what
did I really da?
I multiplied {5 + 7 + 3) X (5 + 2 + 3)
S0 I can write : (s +2 +3)2

How many operitions did I make? (5%-8) + (3 %5) + (3%5)
+ (5 X2} + (T%3) + (3%2)
+ {5 X°3) ¢+ (7%3) + (3%.3)

30 first I write: 52 » 22 + 32
+ M5 X3)+# s X 2)+22X2)
= A5 += 4 +g
Do we still have 9 operaticns? +_3© +ao0 +id
= ﬂ-'n-:a aF g
3. Hote that we have discovered: that the Squaré of the binomial is
formed by two terms, four operations.
What is the square of 27 [
And with the trinomial we had three terms, nine operations,
What iz the square of 37 9

THEN, IF I DO A QUADRANCMIAL, THERE WILL BE FPOUR TERMS AND HOW
MANT OPERATIONS?
QUINTANCMI ALY

AGE: for the presentation of the binomial and trinomial: 74 - 8%

GAME #12: PFassage from a square to the folleowing square

Presentation

1. Begin with a 1ittle tower comstruc-
ted of the squares——A VISUAL IMPRES-

SIOM,
2. Berin with one square, laving it on 2, I hawve the square of &,
the mat; and Iimtroducimg the problem. I want to get to the square of 5.
Therefore I must form another
square.

3. Child writes first the multiplication 3. & X & = 16
for the square shown and the one to SX5= 325
which we want to progress.

4. Foint out hew many are nesded For the 8. If I have 16 and want ta Form
progression. a squars of 25, how many will
I have to add?
9



GAMES FOR THE MEMORIZATION OF MULTIPLICATION
FASSAGE from One Bquare to the Pollowing Square. . .
Presentation. . .

5.

Try several combinations of bars 5. Perhaps I can use this 9-bar.

giving 9. Then show the addition Fo, It won't werk,

of one bar of the 3sme guantity to Maybe g 4=bar and a S-bar,
each side of the souare plus one But then there iz not an squal
moTe. quantity on each side.

And I want to form a square,

Let's add one bar of 4 on one side and
one on the other side and & red 1 gt the
intearsection.

Hre 5T S > L= T
YA Y+r]=] S-S+ ]e]] L+l+]=13
le+93 =35 25+l1=3b BZb+I13-49

Have I added 9 beads?

Do I have the square of 57

Let's place the square of S over it to be sure?
Tes. Exactly.

Let's see what we hnvtzdnna: I added two bars of & plus 1:
ﬂ—#s :"‘u"tlgl -
Invite the child to find 211 the squares in succession and write
what he has done, He discevers that from ome square to the next
there iz an increase of 2 in the number of beads added for the

progression,




GAMES FOR MEMORIZATION OF MULTIPLICATION, .,

&

GAME #13: Passage from one square to a NON-successive one,

Prezentation

1. Present the problem: paszage 1.
from one sguare to a mon-sue-
cessive one,

2. With the bars, build the sgumre.

3. Child places the square in the

space remaining.
33888
EEEEEEEEEQ.

— 52
:%?;13(3}1-3"
Adp 21+ = 25

[ 3§
AT

Here we have the sguare of 2,

I want to 7o onto the sguare of 5,
We know that we cannot add bars
longer than the side of the
quantity bars we alrsady have.

So we must add bars of 2.

We add 3 on one =ide,

Aind then 3 on the other side,

I had ? bars of 2-—-and I

added Jemenow I have 5 on one sidse,
And I have 5 on the other =zids,
But what do I need in thiz cpace?
I need the square of 3,

28+36= LY

4. Explain the process: In order to pass from a square to a non=-

succassive one, we mmst add to each

side of the square as many

bars as are equal to the side of that square to which we are
progressing. That is, the difference of the =ides of both
squares. Besides, we must add the square of that difference.

The difference betwesn 2 & 5 is 3, ., .s0 I have to add 3 bars

of 2 on each side. And the square

of 3,

NOTE: When the child has worked well with this, he is resdy to
to on to the square of the décancmial,

o

e
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GAMES FOR MEMORIZATION OF MULTIPLICATION

GAME #14: CONSTRUCTION OF THE DECANOMIAL: In Four Parts

Direet Aim: An aid to the memorization of multiplicatfon,
Indirect Aim: A real preparation for the decanomial sguare,

Material

1.

2,

Part A:

1,

3.

RESTULT:

The bead box of colored bead bars---enough to construct all
the tables. 55 of each 1 = 10,

The =quares for cach quantity---encugh to construct the cube
of sach number,

Vertical Construction

Agk the ehild to first lay out all the bead bars in a row from
l =10,
"What do we have at the top of the multiplicatien
chget I* 1X1,2X1,3X1,48X1, ... ..

That is what we have shown with the head bars
here across the top of the mat.

Now we want to construct all the multiplicatiom
tables with the beads.™

The child forms the tables as in figore A,
It should be done neatly and carefully, with proper spacing.

The construction is vertical; that i{s, the whole table of
the 1 multiplicand is completed first; then the table of 2, etec.

When the child has completed the construction, he writes all

the tables in his notebook
oR

he may prefer to write down each combination or table asz he
compleates it,

Horizontal consttuetiom

Lay out the bars 1 = 10 across the top of the mat as im
Part A,

The child then constructs the tables horizomtally (figure B),
that is, he completes the rowe acToss with the same multiplier.
Firet all the mumbers multiplied by 1, them by 2, etec,

The difference in the construoction is also a wisual one as
the table is built,

[142"3-‘“*5*54"*5*9‘1{1}2 = 55?
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MEMORIZATION OF MULTIPLICATION, . .

4. Have the child recount the 4, How do I know that 2 X 3 = 67

beads to werify the product. I count the heads.

EXERCISE #]

Haterial

1. The box with beads, mmerals, counter,

2. The multiplication board,

3. The booklet of printed forms.

&, Chart I,

ROTE: The maximum pumber of products of any_numeration system is given
by: (b - 1)2. Here that {s (10 - 1)? = 81, This is, in fact,
the total mumber of products which the child must learn.

Monteassori goea in with the table of 10 because she
wanted te show how easy our system was, That is,
the products of the 10 table are identical to those
of the table of 1 with a zero added,
1X1=1 10 X1 = 10
1X2=2 AND 10X 2=20
1X3=3 10 X3=230
30: The multiplication booklet includes the table of 10,
And the children 1ive thiz last table because it = so
simple,

Fresentation

l. Por interest and clarification l. Let's begin in our multipli-

(the table of 1 does not clearly catiern booklet with the table
give the idea of multipliecatian) of 3,
BEGIN with the table of ? ar 3.

2. Egtablish the sultiplicand. ?. What mumber are we multiplying?
Then let's shew that multipli-
cand with the card im the szlot.

3. For the first product, place 3. What is our first ceambination?

the counter above 1 and then We must take 3 one time,

place the beads. We place the counter above the
l.
How many beads will we place
in the first Tow?
What is our product?

4. OChild writes the product in B, 3 taken 1 time is 3,

the space on the form. Tou may write that answer now
in the booklet.

5. Proceed to 3 X 2 = 5. We can leave the firat row of

The beads in the first row are
left on the board and another
row added., The child counts the
total beads for the product,

beads on the board,

What is the second combination?
We move the counter to 2.

And add another row of 3 beads,
What iz the product?

94



GAMES PDR MEMORIZATION OF MULTIPLICATION. . .
Square of the Decancmial. . .

Part G

"How
dif

1.

Construction from the Angls

we are going to form the Pythagorean tables in 2 completely
ferent way. Each time we are going to form a complete square.

Begin, as in Parts A and B, by laving out the bars 1 - 10
across the ton of the mat.

2. From 1 X 1, we progress to 2 K le===
BUT then we move at an angle to 1 X 2=-=
ARND instead of formed that with two red l-beads,
we show the product 2 X 1 with one gresn 2-bar,
3. At 2 X 2 we have the perfect sguare of 7,
4, Proceed to 3 X 1,
then 1 X 3===but instead of three red l=beads,
we form the product 3 X 1 using one 3-bar,
Then 3 X 2, and on the angle 2 X 3 (3 X 2 and two 3-bars)
Continue with 3 X 3, . . , and proceed to the fours.
5. The child completes the construction in this way. (figure C)
6, MNote the geometrical Figures Fformed.
"Here we have a point, here we have lines; we have
rectangles, and we have szquares.
7, The child now substitutes the real zquares for each perfect
square,
Part D: The Fumerical Decancmial : Constructing by the Angle
Material
1. Ten envelopes: Envelgpe #0 contains 10 blus squares: the first

1 em,” mumbered 1 with the gquare combination
in the left-hand corner: 17; %he second 2 cm,
numbered 4 and in the gorner 7 -— cmtinuinﬁ2
thru the sguares to 10 , numbered 100, 10 em,

Envelope #1 contains 18 rectangles, 9 horirontal

and 9 vertical with a common measure of 1 em.
width., On the rectangles ars the products of
the multiplication tables.-l-.and 30 there sre
duplicates. . .we have the same product two
times, but one on & horizontal rectangle and
one a vertical.

Envelope #2 containg 16 rectangles repressnting
du plicate products for the tables of 2,

Envelope #3 contains 14 rectangles--—width
3 B, ===products for the table of 3.
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GAMES POR MEMORIZATION OF MULTIPLICATION, . .

Square of the Decancmial. . . .
Pumerical Decanomial. . .
Material, . .

Bnvelope #4._-17 rectangles, products for & table.
Bovalope #5---10, 5 table,
Envelope #6---£, & table.
Envelope #7.—-6, 7 table,
Envelope #8---4, & table,
Enwvelope #9---2 9 table.

Exercise:

1.

2.

l.

3.

The ehild begins with the envelope of 1 and constructs the
angle, showing 2-10 across the tep and 2-10 doem the first ree.

Then he he construct the backbone of the square——-the blue squares.
These are in envelope #0, Ha begins by placing the 12 - and
then continoes the diagonal,

He continues with the construction from the angle, one envelope
at a time,

ROTE: The child discovers that when he has completed the 5 table,
he has almost finished---he lacks only 12 rectansles. . .
in the remaining 3 snvelopes.

oR

The ¢hild may take any rectansle, after constructing the blue
diagonal of squares, and place it in the correct spot. Or he
may take the two like rectanglesz and place them.

Ok

He may begin with any sguare and construct the whole square.

OR

He may put all the rectangles in a basket, berin with one And
construct the square-==-but asgain he needs the disronal Firse,

CONTROL: A big wall chart showing the correct placement of the products.

This controls the nosition of the placement,

To find the combinations, the child has only the count the
Square Seasures on the graph paper, of which the rectangles
are made.

AGE: 6% - 73



GAMES PR MEMORIZATION OF MULTIPLICATION. . .

GAME #14: The Game of Substitutiom: Mowing from the construction of

the Pythagorean tables as constructad in Exercise 13: Part C,
te a transfermation of that decanomial square which iz a
square composed of squares. . .the mmber of which, for each
quantity forms the cube.

Direct Aim: The sensorial verification that through the constructiom of

the Pythagorean tables, the child has formed the square of
the decanomial whieh sguals: the som of the aubas of the
first ten numbers of the matural seriss.

Point of Consciousness: That the bir square construeted with the Pytha-

gorean tables is the decanemial square which is
the square of the sum of the first ten mumbers
of the natural series,

Presentation

L.

2.

9.

The child constroets the decanomfal square zs in Part C of
Exercise 13,

He first substitutes the squares for the squares laid out in
that construction,

Then he combines the remaining bar-sets in one of two manners:

a, Manner #1: movinr in two directions from the center square---
both up and to the left, he combines the bars needed for
the square until he has transformed all bars into squares.

b. Manner #2: combining those products shosm which will give
the square and transforming them. . .combining when nec-
essary, products from the two parts of the guantity's
angle to achieve the square.

Continves through the decanomial until all bars have been replaced
by squares. This utilizes all the squares in the cabinet,

When the construction is complete, note that, as in the counters,
when we pa=s our finger alomg the diagonal, there is a square in
the vay with each odd gquantity,

Also note that we have transfermed the pythagorean tables inte a
square cemposed of squares,

Finally note that we have in the construction the mmber af squares
which represents the cube of sach guantity.

The child substitutes the real cubes for each quantity---places
them on the diagomal.

Then constructs the pink tower with them,

"Was have transformed the Pythagorean tables into the
pink tower!l®
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GAMES FOR MEMORIZATION OF MULTIFLICATION. . .
GAME 13: Final Decanomial, . .
PFrésentation. . .

EXERCISE: The child may start with the pink tower and work bactwards

towards the tables,

EXERCISE: The child writes the multiplication of every combination of

ROTE:

one table and in his notebook writea:z

1 X1 =1 12 = 1 iy
1 1 1
2X2=%& 22 = & 2 a8
2X2=4 2 =4
B ] 8
3%X3=9 3l=9 33 = 97
3X3=9 3, =9
3X3=9 3 =9 A
27 27 27

At a certain point in this work with the decanomial the child
must realize that the big square he has constructed with
the Pythagorean square fz the decancmial square,
AND
that it iz formed by the first 10 numbers of the natural series.
THAT IS
(L+2+3 +4+5+6+7+8+9+10)°2
He must realize this without help-———and at thisz peint, the
work is mo longer a multiplication memorization, but a new
understanding of the decanomial.

With the finmal construction hers of the pink tower, the child
sensoriglly yeritjfes that the sguare of the decanomigl equals:
13*3‘#‘“3*55‘;3*?3'5&‘E*mf

And so we cam express the theorem: The sguare of the decancmial
which terms are the first 10 mumbers of the natural series is
equa?! to the sum of the eubes of those mumbers,
IT I3 IMPORTANT

that the child makes the ealeulation:

1 + 8 + 27+ 68 +125 + 216 + 343 » 512 + 729 + lﬂﬂg = 3025

ARD 55" = 3025

The pink tower iz a series of 10 cubes from lnn.3 ta 10 :n.g.
The children, working with the tower, do not learn the square
and cubes, . .but it is impertant that the child works with
this scientifically constructed material as a preparation.

Later on the tower is used again For the study of volume; and
the child discovers that the numerical value for sach bead dube
iz equal to the cerresnonding volume of each cube,

That he has 3025 beads.

And that the total volume of the tower cubes is 3075 cm,3
=—=flUbic centimaters,



MEMORTZATION OF DIVISION

The memorization iz a synthesis of the work done with the other
operations, Thersfore, the child must have all the other work First,
Farticularly the moltiplication.

Through the decimal system work, the child ha= understood the function
of the operation division. He has done division with 1 & 2-digit divisors.

This work done with division will make the ehild learn all the combin-
ations for division with a maximum dividend of 8l and a maximuwm diviser
of 9. .

The division of small guantities by l-digit divisors constitutes the
first exercise in division here. By small divisions, Montessori means
divisions where the dividend goes from 1 - 81 and the divisor from 1 - 9.
:i::ddtvlsnr limit gives us only the simple units 1 = % with which to

Ba

Material

1. The division board, with 81 holes for beads, the place where the
dividend is located. The simple units 1 = 9 representing the diviser
are at the tor of exch of nine rows and celored gresn to show the
units, The gquotient numbers 1 = 9 are shown at the left of each
column,

2: An orange box containing 81 green beads,

3. An orange box containing 9 small green skittles.

4. The hooklet of orinted forms containing the division combinations.

5. An erange box of locse combinationa.

6. 2 Charts.

7. An orange box containing Bl orange wooden stamps: one for each of
the gquotlientz: 9 of #ach guotient from 1 - 9,

B, Gpecial printed forms. At the top reads "DHvision™ There are four
columns, each with 9 spaces. The columns are headed by the words:
dividend, divisor, gquotisnt and remainder.

Fregsentation
1. Intréduce the division board, 1. On this division board we have
the gkittles, beads and the Bl holes where we will show our
special leaflet. dividend, the number which we
will divide into =gual parts,
HOTE: The maxiwom dividend The largest dividend, then, that
in any system is: we can have in this game is Bl,
(b = 1) = 81 Across the tep is a gresn strip.
What numbersz are there?
Maximum divisor is: These 9 numbers represent ent
b =1} = 9 divisor.

In this game we will not na=

a divisor greater tham 9,

Why ace the nombers showa in
freant

We will nse these green stittles
to indicate the divisor—==how
many parts we will divide the
dividend into.




HEMOZIZATION OF DIVISTIOM. . .
- Pregentation. . .

ll L] L]

2. DENEFINRERENEXETYEEENEXER 2.
EREXEENEAL Show 81 under the
word dividend.,

3. Place the 9 skittles on the 3,
board., Show 9 az divisor on
the lenflet,

Distribute the Bl beads,

L, Show the child how to read i,
the guotient znd wheres to
write ik,

5. DBote that this is an impor- 5.
tant division——=hawve the child
underline it.

ROTE:

Montrzsari motez that the werk done by the child to distribute
the beads to each skittle giveszs him real satisfaction--—-and mests

On the division board we will read
the suotient with the mmbers in
the lesft solumn.

We will use this leaflet to help
with out game, teo,
It savs divisien,
of the operation.
Then we have four words,

Can you read them,

How many squares are below each of
these words?

We have nine sguares because we will
dizeovar that some dividends can be
divided by many divisors and Some
only a few,

Some have 9 possibilities.

In this box we have Bl beads.

That i% the name

We il distribute the &1 beads on our
btoard,

“b'lliﬁihuulng a dividend of B8l.

S0 on our leaflet, under dividend

we write £1.

I want to distribute thege= 81 beads
among 9 skittles.

Zp I place the 9 skittles at the top
to show the divisor.

And below divisor on the leaflet, I
write 9,

These 9 skittles are taking the place
of 9 children, and among them I will
divide the dividend into egual parts,.

Have we divided these 81 bead s o
equally among the 9 skittles?

How our box iz empty.

How many beads did each skittle

receive?

That iz our qun*xtnt-dut can read

it here on the numbera at the left,

And below the word gquotient on our

leaflet we write: 9.

This division is very important-—-
g0 let's underline {t.

his psychological need for concentration.
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MEMORIZATION OF MULTIPLICATION. . .

6. At 3 X 3, the child may note the
square figure formed with the
beads. If not, at some point during
the work, it might be pointed out:
Whenever the multiplier and the mul-
tiplicand are the same, the figure
formed im a sguare,
7. The ehild continues through the
table, writing each snswer in his
booklet,
B, Then he checks hiszs work with B, Thiz is the multiplication Chart I,
Chart I. We can use it to check all our
sultiplication products in the
booklet.,
Look carefully at the chart.
Where will vou look for the
tabla of 37
What color are the totalfe===
the products?
9. The ehild continues then to amother tabla, And proceeds with the
work until he has completed the entire booklet.
10, The child may like to copy CHART I im his notebook.
EXERCGISE #2
Material
1. The board---the beads, counter and numerals,
?. The box of locse combinations.
3., OChart I - CONTROL.
Fresentation
1, Lay out all of the mumeral ecards on the mat so that they can be
seen easily, because in thisz exercise the multiplicand changes.
2. The child draws a loose combination from the box and writes it
in his notebook.
3. PFirst he chooses the correct multinlicand from the numeral cards
and places it in the slot.
&, Then he places the counter above the multiplier to which he must
go for the completicn of the combinatiom,
5. He then moves the counter to position above the 1 and begina e
placing the beads until the combination is completed in beads
on the board.
6. Pinally he reads the product by counting the beads (or he may have
counted them row by row) and writes that produet in his notebook.
7. He draws amother combinstion and repeats the work. 94



MEHORTEATION OF DIVISTON. . .
Presantation. . .

6.

10,

State the rules of the game, .

Have the child try dividing i
81 among B skittles,

First he removes the 9th skittle
and the 9 beads below it, keeping
them in hand.

There is no place to put them,

Conclude that 81 is divisible 8.
here omly by 9.

Bemove one bead---return it to 9.
the box to work with the divi-
dend of 80,

Beturn the 9th skittle.

Laave all the beads placed om

the board.

Pot th= 8 bt?da in kand in the
colusn under the 9th skittle.
Then the last row under the first
eight oust be removed,

10,

There are two important Tules

in this game that we must remember.
The gquotisnt cannot be bigger

than 9.

The remainder cannot be bigger tham,
nor egual te, the diviser,

Do you think we can divide Bl
among 8 skittles?

Let"s take the %th skittle away
and the baads below it.

Rlem=we see that we cannot divide
81 by B in thisz game because we
already hawve a quotient showm of
9; but we have not distributed
all of the beads.

Bemember that oor maxiom quotient
iz 9.

There is nowhere to put these

beaads.,

And how meny do I hawe?

9 ie bigger than our divisor of
Bee—remember our second Tule,

Zp thiz divieion won't worl, —
We can't do anything with the

beads we have left,

And we can't write it dowm,

So we hawve discovered that we
can't divide Bl equally by
any other number but 9.

Let's put one bead back in the b,
box now and work with the d ividend |

of BO,

Let's begin & new page of the
leaflet, too.

And in the first columm write BOD,
Let's begin by trying to divide
B0 by 9, '
He will need the 9th skittle agaim.

Let's now replace these beads that
we have under the 9th skittle.
Look carefully at the board.
Hawe we distributed the BD beads
equally to the 9 skittles?
Then we will have te Temove the
last row. ——
These beads will be our remainder.
How many are there?
Then we can write 9 uynder the
diviser, 8 as the guotient and
E as the remainder.

B0 —- 9 =8 r. 8
Then I'm not interested in that one,




MEMORIZATION OF DIVIZION. . .
Preasentation. . .

11.

12,

13.

14,

15,

Child lays the remainder out
below the board and counts it
to deatermime what it is,

Try 80 = B. 12. HNow let's divide 80 by 8,
We must remove the 9th skittle
and =21l the beads wnder it,
then distribute those beads
equally among the 8.
What iz our remainder?
Then-—=gince our rensinder is
& and egual to the diviser,
we zan"t write that divieion

dosm.
Move to a dividend of 79 by 13. How we will use another dividend,
removing another bead to the 79.
box. Begin with a divisor We must remove one more besd.
of 9, then 8, then 7. And we move to another page on

the leaflet.

Let®s begin with a divisor of 9.
Can we divide 79 into 9 equal
parts?

What is our rezainder.

Then we cam write that divisiom
down, but we're not toc interested
in it.

Let's try 8.

That is another cuotient with a
remainder.

Can we divide 79 by 77

Hgm—-the remainder is too big,
g0 we cannot write it dosm.

When the child aska: Why aren’t 14, We are interested only in those
you interested in some. . . operations in which the dividend

can be distributed equally
without & remsinder,

At this point the child has become interested in those important
operations. It is a lomng work, He examines all the possibilities
descending through the dividends from 51 - 1. Hiz result iz a
leaflet of Bl pages that show underlined all those dividends whieh
can be divided equally. He discovers that there are enly 36.
Because of this discovery, when the child seez the printed division
forms, he understands why the pages are arranged in this way, with
only 36 pages.



MEMORIZATION OF DIVISION. . .

Let"s begin with the dividend
We ghow our dividend with seven

how, what is ouwr first divisor?
How many skittles do we nesd om

We distribute the dividend among

What dos=sz one man receive?
Then we write that guotient in

In the second operation, the divi-
dend iz the zame, but I must chanpge

I will have one less skittlae,
Homr diatribute the dividend.

Acrass the tep of this Chart I
we find all the dividends which
can be divided equally by one

The red numbers at the 1afE are

The nombars in the squares (white)
ars the gustisnts witheut remainders.

EXERCISE #1: The Printed Forms
Material
1. The diwision board, the beads, the skittles,
2. The combination booklet for divisian.
3, OCDONTROL = Chart I
Frasentation
1. The child may start with any 1.
dividend. He selects a pope 7s
in the hooklet for a dividend
and shows that dividend as a beads in the bex.
nimber of beads in the box,
Then, beginning with the Ffirst
{larpest) divisor, he shows the board?
that divisor as skittles across
the tor of the division hoard.
. ﬂi:trihutu.thg dividend beads .
among the skittles. The child those seven skitiles.
reads the gquotient on the board What iz the quotient?
and writez it in the booklet.
If there is a remainder, he notes
that also on the form. the hoakletr,
Is there o remaindarp?
3. Continue through all those
operations on the pags,
my diviser.
What iz the quotient?
find the remaindec?
4. The ehild continues through the work im the booklet.
5. Introduce Chatt I-==CONTROL 5.
for his work.
of more nuEberse-=51 - 1.
the divisers.
6. Vsing the First segquence of 6.

divisions done, show the child
how to find the guotients &
remainders on the ehart.

In eur first problem of divisionm
with the dividend 7, the diviser
wasg 7.

We £ind the dividend on the top
row of mumbers, then we find the
divisor of 7 and bring that finger
across the row uatil it iz under
the first finger which we now
bring dewm.

The square they meet on has the

mumber 1. .
at iz our quotient.




MEMORIZATION OF DIVISION, . ; .
&!rﬁiu Fl. o a

6. . .using Chart I. 6. In the second division eperation

. 7.Note the check of the quo- 7.

tient: the child must “neow
the multiplication combine
ations well in order to
reverse this divisieon process
for the check.

E.Continue with several examples B,

until the child understands tha
use of the chart and the
maltinl ication function of the
cheek.

9.Hote the prime numbers 1,2,3,5,7 9.

in pink on the chart.

with the dividend 7, the diviser
iz 6.

We do the same thing as bafore,
cnly thiz time thers iz no number
in the sgquare where our finpers
mest.

B0 we move to the right until we
come to the first number,

Here it is a 1.

In order to check our quotient, we
can maltiply the NEXDGENYHMENY NI
the ¢ uetient IEXENENHE times the
divizor.

Here that iz 6 X 1.

But that rives us 6, not our dividend

7==—=30 WE-HAVE A REMAINDER,

The differerdcs between & and 7 is
1, and that is the remainder,

Dur quotient i3 1 with & remsinder
of 1.

7 mow divided by 3.

The First numbesr we mest moving to
the right after eur fiagers inter-
gect iz 2. Our quotient.

2 X3 (the diviser) = 6,

And the difference between 7 and 6
is 1. Dur remainder is 1.

Look at the numbers which are inm
pink at the top of the chart.
Fhat are they?

The dividend 1 has as a quotient
only l.

The dividend ? has a a guotient
only 1 and 2.

Which numbers can ? be divided
equally hy?

What gquotients do you find under
JF 5 Tt

Dividends which can be divided
equally only by itself and 1 ace
called prime mmbers,

Later we will discowver larger
prime numbers.

And we will find that ? is the only
even prime womber, All the cest
are odd,




HMEMORIZATION OF DIVISION, .

Research For Older Children If They Ask

1. How can we find the 36 dividends?

2. We start with the multiplication Chart IV.
We do not consider the table of 10 because we will ro only
to Bl, se. . . . ,WE CRO3S IT OUT, Use squares to show the
slinination.

3. In order to ge from the products showm to the dividends, we
simply eliminate the duplicate products on the chart: L
12, 8, 16, 9, 4, 18, 38,

L. The mmmbers left are the 36 dividends on the Chart I for division
and those in the combination bocklets,

HOTE: We emphasize going frem the product to the dividend because
division is always linked to sultiplication. Due to this
relationship (a reverse one), we can find the dividends
from the products,

BOTE: The 36 dividends can alse be discovered through a continuous
regearch, starting with the productz on =mltiplication Chart IV,
Here we divide the dividends (products) by the multiplier, showm
at the left (pink strip) in srder to find the auotients,

NOTE: The first method the ¢*ild used to discover these 36 dividends
wag the continuous research of all mumbers berimnning with B1
and down to 1, eliminating those division combimations without
even gquotients,

Exarcise #2: Loose Combhinaticms

Hatarial
l. Chart I---0ONTROL
2, Box of Loose combinations, containing only those divisisn ererations
which have a quotient WITHEOUT a remainder.
3:; The special division leaflets,

Presentation

1, Begin by explaining what combinations are contained in the box:

Look at one of the diﬂidiid iable::

J ¥ = 1

7—6 = 1 £l
T == 5 = 1 i
fF -8 = 1 r.3
7 == 3 = 3 ol
?+E o e | ':"1-1

Only the quotients witheut a remainder are included in the
loose combinations.

2. The child draws one of the combinations.

3, On the leaflet, he writes the dividend (63) and the diviser (7).

. re finds both on the board, reads the quotient and writes it onm the
eaflet,
CONTROL: Chart I, . .work with this chart werv important as preparation

S -0 — —




HMEMORIZATION OF DIVISION. . .

Brercise #3: The Bingo Game in Three Parts

Material

l.
2.

3.

Chart TI: Tdentical to Chart I, but without the guotients in
the white sguares.

Orange bex of weoden stamps, indicating all quotients (9 of sach
aunotisnt 1 - 9),

Eox of loose combinations

Pragsantation: PFart A

1.
2,
3.

&,

The child lays out all the st mp quotients, face up.
Then he draws a combinatfon: 32 = 8§,

If he knews the answer, he chooses the correct st=mp to show his
quotient and then places it in pesition on Chart 1I,

If he does not, he consults Chart I and then proceesds,

Presentation: Part B

1.

The stamps are replaced in the box,
From the box the child draws ocne stamp: quotient 7.

Then he mmst decide whiech combination he will use to show that
quotient: 49 + 7. He writes the combination in his notebook.

Then places the atamp in position on Chart IT to show that ceebination.

CONTROL: Chart I,

Presentation: Partg G

1.

2.

3.

The child beging by putting all wooden stamps into stampas of
like quotienta. The result is a square,

Beginning with one stack, he writes those combinations which give
that quotient, one at a time, placing the quotient stamp in the
corvesponding square each time. He o ntinues until all those com-
binations for the quotient have been discovered and the stack

is depleted,

CONTROL: Chart I,



HEMORTZATION OF DIVISION. . .

PARALLEL ACTIVITIES: Purther activitiss for the memorization of divieion
to be used when the child has worked well with
the preceeding activities for o long time,

Material
1. The box of multiplication wooden stamp products,
2, Division Chart I,

Pregentation: Looking for the guotients that are even

1. The child berins by arranging the sultiplication stamps in stacks,
which will be 36 stacks, corresponding to the 36 dividends.

2. Thae teacher takses one product 2, Let's discover by vhich numbers

and; consulting the division this preoduct can be divided
Chart I with the child, equally. 24
explores those possibilities Can 24 be divided equally by 97
for equally dividing that We can find ouvt an Chart I,
product. Mo,
Can it be diwvided egually by B?
Yen,

3. When divisors are discoveresd which will give an sven gquotient, the
child writes that combination as a division. And compilesz a

lists
W+~ 8 = 3
M+ 6 = 4
M+ 4 = B
M = 3 = B

4, at this point several cohservations can be made:
The larger the divisor, the smaller the gquotisnt. . ,
and wice warsa.
The four dividors are alszo gquotisnte.

5. A check can be made for sach combination by multiplying the
quotient and the divisor.

Presentation #2: Inditect preparation for finding the highest common
multiples and the lowest comi@on denominater,

1. Select a dividend from the 36 on Chart I.

2. DHescover with the c¢hild the ways in which that dividend may
be shown as & combination of prime mumbers and sultipliers.

A4 = Lx¥ axd L= 2x3 4 = arxn
Ao, 2% = (2x3)x (2x2)

2% = Bx3 amd Q= 4 x(2) ex §=(2x2)Xx(2)
Hheo 24 :fax2)x(2]x 3
Ay dd = 2xJxaw;3



MEMOETIZATION OF DIVISTON. . .
Parallel Activities: #2, . .

Uirect Adm: The memorization of division linked to the quotients witheut
a4 remainder and linked to mmltiplicatiom,

Indirect Aim: Divisibility., It ias important te decompose numbers to maks
later work with the redvetion of fractions easier,

SPECTIAL CASES

The special cases for division are linked o maltiplication, Their
particular importance lies in the child's ability to read the
special combinations so that he has prepared for those werbal
expressions of the same,

1) 44+ ? = g
2) * + 7 = 8
) 2 = 38 + 7
h) 5§ = 15 = 7
5) B8 = ? 4+ 7
6) § = ¢ <+ 2

Verbal problems: to be introduced separately first, but soen mixed
in with the special case verbal problems of all the
other operaticns,

Example: I give you 4 pleces of candy. In how many parts have I equally
divided my 12 pleces of candy?
4 = JF o 7

THE AIMS

THE DIRECT ATM OF THE BOARD ANDTHE BEADS:
Io give the child an understanding of the function of the dividend,
the diviser, the guotient and the remainder,
The operation of distributive division reinforced.

THE INDIRECT ATM OF THE WK WITH THE CHARTS:
To indirectly help the shild Teali ze among how many divisers a
dividend can be divided equally.
And the realization that onme dividend may be divided by several
divisers,
A preparation fer divisibility. How many numbers a quantity eam
be divided inte,

THE DIRECT AIM OF THE DIVISION HORE:
To memorize all the combinations that give the Bl quotients, those
necessary 81 sperations,
Te provide an wmderstanding of how the four operations are 1inked,

AGE: 6 - B years
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MEMORTIZATION OF MULTIPLICATION. . .

EXERCISE #2, . .

B, Child uses Chart I as CONTROL,

It iz important in Exercises #1 and #7 that each time the child
makes a combination, his product makes a geometrical figure.
When his multiplier and multiplicand are the same, the figure
is a square. When they are different, the result is a rectangle.
AND: the rectangle of & X 6 has a lonzer base, giving a
horizontal rectanple, but
6 X4 is the rectangle with the smme

A Preparation:

1.

2.

area in a different position.
Essentially, they are the same rectangle,
This concept will be emphasized again in the multiplication

memorization games,

Moving Towards Chart II

roint out the number of com- 1,
binations on Chart I,

Becall the elimination work 2.
on the Additiom Chart I and =zhew
how this may be accomplished
with multiplication chart.,

Reduction of the chart may be 3,
accomrlished with small green
glips to cover the inwverse
dunlicates.

(Material - need green slips)

It looks like there are alot of
combinations to memorize hers.
Howr many are there?

Bemember how we were able to
eliminate almost half of the cog-
binstions on the addition chart?
Why could we do that?

When we had the =ame two numbers
in our combination, and they gave
the same total-—=then we could
eross out onme of the two, even
though the numbers were in a
different order.

Why could we not eliminate any

of the subtraction combinations?
Let's see if it is possible to
reduce the number of multiplication
cozbinations.

Let's begin with the first columm,
1X1=1

Iz there another combination on
our chart 1like that? Mo

Then 1 X 2 = 2,

Can you find another combinationm
using those two mmbers that gives
27

Then we can eliminate the 2 X 1 = 2,
If we learn 1 X 2 = 2, . .we will
alas khaow that 3 X1 = 2,



b

MEMORIZATION OF MULTIPLICATION ., . .
Freparatien for Chart II. . .

u,

10,

Note the commutative property 4.
here, as in addition,

Proceed with the elimination, using
the green slips to cover all the
inverze duplicates,

Show Chart II, which will be the
gmme visual chart as the I which
iz now partially covered,

Hote the squares of the numbers 7.
on the top diagonal.

Ok

The child may copy the whole Chart 44

This meana that if we change
the position of the elements
‘in multiplication, the nroduct
does not change, . .just as
in add itMi

There is something especially
interesting about Chart II.
Each of the combinastions on

the top diagonal has equal
miitiplier and multinlicand.
The numbers emltiplied together
are the same,

We eall these combinations the
squares of the mmbers.

In the sddition chart, here

on this same diagonal we had
the doubles of the numbars,

then he can erase the

combinations as he iz able to eliminate them,

of

He may cross the duplicates= out on his notebook copy of the chart.

OR

He may cut the chart he has copied leaving only Chart II when

he has cut away the durlicates,

S —
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HEMORIZATION OF BMILTIPLICATION . . .

EXERCISE #3: Chart III

Material
1. ©Chart III,
Z. Box of loose combinations,
3. Paper, child"s notebook.
L., CONTROL - Chart I

Presentation
1. Introduce The Chart III, 1.
HOTE: on the center diagon-

al are all the squares of the
numbers, . .and this diagonal
marks the symmetry---on both
sides of it we have the same
mmber. The child will discover
this through his work.

?. Child draws a combination and 7.
urites it in his notehoolk,

3. He finds the prodect om the 3.

Chart III, in the square where
his fingers intersect.

4, ©hild writes the product in his
notebook.

5. Checks his work with Chart I,

EXERCISE Al: Chart IV: The Ha1f Table
Material
1. Chart IV:

2. Box of loose combinations,
3. CONTEOL - Chart I,

Eﬁ?ﬁh

Just like cur multiplication
board, on Chart III we find the
nmber we are multiplying on

the left side.

Here this multiplicand is pink.
And the sultiplier i1s again
across the top.

What color -is it?

There iz only one 1 on our chart.
When we multiply 1 X 1, wvhat ia
the product?

Then this 1 represents the mul-
tiplicand, the eultiplier and
the product of that combimtion.
The products of all the com- ——
binations can be found in the

wvhite sguares.

G X5=

First I place my finger on the
multiplicand, the & at the left.
Then I place another finger on
the blue 5, the mmltiplier.

How I move them together until
they mest on a white square.
That is the product---30,

>

parallel to Chart II, but only the products givenm,

&




