BECTH YEAR 9 - 10

MULTIFLES AND DIVISORS

Materials (for 2ll exercizsz)

l. Any chain from the cabinet of powers with the set of arcows for skip eounting.

2. The large hox of bead bars.

3. The tables of mmltiples: A B, and C,

4. large per board,

5. A wooden box with three divisions, containing many pess in the three hisrarchical

colors,
By A sacond {dentfcal box, but with pege of thres diffarant eolorte., (Thig secomd granp
fs not sheeintely necessary.) Here the colors are white, black and vellow,

7+ Slip=z of paper.
B Tiny little barse.
9. Twe large circles, one blue and one red: used for anEs,

Presentation: The Multiples : THE CONCEPT '
MOTE: Presented when the children have memorized all the mualtinlication tables and worked

1,

9.

with ALL THE MATH MATERIALS PRESENTED TO MOW.

Tske any chain from the cabinet of powmrs. Ask the child ko mateh the "skip counting™
ArTotS. Leave out the arrows that mmber the first bar,

Analyze those numbers shesm on the o 2y 1%a—Da you think this mmber contalinz 67
ACTOwE. Note that the hase mimmber {s YBSew=it containg 6 two times perfectly,
perfectly contained im each of them, 1B=—=Ia & alzs in 187 In 247 In 367
HEEE we use the short chain of 6, & i= perfectly contained i{m esch of thess

numbers,
Give the concept of multinlés. Give 3. All of these mmbers that contafn 6 exactly

several other examples, are called the multiples of 6,
All mmbers which contain another nusber

perfectly are called the multinles of that

mmber,
Can vou give me a multiple of 57
of 10%¢
of 87
Review with an extended second and &, Can yem tell me which mmber 20 iz a
third period lesseonm, multiple of? of 5, of 2, of 10,

Each of these three nvmbers {s perfeetly
contained in 20,

The search for multiples with the bead 5. Let's discover which are the multiples of
bara: The child forms the multiples of 2 with the bead hars,

2 with the bars and writes them in his 5 s s moltinle of 2.

notebook. g £ is a mmltiple of 2. . . .ete.

t T

The child locks for the multinrles of esach quantity represented by one bead bar,

THEN he composss @ mmber of one ten bar and another bar, searching for the multiples
of the gquantities from 11 to 19, In this exercisze, the child no longer laws cut the
quantity hecizontally; but can simple show vertically that: 27 is a muleiple oFf 11,
33 is a multiple of 11, etc, by laying cut ¥1-X 2 and 11 X 3 in bead bare vertically,

WHEX THE CHILD HAS TNDERSTOOD THE MULTIFLES WELL, use the printed form. Below the
table there are lines whers the child writes his ovm conelusione after sach sxereise
with the form. Exsoples: &) He marks g1l the multiples of 3 {in 2 coler) amd writes:
All the multiples of 3 are lving on the diagonal.

HOTE: With each exercise the ¢hild forms a different geometrical figure. Be sure

to have many such forms, for the work is interesting and he can do this work
with sach quantity. .

REVIEH: 12 is a multiple of which mumber? Tell me a maltiple of the number 5.
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Multiples and PHvisors. . «
ADDITIONAL EXERCISES WITH THE MULTITLES TRINTED FOERM:

Exercise #1: The child marks a number and its emltiples on the form in one= color,

Then he connects those with colored 1ines which may show straight 1ines or diaponala.
Then he chooszes another nusher: and, using another color, marks that nomber and its
maltiples,. foining them elso with colored lines. PFinally, he notes those mmbers whers
both lines interasesct and circles those mumbers, He iz, in fact, showing thoae numhers
which are mmltiples of both of the numbers he has chosen, He may do the ssme exercise
with three numbers and three colors, which may necessitate using one colored circle for
those points where two lines intecsect and, peachaps, a boldsr color whers all thres mest,

Evarcise #2: Using the form, the child berins with ? and its mmltiples, merking =ach
in 8 particular colorsd circle. Then he choozaz another color for 3, circling three
in that color and 2311 of its mwltiples, Then he shows 4 and its emltiples in & third
color: And proceeds in this way throurh all of the mumbers. He discovers that some
nunbsrs are the multiples of many numbers,

Exereise #3:  The gnazine resnle of ewercise #2 42 that 96 i=2 the emltinlese of Fan nmmmbers
and thus has been circled in 10 different colors. The child may make 3 chart of this=
noteworthy multiple, or the teachsr may present it. And then the chart of 96 iz hung

in the classroom,
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i The Moltinles of Fumbhsre. . .

Presentation #2: A FBesearch of the Multiples of Two or More Mumbers,
E A. WITH THE BEAD BARS-cediscovering all the numbers of which sme mmber is a multiple,

1, Select.one quantity (6) and then shew e
that number in as many combinations of i e
baads as possible, -

2. The child write=: 6§ = 2-X3
6 = 3-X2 OR
6 is a multiple of 2 amd 3,
3. In this way the child Tooks for all the mmhberz of which another mumber iz a multiple:

10 iz a multinle of vhich mumbars? OR Which mumberz are csntained
perfectly in 107

B, WITH THE CHARTS

1. Charts A and B: these actually form one chart, but have haen shown as two for esse
of handling the smaller size. On table A the hiphest product is 50: on takle B the
Bighest product is 100, The tables contain all the multiples of the numbers 2 - 10
to 100, showring each as a product, OBSERVE WITH THE CHILD: that the smaller the
quantity, the more multiples it has, So 2 has many more tham 10. These two tableas
i are presented to the children ss printed forms WITHOUT THE PRODICTS, The wark {s Jdone
' by 2 or 3 children. When they have completed both tables, they are then disnlaved
in the classroca. On the form, the nomber iz in red:
160 X1 = 10
WX2 = 20
10 X3 = 30 1 .- P

2. Chart C: On this chart we have the mmbersz 1 - 50 fn ome coluem, 50 < 100 in the
second. This chart iz presented as a form on which only thess twe solumms of numbers

is showh,
a) The child examines all the mmmbers a) How is 1 obtained? 1X1
L in the list, begsinnine at 1. We sannot abtainm it in any other waw,
So we don't write mnvthing, but mnders
line that mmber 1 in fed.
- B femm b) 2 im obtained only by 2 X 1 and 1 X 2,
R o e underline it in red aleo,
0 T S e} The same for 3.
F d) Yeee He writes 2 X 2, d) Here we hove mumbers heside 1 and the

number ftself which give &,  Trite 2 X2,
e} In this manner the child £ills in the whole page from 1 - 100,

L

2

3

E X2

2

E 2 x 3‘ 3 I 2 Ll & L & L L] L] il

£} Comsider the prime mumbers when the child has completed tha work, The

gtate the main chetacteriztic: the only multipliers of the prime number
are 1 and the mmber itself,

g£) The child ekecks his werk with Charts A amd B,
Pres ¥3:The Essearch of the Least Common Mgltinle: A Very Special Multiple

1, Using the peg board and pegs of coclors ot the hierarchical ones), the search is
for the multiples of 2 and 3 simultanecusly. OCGroups of two pers are lafd out bBelow
a digit slip fdentifying the sets in the row. After each set is placed vertically,
& small bar £ laid to note the complete zet, In a parallel rolusn the set of the
second number 3 is laid out. . .in the same fasfon, So the columm #1 incresses by
2 each time and colwm #7 increaszes by 3. "hen the ssts end parallely, we stop—==§,

i - B A AP0 o P



—ralEiples, o
Frazsntation #31: The Remearch of the lLeast Coemon Multiple. -,

7. Analvze the work: How many times have
tHe groups of 7 besn repeated? 3
How many groups of 37 2,
S0 6 is a multiple of ¥ and also of 3,

3., Give the concespt of LEAST COMMON MULTIFLE:
The two is econtained perfectly im tha 63
tha three is contained perfectly in the 6,
S0 . «the mumber which contains more tham
one numbar perfectly has o special nase,

6 is the SMALIEST number which containa
both 2 and 3 perfectly,.
It is the LEAST COMMON MUOLTIFLE OF 2 AMD 3,

4, Imtroaduce the gbbreviation: i, & im ths sesllsst member that containeg 3 B 3,
It is a moltiple of both.
S0 -4t I8 common to the two,
It iz the Least Common Multiple or the LOM,

5. WNow add & 5] -irn- for b on a third colurm: the search now Iz for the least common maltiple
of three nombers, We discover that It is 12, Then: 17 iz the LOM of 2, 3, and &,

6, Procesd to the LCM of mumbera above 10, using the hierarchical ¢¢1-ﬂl'!l

2) PFlace the 1ittle hars OMLY tfttr ;
the tens.

b) When we have shosm 10 vmit peps
of green, we oust axchange for one
ten~. and that ten is included in
whatever set ia being formed, **

e} Again we contioue the fFormation
of =mets until the colimns feach
a peint of equality. . then
we stop and count the quantity
in the colusms_-=the LOM,

S, . .the LCM of the nombers-24 and 32 i3 96,

Presentation #3: Ressarch for the Divisor of a Mumber

ROTE: Here we atart with the large quantity and we discover the smallest part comntained
perfectly; the opposite of the exploration in presentation #3,

NOTE: In this presentation, ecach pez represents one unit, no matter what colors are
nsed, -

1. Ask the child to select a mmber: 18,
Then count out 18 pegs of a color and
begin on the board by forming groups
of 2 to discowmr if 2 iz perfectly
contained in 18, It iz 2 dfivizor of 18,

2,  With another color, take 18 and form
groups of 3, It iz o divisor of 18,

3. Procesd: groups of 4 in a thirvd color
canndt be- formed becande e have tWo
resaining. S50 it is mot A diviser of
18. Remove the groups £rom the board.

b, Try S=—=it doesn’t work, 6 does——-We form 3 groups of & with the 18 pegs 20 & i=
perfectly contained in 18 and it is a divisor of 18, 7 docsn't werk. Ner 8, But
with 9 we find we can form two groups and we have discovered another divisor, 10

iz too large because with two groups we womld have more than 18,
5., CONCLUDE: The divisors of 18 are 2, 3, 6, and 9.

FOTE: We know we could form one group of 18, but 'we don ¥+ need to show that,
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Enltiples and Divissrs, . .

Greatest -
Pregentation #5: The bssssst Common Divisor: When the childten heve worked well with
e presantation B, and wmderstand the nrocess
of dizcovering the divisors of one mmber, .

1.

3.

Bow we search for the common divisors
of two numbers.

a) First the divisers are 2'_
explored for each of ths numbers:

heres 18 and 12.

b} When the work is com- 3 |

pleted, we observe which divisors L |

are ¢o==on to both numbersy

¢} Remove thoss negs which show 9

the divisors which are not comMmOoNe== I

herse 9 for 18 and 4 for 132.

d) How we show those divisors 2

which sre common to both

mmbera: 2, 3, and 6, J s

&) Then we shserve which is * -
(]

the graatest common JViscr. . .

E) & is the m:mn divisor

of  the mmders 18 and 12.

Kote now the ifmportant difference b The least Common Multiple fs the SMALLEST
the Least Common Hultiple and the nueher which eontaines perfectly 2 or more

i
Common' Divisor, - Riiebe
The Mﬂ:ﬂm Myizor iz the largest

Examples: & Ls the $£D of the mumbera number which divide=z 2 or more numbers,
12 ‘and ‘18. Which one ix usually the largest number?
28 iz the LCH of the mmmbers The LEAST Common Multiple,
2, 8, and &,

Hote the| differences in the! two abbreviations, writing first the two phrazssz and then
noting the formation of the sbbreviatiens: |LCM and | LCD,

Fresentation #6: A Passage to Abstractiom

it a certain poinmt the child shandons the materizl, This {s the sverciss that

brimg=s him to that point,

Fow the child again £illa In Chart €.  He begina by underlining the prime numbers in

red and ghowing the product opearatisns for & and &,

THEN. . .when he gets to 8, we expliin that now we are going to form the products

only with the prime mmbers,  So - instead . of & X 2 and 2. X & For &, we write: 2 X 2 X 2,
We are’ showing the 4 a= /2 /X 2 because it i3 not a prime nimber.

The child continues tolcomplete chart Clin this way, using the £irst Chart G vhich

he Filled out a=z a Tefersnce, a guide to thoses operationz which he showmed and which now
mist be shown with the prime numbers, He discovers that now each number s shosm as
only OWE product. On his/first Chart C, 32 = 16 X 2, 2 X'16, 4 X8, 8 X4,

Bow he writead32 = 2 X2 X 2X 2 X2

L 11
] 17 | 2X2Xi3
3 13
K 2X2 8 2x7
5 15 3 X5
& 2X3 16! S X B X Hixia
7 17
B 2%32%X% 18 2X3XxX%
2 3X3 19
10, '2X5 W | 2x2Xx58
CONCLUBION; We have shown now the prime factors of sach pumber fram I . 1040,




Holtiples and Hvisors,

Fresentation #4:

2.

s

Presentation #7:

e

A Passarfe to Abatraction, . .

heer we consider the prime factors of thres
nimbers, hers 12, 24 and 34,

a) We farm sach gusntity with the hier-
arichically colorsd pegs, ahowing ths
number to the right of the peg display,
abowe the board, ;
b) We are locking for prime factors, thus §
we besin by dividing by the primse nmbears
exeluding 1 which dorz not help.

2} S0 we divide by I a=z long as it is
posaible, with esch @ivision noting the
divisor with a slip of papsr on the
board and forming the product with pers,

d) We aak: T= 12 divisible bw 27
YES===T obtain 6. .  + .
#) When the product im 1, the division

mst stop. We can now read our price
factors as that group of numbers by which
we divided the number.

£) NROTE: the black lines showm are card-
bosrd strips.

CORCLUSION: WE HAVE found all the prims €
The child writes: 12 =2 X 2 X 3

e X2X2X%3

3% =2X2X3X3

Anslyze with the ehild the diffecences in 5.
the Tepetition of the factors in each of
the mumbara,

How we IE. k EE%Ithl: Least Common Multiple 6.
and the = Mvisor of the

thies,

LM =3X3X2X3X3m7

& SEE SREERE a8 Ssbb

Qors of the mombers 13, 24 and 26,

These numbers have common prime factors,

bt the prime factors are not repested |
the same mmber of times fn sach,

Howr maony times iz 7 repested in 127 207

Firat wa find the nimber in which 7 i=
repeated the greatest mumber of times,

It iz 24 where it is rrpeated three times,
In which number is 3 repeated the greatest
membhear of fimas? kI raprated twics,
Now by showing theﬂﬁhe factors (prime)
the most number of times in any ons of

the mmbers, we discover the LCM

Howr do we know 72 contains each nusber nerfectly?
We divide 72 by each cne.

2% 172 . m
T2 524 =
T2& 386 =

? is repsated the least numbsr of times
in lZe—=twice———and that prime factor is
common twice Eo each of the nimbers,

3 is reponted the least mi=ber of times

in 12e—aonofem—porman £ fach nimber, 20

6

Mow e want to fiscover the @CD,

Hill it be larger or s=ailer than the G347
Im arder to find the BID we take the

prime factors where they ars repeated the
least mmber of times and are common to
all nu=bers,

the &CD = 2 X 2 X 3 = 17

The Calenlation With the Powsrs:

To Abstraction .
Inzterd of saving 12 = 2 X 2 X 3

ARD 28, written with the powers iz 26 = 73 X 3. The ehild writes:

it
Aerd = 2583 f-

Foer v ask: How do vou write 2 X 2 in a different way?
can 22y 12 = 22 ¥ 3,
%z ﬂ i 1% ’i ‘
i
3l Zlz 93 et
1 13 3 .?-3 wide Fsrernjecd
12={2*x3
243 2%%3
EEEE B el

S gt A IS i



Moltiples and Divisors. . .
FINDING THE LM & GCD with the SBTS

If the childran have had exercises with the theory of sets, we begin our investi-
gation to find the GCD with the sets; that i{s, tha set work would be given prior to
the previous presentations of the LCM and GCD, If they have not had work in the theory
of sets, we now present these set exerciass,

i I-- A set is a collection of things consldered as a single entity.
2, The things contained in a given s&t ire called meabers or slements of the set,

3, The braces denots thse =st; w= Em-;;ﬁ?;w

The names of the members of the set are listed,

separated by commas, and the enclosed in braces, !ﬁ..,n.n?_

Capital letters are used to denote sets, M,
"W@,ﬁ_ E

4, e abbreviate the phrase "in a membar of ™ by uaing
ﬂ=.ﬂbm&mdm?
L T S50 :
thas 50 days

the Gresk letter spdilon,” A slash line negates the
meaning of that symbol which becomes "is not a mem-
ber of."
5. The empty set iz the set that contains no members,
It is denoted by the sign & , a letter from the
Scandinavian alphabet,
We also indicate the empty set by empty braces. A=2Z o A-=
6. "Set A is a subset of set B™ means that every
member of set A is also a member of set B,
7. "HBet A i3 a subaet of get B if ast A contains
no member that i3 not also in set B,
We abbreviate the phrase "is a subset of " with

the symbol C . R={a,¥¢4, -l..}
8. The empty set is a subset of every set, S= ja. o ef
9. Brery set is a subset of itself, ScR 'amd RES
10, If A and B are names for sets, A = B means that
set A Has identically the ssme members as set B, A= 74 4, _,,u_.}
or that A and B ars two nameés For the same set, 8= -Jv,u.‘,.-ir.‘,tj
11. When K and M do not contain identically ths same A=
members, we say K {s not equal to Hor K #£ M,
12. There is a ohe-to-one corfespondence between sets {a.r,,‘lly-r:} { a, &ok
A and B if every member of A is paired with one e 4
member of B and every member of B is paired with fI, 3,11-5 f_x_, [-pj*.I

one membar of A. The sxistence of a obe-to-onse
correspondence has mothing to do with the way in
which the pairing is done.
13, Two seta are squivalent if there iz a one-to-one
correspondence between the two sets, The two
sets may have different membara, but the one-to-
one correspondence exists,
Equivalent sets: The thing that is alfke about
these sets is ¢alled the mumber thres, Othar
setys belong to this collection: the set of wheels
on a tricycle, the set of people in a trio, the
aides of a triangls,

{F-.j.ig-i
a,t, e Ia,brd
433

14,

1%,

16,

17,

The nmbar has many names---III, 2 + 1, 3, and
many more, EBach of these nases is called a
numeral, A mmeral is a name for s mumber,
With every collection of equivalent sets i=
aszociated a number; and with esach mmber {3 as-
sociated a simplest numeral.

The uniom of set A and set B, denoted by A U B,
is the set of all objects that are membars of
set A, of set B, or of both set A and szet B,

VENN DIAGRAMS:

ey, 3f E
GEsis:
] i
Fwrmbor, 2

Faio

ana
~heirey
.o} Hheae

& .cIﬂ-s-uI H.gu;'«u

O
!

A

-

used to depmote the set of all points within the fipure. Here the shaded

region In e¢ach illustration indicates A U B,
the members &8 both the sets,

AUB

The union of twe sets includes

Aus



Finding the LOM & GCD with the SETIS. . .
Hew Math terminology. . =

18. Tha intersection of set A and set B, denoted by AN B, is the set of all

objects that are members of both ut A and set B, 1.‘nua shaded resion in
each of the follewing illustrationa ::prrunu A B,

n =
25 .AHB ANB=g@

19, Set A and set B are called disjoint sets if l:hﬂ- hawve no members in common.
OF gset A and set B are disjoint seta if ANB =

M:a’cm?#’cﬂ axdy, fo fet,
vriatonenl : iht}t#pﬁc-wa-rdn fiéoes ome .
;.ﬂﬁmmfﬁhﬁﬂﬂﬂ ﬁmw

4 | A

el2 germ = 33 w3
,.3} 3 Aelh -‘ﬂﬁ'i':i'
1ix 22 x 3

Q.q,z‘mw'ﬂ’af 50 sm M aeL

I JJJ.&:J:H.L conmar) dinasra ao mmmof A andB.

f g

ANB={2,4%

#&ﬂu&ﬂﬂm /a2
/2 2‘1‘,3&-...} .{ §

gt%? le, A%, 32.1‘. $ AL”E

A
A
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EXERCISES: It is important that we provide VERBAL PROBLEMS which illustrate the
vsefulness of the LOM and the GCD,
Thres sxamples:

1) A rectangular nisee of paper measures 18 X 28 cm, TIER 2 g ke
This paper can be subdivided into what mmber of #|3 2l "
equal squares in such a way that we obtain squares 33" ¢la
of the greatest possible measura? i 3l =2
We need the GCD because we know that we must have 1
-a measures of sach side equal to the others, We = =
are ssarchimg for that divisor eommon to both. ,ﬂ"f_"ﬂ 2x3=6
And we want the greatest possible measure, 24 = (o ¥
ROTE: Having used those prime factors common ERre e
to both in the greatsst number to form the GCD,
the product of the remaining factors of the 3= Lt L* r-i- LE
two mumbers glves the number of rqu::u.** &x3 -

3“;’.“2 T:. Eﬂ L:' bl E‘

2) We have paper rectangles measuring § X 10 cm,

W& want to arrange them so that they cover a

square. How many do we need to cover a square? 11a 1E"

What size will the aquare be? 3|5 2|3

We meed the LOM. By mmltiplying the factors, 1 1

we obtain the side of the square,

HCAM =5 nAN3
- PP gg&ci;."'r ..l"g =.35 ax. 200w,
16 % 2 =[30 end)




DIVISIBILITY (following Multiples)

There are diviesions with a remainder and those without o remainder, MNow we are
concerned only with those divisions witheut 2 remainder, We want to know if one nomber
is diwizible by another WITHOUT carrying out the divisiomn, The means which will enable
us to do thiz are called the ecriteria of divisibility,

Presentation: Divisibility by 2

Material: The materigls of the decimal ayaten,

1. Write: 1128, And sghow the quantity of decimal materials which represent that
nuzber: one cube, one square, two ten-bars, and six wnit beads,

2, Divide the quantity into two equal 2. Let's see if we can form with this
groups. Exchange first the cubs, and quantity two equal groups.
procesd until the entire guantity is Iz iz possible? TES
divided.

3+ The child writes the number in his notebook, 125 :FHJ
underlines the last digit, and writes YES. £ ¥

1,127
4, The child then makes a list, beginning

S

with the possibility of ADDING ONLY ONE 1,128 S

UNIT TO THE QUANTITY, THEN ANOTHER,

stating whether or not equal groups 'TQ _?._,‘_)
STl

can be formed, 15

S5« TUse a variety of other examples, taking the 1
corresponding decima]l materials for the - ‘!E
proof.  The child continoes his 1fst,

€. inalyze with the child those quantities 6, -‘Whem we wrote "yes" beside the guantity,
where he haz written ves, what was the last dizit? Even or 0dd?
CORCLUDE: We can conclude that all those quantitfes whose last digit is even or
zero are divisible by 2,

NOTE: Freparaticns for Even and 02d numbers: The Counters, Addition Memorization
ot #5, anomial construction with the sguares: Game of Substitution,

Fresentation: Divieibility by 4

l. Begin with the number 816: form the quan- Let's see if we con Fform four even groups

tity with the decimal system quantities. with the guantity 816,

Then, berinning with the largest quantity, We CAN divide the hondreds into four &ven

the eight hundred squares, divide the groups. But it iz not possible with the

quantity into four squal groups. one ten-har.

ROTE: It i=s evident in this wverk how 50 WE MUST EXCHANGE THE TEM-BAR FOR TEN

coaplete the children's underatgnding UHITSmeathean we can makes four even groups

must be of the hisrarchical chanfes with with the units,

the decimal systen materials, Then we have formed four egqual sroups with
El6,

2. The child writes the number i{n his notebook
and underlines the LAST TWO DIGITS———and YES
he will see why at a later point,

3. He adds another unit bead and writes the 814 Yes At this peint, we
fnumber 817--<he knows it is mot possible 817 Ho can coneluds that
now to have four equal groups. He adda 818 Mo the rule for divi-
one unit more two more timef===than finally
comes to the fourth additional umit which :::F :s :i:il:li;.uzﬂ:ﬂ for
fives him 820-——he can make four enqual gTovps = the 2. Both 16
and he underlines those last two digits, .

and- 18-are -even, buot
18 is NO:
there muast be Something else.

The child now sees that a new role mmst be
discovered for the divigibility of &,

4. He contimues the exploration with other 128 Yen
numbers, dividing the guantitiss into 130 Ko
four egqual groups If possible. And writes: lﬁ Tes

= e e ——— L
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DHviaibiliey. . .
Divisibility by b, .

i LAl L o

5, The children continue to write numbers and form the quantities, dividing those
quantities into four equal groups in order to discover the secret, Eventually
he sees that the secret is in the LAST TWO DIGITS. He can now form the Tale:

Those quantities whose last two digits are divisible by &, are divisible §
by &. That is, if the last two digits are divisible by 4, the whole quan- i
tity is divisible by 4. AND if the last two digits are ZERO, the quantity ‘
is divisible by &, i

RLIEESE = 1

Presentation #3: Divisibility by 5

In the same way, the child begine with a mumber: 125. And forms that quantity
with the decimal system materisls. Then he divides the quantity into equal groups (5],
Here he underlines ONLY THE LAST DIGIT OF THOSE NUANTITIES WHICH ARE DIVISIBLE BY 5:
that is, those guantities which he is able to divide inte five equal groups. He
compiles a list:

125 Yes imd he forms the rule: A mumber iz divisible by S5
128 Mo enly £f the last digit is a 5 or a zero,

127 5]

128 He

129 He

130 Yas

IE Tesz

LTS5 Yes

Presentation #4: Divisibility by 25

1. Begin by forming 25 with two ten-bars and five units beads., Write a numeral card
and show it above the quantity: 25,

2. Then form two groups of 25 with the decimal system materials. Put them togFether,
And identify the quantity that resulta: S50,

3. Then form three groups of 25: 3. We know that two groups of 25 gives 50,
Again identify the quantity with a ecard. Bo we ean tdae five 10-bars and add one=
more group of 25. The resulting quantity
is 75,

4. Show four groups of 25 in the same way: now, because the child knows that two Eroups
of 25 make 50, he knows that four groups will give 50 X 2 or 100: he usss a square,

| 3.« Continue: showing five, six, seven and eight groups of 75:
I |as| [s0 7% 100] 125 150
) | I

6, ANALYZE the mumber of groups of 25 which 25 is ONE group of 25,
each cuantity contains. 30 iz TWO gromps of 25. . .

[ L4 41
FERER

Piciccil

7. NOTE that we have stopped because the pattern will continue to repeat,

8. FORM THE RULE: A quantity is divisible by 25 if the last two digits are: 325,
50, 75 or TWO ZEROS,



Divisibility by 8. . .

Fresentation #5: Divisibility by 9: Transfer to Hierarchical Espresentation of the

e el
a1 E

Coantities
Material
1. The peg board,
2. The pegs in hierarehieal celors, {
4. Slips of paper. i
4., The charts of rmltiples, particularly Chare ©C, '
5. The Multiplicatfion Chart I, '
NOTE: Even though this seems a step backwards in terms of the divisibilities considered,

it is an important step forward, There iz great power in the number 9, g0 we
begin with a psychological preparation:

The Preparation: ™Nine iz the square of another important number:
the last mumber of the natural series of numbers,
as the souare of 3,

Havws vou done seme w

3. It is also
This time we will consider 9

ork in which three is an important number,
in whieh 3 has an important role? When you formed the polygons, three wasz an
important fimre., The triangle with three sides was an important figure, bacauge
with it you were able to form other figures. {Constructiwe triangles) So now we
will lock at 9 as a MULTIPLE OF 3,

2, On the peg board, construct the sguare of
3. "The mquare of 3 i3 formed of % units.” . i -
- — — — L I ‘q
3. Th.!ﬂF'Cﬂ.."‘-H"?'EE'ﬂCﬂLWLMWMQPm. - e i O 4
Placing a mumberal card 9 at the top. » e for |
- & & |
&, HNext form TWO square of 3: two groups of 1y e ..r} |
9. Take one peg from the lower square to . ———
join with the 9 pegs of the top aquare, T R
thue forming 10--—-EXCHANGE FOR ONE BLUE R |

FEG. Then show the blue per and the Te=
maining eight green ones in a vertical

configuration next to the 9 on the board,

Continue the work, forming three squereg,
and transfering omce the exchangs for TWO
tens has been made, Then four squares, . .
five square===to nine squares,

When the work has been completed through
POUR SOUARES, STOP AND ANALYZE THE FOR-
HMATIONS, Then continue the following
quantities in order to verify the deduc-
tiom,

WHAT WILL 5 GROUFS OF 3 GIVE: ONE

ROTE: The formation of square is on the
Ear right of the board: the vertical
guantities shown on the left.

ANDCin the transformation to the hierarchi
cal pege, we always take the single units
from the bottom square, thus showing the
decreasing mumbsr of gnite remaining,

So far we have formed foor square of 3,

With one mgquare, we had 9 wnits,

With two squeres, we had ONE ten and

& mmits,

Az goon &% we had ome 10, our columm of

units decreased by 1. With twe 10s, our
coelmmn of units decreasad by 2,

With three
108, it decreased by 3, :
MORE TEN AND ONE LESS UNIT.

AD: by forming 9 square of 3, we will obtain 9 tens,

- e - - aRE & a8 &%
- L ] & @ & B 'R & g & @
[ ] [ ] L B N e N *#s a9
- . ® * *e S8 a
L % - » * » -
- - & ] -
] - .

L] -

L ]

L B B B N R
[ N 3
[ ]

*a BT FEERN
A F A RN



Mvisibility, . .
Divisibility by 9. . .

7. AMALYZE the work dome, NOTE that at 45 the digits rewverse and we have the identical :
pattern of digits from that center point in either direction,

7 2 2T % € 72 ¥ 90 :
From 9 to 45, the tens increase by one and the units decrease by 1; from 45 on "
that pattern continues, but the inverse pattern of digmits can be sesn, i
AND: We see that the sum of the digits of each number fs 9. =

B. FOBEM THE EULE: All mmbars vhose digits give the sum of 9 are divisible by 9, .
AND since we formed a1l of thess ni=bers by using the squares of 3, wve also know
that each of those mmbers divisible by 9 is also dfvisible by 3,

9. Using the MULTIFLES CHARTS, we make reference to the multiples of 3 and 9, On
those forms where the child circled multiples, he can obssrve that all those
=ultiples which he circled for 9 were also maltiples of 3. With the Maoltinles
CHARTZ A, B and € he can further verify this,

10. OOMPARING THE WORE SHOWN ON THE FEGRBOARD WITH THE MULTIPLICATION CHART I (The
Pythagorean Tables) the child can alse refar to the table of %, seeing that :
18 is formed of 9 X 2 OR Ewo squares of 3, ., .We can also see this comparison ;
in the printed forms for multiplication which the child used in his memorization
wWoTK.

rresentation #6: 9 As the Result of (10 = 1)
Now we consider the divizibility of 9 again, but az the result of (10 - 1).
The aim iz the same: to discover if a mumber iz divisible by 9,

Material: The decimal svstem materials,

1. fresent the 1000-cube, L. Is 1,000 divigible by 37 We must form
In order to divide it into 9 egual 8 equal groups, WO,
groups, 1t must be exchanred for sguares. We have ONE hundred square remaining,
EXCHANGE.
2, Dietribute then the ten ten<bars ¢ and ONE tem-bar remaing, EXCHANRGE, When

the ten unit beads have been distributed among the nine groups, there iz ovE remaining. .

J. CONCLUSI(N: 1,000 is not divisible by 9, BUT if we take away 1, the quantity i=

divisible by 5, THEN: 1,000 =« 1T = 5999
10 -1 = 99
10 =1 = )

THE ADDITION OF THE DIGITS IS ALWAYS DIVISIBLE BY 9. The thres mumbers resul ting
when we take one away from 1,000, 100, and 10 are all divisible by 9.
e e s sk ok e
B. Write the number 4,653. Show it decomposed. The, still considering 9 as (10 - 13,
we see that in order to render 50 divisible by 9, we must subtract 5. Then we
have 45 with a remainder of 5, THREE, FROM THE BEGIRNING, IS CONSIDERED m.
In the same way, we can make the 600 and the 5,000 divisible by 9,

3

LR T oy s MSSTOMEIRIEE
4000 = /,000 x % ; 999 = (4jp001) ; 4000 — 4 =3996 4
18

S5, ADD THE EEMAINDERE: Since 1B is a mumber divisible by 9, we know that the
vhole quantity 1s divisible by 9,

6. But we can lock for those Temainders fn another place: We see that they are those
digits seen inthe decomposition of the number which are the actual digits of the
n=ber, Thersfore, IT IS EROUGE TO ADD TVE DIGITS OF THE NIMBER TO DETERMINE ITS
DIVISIBILITY BY 9. If the sum of the dipits of the mmber iz 3ivisible by 9, them
the whole gquantity s divisible by 9.
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Divisibility. . .

Presentation:

L.

Divisibility by 11

Begin by taking a tem-bar of the deci- 1.

mal material. It i= not divisibls by
11, but then we ADD OME MORE UNIT BEAD
and EXCHANGE THE TER-BAR POR UNITS,

Bow we can make 11 fl'ﬂup-a equally,
Write as power: 1- =71

Ak the child to notice the Exponent 2:

TAEE the hundrad square. To divids it
into 11 equal groups, we must sxchange
for 10-bars, then one ten-bar for units
end WHEN WE ADD ONE UKIT TO EACH OF THE

Heither 10 mor the powers of 10 ars
divisible by 11,

But they ¢an be divisible if we add 1,
i

£ we ¢Er|..t'[d!r 10 as a power of 10, we
hawve 10,

When we add one umit, we have g quantity
dfvisible by 11: 10l +1 = 13

How can 100 be writtem? 102

He dizcover that we can form 9 groups
of 11. r

That is, {f we have 100 and we TAKE
AWAY ONE UNIT, we have & gquantity

NINE TEN-BARS, we have mine groups of
11-——with one remaining, That is, we
miet TAKE AWAY ONE To RENDEDR THE l'ﬂﬂl
DIVISTELE BY 11,

divisible by 11.
102 = 1T =99

3, Write 1,000 az a power of 10, Take the 3. 10° + 1 = 15001
thousand cube, showing that ONE UNIT MUST

BE ADDED TO PORM 91 groups of 11,

1,000 = 103

&, Write 10,000 as 10%. By a simple Aivision
the child discovers that the quantity
is divisible by 11 if he TAKES AMAY ONE.

10% = 1 = 9, 009

5. EXAMINE THE EXPONENTS: Formulate the rule: When the sxponent of 10 is odd, the

o + I = quantity will be divisible by 11 1if
03 + 1 = oof =1 we add a unit. If the exponent is sven,
/0% +} = flbﬁ ool = the quantity will be divisible by 11
-, if we take away one wnit, That iz, all
FOR — /I = 99 the powers of 10 with odd axponents are
0¥ =y = ?, 999 T, divisible by 11 if we add one:= and those
D&~y = ?"'g.? P9 3 with even exponents Lf we take avEy one,
-
6. S50. . .18 23,485 divisible by 117 ~+ -—
A u&m:ﬂumi’a 5 -5
deinaraen Ly U, e 20 = 0/ % 8
Mrecat add °F, weolicated, Yoo = s -5
‘#g Ahas At Bpenanch . 3,000= jo3 x. 3 D
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