EXFLORATION OF THE QUADRILATERALS

The qunadrilaterals of reality are six in mumber,

The child learns this from his

work with the plane figures of the geometry cabinet amnd with the cardboard series of

picture cards of the Eigures.
the specific, according to the gemealogy of the sguare,

order.,

from the humblest befinnings:

We 1ist the six auadrilaterals from the general to

Mew math alse Follows this

We bagin our expleoration of the plane figures, as we Jid with the triangles,
1) common quadrilateral or trapezium, 2) trapezoid,

3) pacallelogram, &) rectangle, 5) rhombus, 6) square.

Preasntation

1.

1a

4.

(Material the same:

Ask the child to choose four sticks 1.
and ynite them in any way, His only
qualification is that he shall choose
four, thus a fipure with four sides

will result. If he ghould choose Four
that are the game, we s3till proceed

with the common gquadrilateral,

Agk the child to conatruet ancthsar 2a
quadrilatera]l with the zame four

sticks. Then, using another stick

to agtablisk tuo sid=s as parallel,

shift the position of the four sticks

0 that there iz one pair of parallel
sides,

LEAVE THE TWO CONSTRUCTED QUADRI= 3.
LATERALS (0¥ THE MAT, Then ask the
child to choosa two pairs of sticks.
Unite one of each pair in two angles.
Then put the two anrles togfether with
opposing eqmual sides. Show as a para-
1lelorram,

Construct the aams two angles with .
the same two pairs of sticks. Show

the same parallelogram and then push

the figure to a Tectangle,

Heasure the angles with the m=asur-

ing angle.

LEAVE THE POUR COMSTRUCTED FIGURES 5a
0¥ THE MAT, Ask the ehild to construet
a quadrilateral with four squal

aticks.

DISFLAY MOW ALL THE COMSTRUCTED Pl- L
GCURES IN A DIAGONAL FROM THE LEFT TO
BIGHT. And ask the child to take
another four sticks---the same ones

used to construvct the rhombus. Mish

the firpnre to a agquare.

Revisw the nomenclature of the figures 7,
constructed, Use the second and third

period lessona. Then note the apecial
rosition of the sgquare,

BOTE: Later we will say that the

square is the intersection of the sets
of the rhombuses and the rectangles,

the box of

asticks and supplies)

This is a quadrilateral,

Let"s comnt the sides, . ,1,2,3,8;.
This i= & common quadrilateral.
Common means “any quadrilateral,”™

It is =nowvrh to make one pair of these
gides parallel in order to create
another guadrilateral,

This is a trapezoid.

A common quadrilateral having at least
one pair of parallel sides is a trape-
zaid,

This quadrilateral has two pairs of
parallel aides,
This is the common parallelogram,

Mow it iz not enough to have two pairs
of parallel sides.

Here we have four egual angles.
those four equal angles are right
angles, Let's measure them,
This quadrilateral is called a rectangle,.

tmd

With four sgqual sides we form s rthombus,

This Fignure has four aqual sides and
four equal angles——right angles.
Let's measurs thoss angles with the
measuring angle,

This is. a8 Squate.

What iz this? A Square,
How are the sides?
And how are the anglea?

S0 the square is the littles son of the
rectangle and the rhosbus,

In geometry the son takes the good
qualities of both parents.



REGULAR AND IRRESTLAR POLYGONS. . .
Pragentation: From Icregular to Regular, ., .

LM

7.

10.

11.

12.

AGE:

The child writes labels (as in 3erisz #1) for the four haxagons:
a2) On Hexagen #1, he places the label "a non-equilateral hexagon™
b) On Hexagon #2, he places the lahel "an equiangular hexagon™
e} On Hexagon #3, he places the label "an scuilateral hexagon® read
d) THEN he places on Hexagen #1 another label: "a non-equiangular hexagon.
&) PFINHALLY he takes the labels from 72 and #3 and shows them on #4 Hexagon,

ROTE: al 11 the Be

Analyze the labels as showm now, twe 6. Here I have Eour polygons,

on Hewaren #1 and twe on Hexagen #2.

Then identify #7 with one label from
Hexagon 1 and one label from Hexagon
# go that it is {dentified with one
positive and one negative label;
repeat for Hewagon #3, Analyze,

Remove the series #1 labels and mateh
constructed figurss,

Define the regular polygon, recalling
the intuition experience of the firat
presentation regarding equality of
angles and sides,

Eemove series #2 labels and introduce
series #3 (the child writing these
each timé), Fut the two labels at
the top of the mat and group the four
figutes under the appropriate one,

The first ons has two negative gualities,

The last one has the same characteristics

az the firat, but they are positive,

HOW I can identify the second polyson with
one negative characteristic: a non-sguilateral
polygon, and one positive characteristie:

an esgquiangular polygon. We hawe taken a bad
characteristic from polygon number 1 and

a good ene from polyEon nmmber &,

I can do the same thing to identify polyron
#3, Which labels will I use?

Sp the first fipure s bad-——far from perfec-
tien; and the second, the last one, 15 pood——=
perfect,

the four labels of serfss ¥2 to the displaved

8.

Show a final arrangement of the firures:

* 2
+1 w #3

Which of these figures has two positive
qualities togethar?

When we say that a pelygen L3 eguilateral
AND squisnsular, we Say it is a REEGULAR
POLYGON.

How we can divide thess fispres inte two
groups: Begular and Irregular Folygons,
Which are the irregular polygona?

Let®s write a label to idemtify that sroup.
And thiz polygon is regular,

Let"s write another "Esgular Polvgon,™

We are showing the movemsnt toward perfectiom,

4

Pl

Here we verbalize this movement £rom the most irregular to the most resalac of
the polyfons shosm, And we conclude that we need the positive characteristics

of both #2 and #3 to achieve ¥,

ACTIVITY: On the original dravings of the Figures which the child has made, he
has already marked the sgual angles and the eouval sides in colors.
Invite hi=m now to =easure the angles and write the dégrees. Then to
measure (with a tuler if he has had a lesson in seasuring in centimsters)
the sides. This can be dome with a plece of marked paper to prove

egqualitv., ac® qa* ot i Iy
i, ﬂ i 5l
bﬁ. . f1o® e

CONCLUDE: These are all regular polygons becauss they are, at the sams time,
equiangular and equilateral,

feaasatation 51: S



REGULAR AND IREBGULAR POLYGONS. .

Pregentation #3: HNemenclature of the Sguare
Haterial
i, The plans fns=ta from the cahinet.

2. The Classiffsd Homenclatore
Fresentation

Take from the cabinet drawer (1, 72, or
#3) the souilatersl triangle and the aguare,
Beview the familiar definitionm and then
redefine, using the polygon definitiom,

the second in the Classified NHomenclature
for the two fimires,

CORCLUDING ACTIVITY:
Here the child reproduces the experisnces

and the T?i:nﬁ!ﬁ

¥hen we firast deseribed this trisngle
precisely, we defined it in terms of
ite aides:  The triangle with thresa
equal sides is called an eguilatsral
triangle.

How we can define it in a new wayt

A regular polygon having three sides ia
am eguilateral triangle,

We first defined the square, when we
included it in the sst of parallelograns
235 a parallelegram having egqual sides
and egual angles,

Row we can dafine it according to our
knowleds= of polyronz: A regular
polygen having” four zides i= called a
Bquare,

Let's Construct the Folygons

he has done with the wooden aticke im

then whether
then what kind

we thread the thres sesments together

am, We mesd two pafrs of ssual sidea, zo we chosas

firat cotting one pair =qual amnd them
Then we suat thread them,
When the thread i=

In ordsr

We thread the diagonal and tie

a new way,. In his notebook he conztructs the polygons from the triangle to the

decagon.

Matsrial
1. Different colored atraws,

2. Long needles with blunt points. (Bodkin needlas)
3. A ball of warn,
k., Esissors.

Prezentation: Introduction of the materials and the mode of the activity

1. Pirst the child must ~decide which firure he wants to constroct:
that Fimure will be constructed according to sides or angles:
of sides or angles. As an example, we shall decide to construct the sgquilateral
triangle Eirst. !

2. For this congtruction, we take thres sttgws of the same coler since our sides will
he equal. Then we establish the length of one side and eut the straw to that
length, (This is my wnit) Then, measuring with the first straw, we cot the
second two to the sxact corresponding lsmgthe,

3. DUsping the needle threaded with the watm,
and tie the looas ends.

L, Another figure: the parallsl
two pairs of strave in different colors,
cutting the aecond palr equal of snother length.
al ternately, first come of one palr and then one of the other.
then tied, it i obvious that we must usze a diagonal to stablize the figure or
{t will becone a rectansle. So we Fix the parallelogram and cut a diagonal CR
& third color that will correspond to the parallelosram we have mads,
to string §, it is neceasary that WE HAVE LEFT ONE OF THE TIED ERDS LONG
EROUGH 50 THE DIAGEIAL CAN BE TEREADED ON IT.
it at the opposite vertex.

5., The child pastes the figure to his papar.

HOTE:

character of the polygons,
indicated by prepared commands:
measuring lines.

In order to do this work, the ¢hild must have thorourly understeod the

Later he can cut stravs of specific
after he fa Familiar with & sv

lengths
:tegE u}



THE CIRCLE

I. Romenclature of the Circle and Its Propsrties

II. Muotual Relationship of a Straight Line and g Cirelw,
I11. BEelationship of the Positions of Twe Circles.

PART 'I: NOMEMCLATURE OF THE CIRCLE AMD ITS PROPERTIES

The ehild already knows the cirele———that it has no beginning and no end,
and that it s & closed corved region, He has had additional reinforcesmsnt of the
idea of the eircle in Drawer 75, seeing smallest and largest circles in graduation.
But these qualities of small and large are not enough. We must now reconsider the

Figure.,

Haterial
1. The plane and the hox of sticks.
2. The metal insets (fractions) of circles,
3. A red peneil, (always present in & presentation of the new)

Fresentation

1. Choose any stick (a longer one) from 1., This iz a ecircle,
the box and fix it at one end (near This is the circular region,
centar) with a red-headed nail. This =
im the center of the cirele. Then,
inserting a red pencil in the last
hole, draw a red circle on the plane,

2. SBhow ths plane inzet eirele. Compare, .
Then colar the cirele on the plane red.

These are both circles.

The only difference iz the size of epch.
The cirele on the plane is that part

of the plane soleored red.

3. In our construction we have already 3. The circumference iz thiz closed curved
used the center and the radius, bat line which encloses the rted part of the
we have aot given the name, How we plane. . .but we must define it also
give the NOMERCLATURE. in reference to the distance. . .

The pink atick is the radius,

The radins represants the distance be-
tween the center and each of the points
on the closed curved line-—=that is,

the circumferente.

That means that the slrewsference has
the ssme diztames © between it and the
canter at every point,

The center i3 an interior point which is
equidistant from all points om the
sircimferdnee,

To define the cireumfersnce, we need the
centel-—=to define the center, we wust
refer to the cirewmferesnce.

&. Take another stick of the same lenpgth &. This is the dismeter.

and £ix it om the plane, taking the All of these are diameters of this

red nail out and fixing the two together. circle,

Then move the second stick to form a The disseter is the line segment that
straight angle with the First, showing unites twe points on the sircumference.
the Afismeter and rotate that dismeter, Remember that we remeoved the first

stiek In oarder to fix the second ome
on the plane with the same center,
Be thiz 1line serment, the diameter,
passes through the center,

Hotice that the diameter iz formed of
two equal sticks,

50 THE DIAMETER IS ALWAYS EOUAL TO

? RADII,




THE CIRCLE. . . :
Presentation: Homanolature. . .
5., Take a pemcil of a different color
and, inserting it in the same hole,
draw aleng only a short distance
showing an are on the previous line.
{The pemcil goes through both
sticks.}

Unite with a ealorsd peneil mark the
tve end polnts of the drawm are,

Show the diameter agaim, introducing
the semi-cirvcle.

8. Analyze the parts regarding the sur-
face: a} Color the sepment in &
darker red.
h)- Fix two rays to show the

gector and color it in stripes,

planesaticks construction AND
10, A GAME: 5Show the metal inzets of the
cirele 171, 1/3, and 172, Then from
another frame, take the inset showing
the circle serment.

t

Y

{

&
Y
-

HOTE: This i3 a mathematicians dis—
pute: Ts the semi-circle the 1limit of
the set of sectors and the set of sepa
menta? IF HOT, then we must better
define the characteristics of the ses
tors and the segments,

5.

Ye have Fone from here te this point,

This ia an arc. 3

But this other pact of the circle iz als=o
an Arc.

The blus part of the circumference iz one
arc: and the red part of the circumference
is another arc,

An are im & part of the eircunflerentf——
it is both marts of the circumference.

We call this a cord.

If all this is the cireumferenca and the
digmeter divides it into two ports, we
call each part of the circumferance a
semi-circumferente. « «

And each of the two parts of the circle
a sen-circle,

That part of the cirele enclosed between
the pord and the are is called the
segment of the cirele, We will color
it in a darker red,

The cord divides the cizele into two
parts and BACH PART IS A SEHGMENT,

The part of the girele between an arc
and two rays iz the sector of a circle.
Mot only this part that we stripe with
color, but also ALL THE OTHER PART OF
THE CIRCLE IS A SECTOR.

Give a careful three-period lessom, using the Classified Momenclature and the

What is this?. . .a circle, = zecter of
a ecirvele, o semi-cirele, a sermemt of

a cirecle,

Let"s define each carefully:

Vhat i3 a sector? It is that part of a
¢ircle enclosed between 2 radii and an
ATS &

Iz the semi-circle 2lsc a secter? I
don't know,

Vhat i= the sepment? It is that parct of
the cirele enclosed between & cord and
the are,

Is the semi-circle & segment?
runs throuwgh the center.

THEN THIS SBCTOR (the semi-circle) IS A
SEGMERT] ! 11

Itz cord

30, . .The sector is that part of the circle between the arc and the two radii which
do not pass through the center of the efirele.

AND, . The seesment of the cirele is that part of the cirele hBetween the arc and the
eord which must not pass through the center of the circle,
THEN. .Mow that we have specified that the radi{ must net pass throurh the senter to

form a sector and th

at_the cord must mot pass through th
segment, the semi-circle CAN BE NEITHER f;:mmr = S et T R
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THE CIBCLE. .

PART 1I: Belationshin Betweem the Position of the Strafght Line and the Cirels

Material
1. The box of sticks and the supplies,
2. A big wooden circumference, red,

Presentstion: PIRST LEVEL (witheut the radina)

CASE #1: External
Here we show the line external to the
gircle or wice wversa. Our relationship
iz between the circumference and the line
both of which are external to the other, so
we can move the stick towards the eirele,
stopping before we resch the circmmference,
08 we ¢an mowe the dode towards the Yine]:

CASE #7: Tangent
We show the line external to the eircle,
and then, verbalizing the movement. . .
external. . .external. . .external, . .
we move the line towards the eircle
until we hit tangent, OR we move the
circle,- o =

CASE #3: BSecant
We repeat the nrevious movement, verba-
lizing through externals, then tangent
and, finally as the line moves into the
eirele, secant. OR we move the cirele:

Fresentation: SBECOND LEVEL (with the radius)

CASE #l: BErternal
Fix the stick in the cirevmference which
shows the radius of that eircle, using
the MEASTRING ANGE then to measure the
various distances.

o >

These are the twe elements finvelved:
the cirem=feremece and a stick whickh
represents the infinite line,

Ooe i3 external to the other.

They are éxternal becmase they do

net touth--=they hawve mo point in
common,. The straight line is external
in relation to the eirele: the cirele
iz external in relstion te the line,

-

The line and the circle are tangent
because they touch, They have ONE
point in common,

LN ]

The line and the ci¥cle are secant
because they touth-——=they have TWO
pointa in comson,

I ¥mow that the straight 1ine is
extarnal to the cirev=ference and that
the cireumference is extarnal to the
line because they do not have a point
in common,

Consider mow the distance between the
center of the circle and the straight
1ime, ', .IS IT THE SAME LENGTH,
GHEATER THAN, 02 LESS THAN THE LENGTH
0F THE BADIUSY

The position of the strafcke line is
external when the distance between the
stralght lime and the center of the
eirele i3 greater than the radius.

By calling the radius ©
and the diztance d,
I can write this:

d >

n




THE CIRCLE. . .
Pregsentatisn: Pesition of a Straipght Lime smd a Circle: Second Lewvel, . .

CASE #2: Tangent We know that the line and the eirele hawve ane
point in coomon.
What Ls the distance between the stralght lime
and the centeér of the ecirela? EJML TO,
d=n GREATER THAN OR SMALLER THAN THE RADIUS,
It is equal, =0 the line tangent to the
circle shows & =

CASE #3: Secant We knew that the lime snd the eirvele here
have two points in common. They are Secant
to each other,

How can we express the distance between the
& < A stTaight line amd the center of the cirela?
When the line iz secant to the circla,

%‘% ; Hew much less than the radins?

:“Q‘q‘{ The distance from the toimt of imtersection
of the radivs and the 1ine to the are,

: Mmmmmm.&t (Part T: Ftlorrnimelabiire,
Larne €70. .¢n:f,,,,...,,.,j'_-

e dord.

PART IIX: The Belationship of the Positions of Two Cireles

Material
1. Two wooden circumferences of two different diameters: the large red circum-
ference used in the presentation of the circle and the line, and a smaller
black ecircmfersnces, (These are embrofidery hoops)
2. The box of aticks,
3. HMeasuring angles: a) the familiar measuring angle

b) a simpler measuring snple, formed I
of two perpendiculars, in rad,

WOTE: The presentations are made om two levels for each of six cases.

fresentationt PIRST LEVEL (without the radius): Sensorial experiences

CASE #1: External

Shew the two circmferences on the
plane, Mowve either one teowards the T
othar,

. —

How are these two circles?
ne is external to the other,
They hawve no point in common,



e —————— T T T

THE CIBCLE, . .
Fart III: Two Circumferences. . .
Presentation: PIRST LEVEL. . .,

CASE #2: Imternal
Ve place the smaller eircuzmference
wvithin the larger, making svre that
there i= me poink in common,

One circumference {5 internal to the other,
The two have no point in COEmOn.,

CASE #3% Externally Tangent

Here one most Be outside the other, ——
amd they are tangent. We move one - !
towards the other until this tangent ‘_l.,\‘ J
= i 19 i

external. . .external. . .sxternal. . .
tangent,

The two clremsferences have omne point in
common,. They are axternally tangent,

©

The s=aller cireumference iz imternal to
the larger. The circles are tangent: they
have one point In common. They are inter-
nally tangsnt, -

CASE #4: Internally Tangent

CAZE ¥5: Secant Cireles
We move the circmmferences toward e Famii
tach other, moving calv ons or the "5-1_{ )
other, from am external position, past ] WHE!
the tangent, Finally to secam:, - P

external. . .external, . .sxteroel. . .

tangent. . .now neither external nor intermal |

The circles have tvp points in commen.
are secant cireles,

CASE #6: Concentriec circles

We show one cirele within the other,
There is no point in comson.
Both must have the same center, With

4 shatt stick from the bex, show that

the distamcs between the tus circles s

the same at every point.
1 can say that both the cirelss have the
same center becausze theras is the same dis-
tance batween them at every point.
He have Formed the ring,
Thesa are concentric cireles.

Fresentatism: SECOND LEVEL

We must begin thiz work by discovering the stiek which will repregent the radii for
the two circumferences. Now we have as 3 point of refersmce the distamce between the
o centere of the cireles,

REVIEW THE NOMENCLATURE OF THE CIDCLES
and then establish the two centers. Shew
4 loager stick between the radif to indi-
cation a prolongation of the tws, thus
showing the distance botwesn the two canters,

Since we Eﬂlhmn:.{?r th.; distance between the two canters, we must place the tadii =o
that one i3 the ation of the other. That 4 - h k
Pty pro’ :nq.:__ hat [T stick represents the distancs from th!.-s
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. |'THE GIRCLE. . .

Frrt ITI: Teo Circomferences. . .
Fresentation: SECOND LEVEL. . .

CASE #l: Ewxtarnal

(=6

(R +r)

Develop the forwula, using square of

paper B, x and § (delta) to indicate
respectively the longer radius, the shorter
radins and the distance between the two
Centers,

CASE #2: Internal

Here we are using as a reference the

difference betwesn the two radii (R - r),

We digscowver that [HeeDoVmess ool g

gy genters is ;‘;ﬁs han that mﬁﬁ
lesa than 7

A LABGER CHART, AS POLLOWS, IS NECESSARY TO

ShROW THIS.

Pal

|

f-ﬂ"rj

Extermally tangent

CASE #3: Intermally tangent

This is our nlane.

These two circles are co-planer.

Hiems are these circles? External.

Laok at the distance betwesn the two circles
How is it? Is it egqual te, larger than or
s=aller than the su= of the twe radii?

It is larger. . .by this part: the dis-
tante between the two circles.

I can make the proof by putting the twe
radif sticks together to show the lesser
distance thev make in relationship to that
shown abovs,

S0 with 5 and (R+r)
What is the sirm after § 7

THEK § > (R+r)

D (Rir) < 5

Tell me when two cireles are internal:

when one is inside the other and they have
no polint in common.,

Is the distance batwaen the centars of tha
circles (here showm as the distance betwsen
the vedii at the ecenter or the distsnce
between the ciremicrences) larger thanm,
efual te, or T=aller than the DIFFERENCE

betweesn the twe redif{? (B - ¢)
o rg) oce, By tha cles ‘Bativesm
i L rx}.

e Il oo SEE

If I place one finger om each of the o
canters, the distance betvesn my fingers
iz the distance between the two centers,
Iz= it larger than, equal to, or smaller
than the sum of the two radii? ﬂ;w.:!.
Ao § = (R+ r%
(R+r )=

When the circles are internally tangent,
one i3 internal to the other and they have
one point in common.

Here we comparse the distancs bhetwssn the
centers with the difference befwesn the
m_ -

We cam ‘observe that they are egual,

ide = (RP_
{'Ej--} fRer
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THE CIRCLE, . .

Part III: Two Circmmferences. . .

Presentation: SECOND LEVEL. . .

CASE #5: Secant Circles

Here again a lacge chart demonstrating When two circles are secant, they are neither
this case is helpful: sxternal nor intermal; they have two points

in- comman.
On the chart we cam see below the circles
both the sum of the radii and the difference
between the radif.

‘ The gresn line shows the distance between
the centars,
Look at that distance.

v Is it larger 'I'-'l'll.'l-'lI equal to of smallar tham
the aum of the radii?
The distance between the centers of the circles

I {3 le=s than the s of the radii.. . .

; " Is that distance larger thanm, egqual to oT
Yl smaller than the difference between the two

Tadii?

e — + » sasdnd greater than the difference betwesn
the radii.
THEN : R} < (R+r)

(R+r)>"§
. & > (R-r)
CASE #6: Concentric Circles (R-r)< %

Where i= the center of the black cirele?

Fhare -is the eenter of the red cirela?

Then we can indicate both those centers with
one finger.

What is the distance betvmen those two centers?
There iz mome,

Then sircles are comcentric, there iz no
distance between the centers,

AIMS OF THE CIBCLE WOEZE
Direct Afm: Enowledge of the circle and fts parts,

Indivect Freparation: Por the caleulation of area of the cirele and its parts,
For the study of inscribed smd circumscribed polyzona.

AGES | FOR THE FRESEFTATICN OF THE CLASSIFIED NOMENCLATURE OF THE CIBCLE: 8 - § years

Relationship of the cirele and the straight line: First Level - B
Second Lewvel = 9

Homenclature of the cirele and parts: PFirst Lewel - 8
Spcoend Level - 9

Relationship of the circle in relation to amother circle: First Lewel - &%
Second Level - 9+
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EXFLORATION OF THE QUADRILATERALS, . . . 2 { i!
Fresentation. . . o E
k|

8. Rearrange the figures : ;

in the following wav: 1 four sides. o

Beview the charactaristics L A

of mach figure, -

b

i
at least one pair of parallel |
'-,I sides; thus the name, i

twe pairs of parallel sides;
thus the name parall=lofram.

rhombus: Ffour equal sides, E
5 rectangle: four egual angles, |

four equal sides. - -
four egual angles. . .
THE SOUARE,

————

9, HNow we can describe thege figures %, Ia the rectangle a rhombus?

gecording to the sets within which Is the square a rhombus?
they £all. FPor example: all the Iz the thombis a tectangle? o
figures are common quadrilatersla, I the rhombus & squarer

All thoss fisares shown belowr Ehe tra- Is the square a thombus?
pezoid are trapezoids. The clarifica=

tion of the relationship between the

last three figures iz especially imper-

tant.,

10, Then reverse the direction of the 10, The trapezoid is a common quadrilsteral,
exploration, showing the limits of the but the common gquadrilateral is not a
Sets, trapezoid.

The square is a rectangle, but the rTee-
tangle iz not @ sguare,

GAME: Here, by requesting a particular Give me the quadrilaterals.
set, we are enclosing within the l1imit a Give me the trapezcids.
partiewlar group of figures, Give me the parallelograms.
ROTE: We have applied new math without Giwve ma: the rhombuses.
mentioning sets. We have laid another Give me the rectangles,
part of the foundation for the freat Give me the squares.

work ahead, s rﬂ L

Presentation #2: Tha THagonal

In the work with his hands, the child realizes that the figures he is forming
are mot stable, Thus he can make a trapezoid from a common quadrilateral by shifting
the uwnited sticka. This is contrfary to his sxperience with the triangle comstrucs
tien., So we help him make this observation,

1. Shew the triangles from the three 1., Thes= are called constructive triasngles
boxes of constructive triangles, because they construct other figures.
They construet all the-figures of realify.
Becanss all the £icures of reality arte
composed of triansles.
Resemhber the gquadrilaterals we censtructed
with these triangles?

?. 3how the rhombus as an unatable ¥, When we constructed the rhombus, it was i
figure. Then, with ancther stick, not stable, o
mnite two wertices. Bow it is stable. - T

We hawe formed two triangles. y b



EXPLORATION OF THE QUADRTLATERALS. . .
Pregentation: The DMagenal. . -

3, Use a stick from the Pythagorean box to make the square a stable FiraTe.
Then stabilize esach of the guadrilaterals with a diagomal.

-
4. Give the name, &, This line segment which joins opposite
vertices i{a called the diagonal.

5, Using a comstructed triangle, show that 5. 1 want mow to unite two wertices of
there iz no diagonal for the triangle. the trianrle to shew the diagonal.
*1 hawve forgotten to tell vou about
the diagonal of the triangle.”™
Maybe I can unite these two vertices,
But I already have a stieck there,
It is the side, Le&t"s try thess two,
This triangle has no diagonal.
The diagonal is only present in figures
beginning with the quadrilateral.

6. Fote that two triangles have been . 6. Into how many triangles have I divided
formed in the fipures with sach diagon- each of these figures?y
al. I have created two in each with the
diagonal.

In working with the comstructive tri-
angles, we used two trianrles to
construct a guadrilateral.

Dreseptation #3: The Nomenclaturs of the Quadrilaterals
Materiagl: the sams, with the reading labels to identify the six guadrilaterals

1. Using the six quadrilaterals of reality which have been constructed by the
child according to those constructed in presentation #1, show them displayed
horizontally on the mat thusly: common quadrilateral,; trapezeid, parallelogram,
rectangle, chombus, sguare.

%. Bow the child uses the plans inset figures, matching each of the conatructed
quadrilaterala:

a) From the Drawer #3, The Quadrilaterala, he uses the square and the
rectangle,

b) Froa the Drowver #6, Varions Other Figures, he uses the rhombus and
the trapeszoid,

d)} From the box of supplementary Figures, he uses the cardboard figures
of the parallelogram and the common guadrilateral., (We do not wvet
conaider the various trapezoids in this box.) :

3. Having matched each of the constructed gquadrilaterals with one of the plane
figures on the mat, the child now matches sach with the corresponding reading
'.li'b-ti-

4, ACTIVITY: Using the plane figurés as pattern, the child draws the six
guadrilaterals of reality and namez them on his papeT.

5. MNow the child uses a stick to make 5. Before we can work with thess constructed

sach of the constructed fimures quadrilaterals, we must use the sticks

rigid; a neutral atick required for to make diagonals for esach of them in

the square and other sticks ate order to fix the figure.

found for the diagonals of the other Without that diagonal, we would find our

figures. fig‘utu unstable and constantly changine
shape, :

6, Oor examination of the nomenclators now besins, £irst considering the common
guadrilateral and then moving along cur arrangesent of cuadrilaterals displayed.



EXPLORATION OF THE QUADRILATERALS. . .

Presantation:

7.

8.

EXERCISE:

Homenclature. . .
Review again the visnal examination 7.
of the altitudes of each of the aix
quadrilaterals, naming the kinds of
altitudes in =ach,

BOTE: Thers iz a special construc=

tion of the parallelogram in which both
the altitudes are exterior: wvery long
pair of parallel =ides and smother spip

cof wery short sides.

Examine the diagonals Eormed in each 8.
of the figures constructed, The child
then f gibl

in each guardrilateral, If he dosan't
have the correct sticks, he makes one
gut of cardboard, fixing one &nd and
then cutting at the other. Be iz dis-
covering that diasgonals intersect form-
ing a erogs AND that scmetices diagonale
are equal (square and rectangle) and
soestimes they ars not,

of a Palygom,™

In the classic trapezoid, with the ma jor
side as the base, all the altitudes are
interior.

With the minor side as the base 211 the
altitudes are extsrior,

In the parallelogram, the altitndes
alternate: interior, sxterior, interfor,

exterior,

In the rectangle, the altitvdes £all
along the zides (the limit) or they

are imterisr altitedes,

In the rhombus we discover alternating
altitudes: exterior, interior, exterior,
interier,

In the zquare, the altitudes are interior
or they £all along the =ide (the 1imit.)

We know that the 4 1 isa a line

& two gite vertices,
What does the diagonal form in each of
ot gquadrilaterala.

We have in sach two triasngsles, the con=
structors of the quadrilateral.

How many diagonals are possible in the
quadrilateral?

We have another pair of oppoaite vertices
« =« «therefofe, we can sstablish

batwesan thesze two a diagonal.

Here we present the form entitled "Geometry---5m of the Interior Anclas
The first division, questions 1-3 repressnt the First

level of work which he i ready to do now in connection with Both the

triangles and the quadrilaterals.

Because there are three rows of spaces

for sach of the gquestions, he can do the sxploration in relsticn toe three

of the trangles and three of the quadrilateralas.

THE TRAFEZOID

Materials

i
2. A1l the trapezoids in the material,

Presentation

1.

2

{SEE FORM)

The box of sticks, and construction supplies.

Separate the constructed scalsne trapezoid from the group of guadrilaterals
used in the previous presentations, and put the other quadrilaterals aside.
DISFLAY on the mat this constructed figure with the iscsceles trapezoid frem
the cabinet and the threes trapezoids from the box of suprlementary Eicures,

Using the constructed scalene trapszoid
and the scalene trapezolid from the
supplementary figure box, Introdoce

the scalene trapezoid and place the
tvo torether on the mat,

The trapezcid has different shapes
according to its sides amd the position
of its anglea.

It has a minor base, a major base, am
obliquee side, another ohlique aids,
This is a scalene trapezoid.

S0 far we have vsed scalens to describe
only ofir CASEm—-Temesber, when all the
sides ares differcent,

Here scalene refers to the oblique sidas,
The trapezoid is scalene Secause thoss
two sides which are not bases ara of
different lengths,

'l

_ﬂ.\v:



EXFLORATLION OF THE QUAIE:IIATEFJ.LE, TR
PResantation: The Momenclature. . .

A,

B,

The comnen gquadrilaterals: A
Begin b reviewing the familiar
nomenclature. -

ROTE: this fipure hasg no base

and no altitude——we can say it

rests on the longeat side, but

we can never call i+ the base,

The trapezoid. B.
ROTE: The feormalar used for the

area of the trapezoid cannot ba
applied to the cormon quadrilateral.

Show the trapezoid in the wooden
altitude stand, first on its major
base, Using the plumb line, atop
at the first wvertex, woving right
to left along the base, Heasure the
altituds with the messuring angle,
Then move the plumb line to the next
vertex, showing the same altituds,

Show the trapezoid on its minor
base on the stand, showing the same
altitudes.

The parallelogram. G,
Examine the altitudes of the paral-
logram in the stand with the plumb
line.

HOTE that the parallogram can be
turmed backwards to show a second
position, but it iz the same paralle-
logram and has the same altitudes, ste,

=

L FPTE
Code ™4

The rectangle., Here we have the D,
same momenclature, And we no longer
hawve the problem of oriemtation,

We repeat the experience of exa-
mining the altitudes, We see that
tgch side can be 2 base,

Repeat the sxverience with the rhembus.

This ia the guadrilateral regionm,
These are the sidss of the common
quadrilateral. . .the perimetsr, the
angles, the vertices of the angles,
Thi= f.lg'ure has no base.and therefore
haz no altitede.

fut nom=nclature hers iz the sams=:

Where is the gquadrilateral rerion? the
aides? the wvartices? the perimeter?
This figure has a2 'base; that fs, It

has two baszes.

The Bases have to be ome of the pacallel
sides.

Reither of the two obligue sides can be
the base,

If the traperoid has tws basss, it will
alss have altitudes.

This is the first altitude.

Thi=z is the second altitude,

Batwesn the first and the second altitode
there are an infinite nmmbar of altitudes
and they are all the same in length
because of the parallel lines,

N

Here araim we have the zame nomenclature
for the quadrilsteral, bot new

we have as many bases as there are sides,
And thus we have four altftudes.

This is the altitude mecording to this
bagee——and & second according te this
base. . .and again we have an infinite
mumber of altitudes betwsen the two
because of the parallel lines.

Here we show the parallelogram in posi=
tionm #¥ee—again we find an infinite
number of altitudes between these two,
Then case #3 is the sa=e a5 case #1,

And case & equale case &9,

In the rectangle, etach of the sides

can be a base,

ind we discover that the altitude {s
alvayz equal to one of the sides,

When the base is one of the longer sides,
the altitude is equal to the shorter
gide,

When the base is the shorter side, the
altitnde is squal to the lonrer side,

Here each side can b= a base again,

and we discover that we have equal and infinite altitudes for sach g fide,

In our exanination of the squars, we discover that the altitude is egual to

the base,



GEOMETEIA - GEOMETRY
SCUA DEGLI ANGOLI INTERFI DI UN POLIGORD
SUM OF THE INTERIOR ARGLES 0P A POLYGONW

o/

{ 1. Guanti LATI ha 11 tuo poligono?
& ‘q ) ul = u-’ 1. How many SIDES has your polygoz?

e ey ]

f 2. Quante DIAGONALI puol tracciars

: da un vertice? :
§ 2. How many DIAGONALS can you draw [J |

from one vertex? 8-
J |

- 3. Quanti TRTYAKGOLI hai formeto? 1

3« How many TRIANGLES have you

—_— formad?

- —

= = e o — = — e — - e

S o B 4. Quanti ARNGOLI PIATTI contiene
BN il two poligono?
4. How many STRAIGHT ARGLES does
your ‘polygon contain?

P o ] 2« CGome hal ottemito tales NUMERD
i dl angoli platti?
=, ek et d! 52 How did you obtain the NUMBER

of straight anglea?

E-Lquﬂ.ntimdihmﬂ.laluﬂmﬁﬂ

degli angoli interni del tuo po-
| ligono?
i 5. How many degrees make up tha SUM

e e et et el of the interior angles of your ||
polygon? i

[7. Quent: gradi misure OTASOUN an- |

|

|

{ golo interno del tuo poligono
| HEGOGARE?

i} T« How many degresa doea EBACH in-

oy S EE | tarior angle of your RECULAR
polygon have?

| 8. L*angole intermo del tuo poli
; no regolare & contenuto ESATTA-

= or 8. Ie the interior angle of your
= }— regular p-nla.argan contained EXACT

i
) ~f  MENTE nell'sngolo giro? (si/nmo) !
LY in a whole angle? (yes/no) ,

l 9, PERCHE' con questa piastrells & [
possibile o perchd non & possibl

e o i Ty P e le coprire una superficie?
| 9. With the corresp tils WHI
T is it possible or is it not pos |

- gible 40 cover & surfacef? i




THE TREAFEZOID. . .
Fresentation. -« .

3.

Intraduce the [sosceles trapeszoild

bv conatructing it with the sticks,
using sticks of equal lemgth for the
two oblique sides. Then take the plans
figure and demcnstrate its esqual sides
by turning it backwards in the frame,
Maca the two in display together on
themet, following the scalene,

Conatruct the right-angled trapezoid
with the sticks:
a) WHeh twe sticks make 3 rirht
angle, using the measoring angle,

b) Add a third stick at the top;
showing it parallel to the base
by measuring with another stick.

e) Add the fourth stick that will

fit betwsen the two parallesls,
Display with the corresponding plane
firore on the mat,

Construet the obtuse -angled trapezoid
with the sticka:

al Bhow two sticks, a short amd
a long. Parallel.
Move the top stick to the
left,
With the measuring andle shown
resting on the bottom stieck,
position the third stick at am
abtuge angls connecting the
parallel sides,
Add the Fourth side, showine the

b)
e}

d)

measuring angle to imdicate another

obtypse angle,

Display the constructed obtuse-angled
triangle with the plans figure cCorTEs=
ponding on the mat. How we show all
four tofether.

In this trapezoid we have a major

and minor base, but the cblique zides
that cannot be bases are equal, so it
iz an isosceles trapesoid,

Here we have ysed the name of the two
oblique sides to give the name to this
trapezoid.

This 1z a right=anrled trapezcid be-
cause 1t has one of its mon-parallel
sides perpendicular to its base,
Thus we have two Tight angles,

-+ -

This trarezoid must have two obtuse
angles,

The first two trapezoids haz two obtuse
angles, but they were near esch other,
ad jacent.

Here we must have two obtuse angles
opposite each other.

Two opposite obtuse anFles make this
trapezoid an obtuss-angled trapezoid.

The child matches the reading labels to the figures,

ACTIVITY:

The child draws the trapezoids and names them in his notebook,

GRAMAR EXERCISE: BEwamining the describing phrases here for sach of the
trapezoids, we see that the name is always the same, but the guality changes,
So we can use the adjective grammar box to point this out in the usual exercise.



OH THE REGULARITY AND IRREGULARITY OF POLYGONS

Hatarisgl
l. The plane insets of the geometry cabimet and the supplementary box of firures
and frases,
2: EBeadipg labels: - triangle, square, all polysons.

Presentation

l. Invite the child teo bring the first L. Bow this is mot |juat a triangle, bur it
draver (demonstration tray) from the rege iz an equilateral triangle; a square;

metry cebinet and to give the name of a circle;
=ach figore,

2, Show the child how to rotate each figure, When I rotate this figvre to the right,
Eirst the triangle, then the sguare and I musat make only one mowve and them fit
the circle, makinz only one move to the it again into the Frame,
left or right and fitting it acain inte Hotice where the angle of the triangle
the frams. Fgoes g I rotate ik,

I find that I can alse rotat= the sgquare
and it £its again into the frame,

I don't know how much te turn the cirele
so Iiput it back.

3. Try the same experience with all the fisures in the cabinet. In the drawver of the
triangles, only the equilateral triangle, which we have already tried, can be
rotated to Fit the Erame. In the drawer #3, tha gquadrilaterals, only the square,
In the drawer of the polygens, we find that we are able to rotate each ons and find
the sxact fit with one pove,. The circlss drawer pressnts the indefinits sitvation,
From the sixth drawer of various other figures, we try the two polygons, the trape-
zold and the rhombus and discover that neither will work, Pinally we attempt the
rotation with the supplementary figuwres and their corresponding card-frases and £ind
no figures which will rotats.

%, Ask the child to now take all those figures from the drawers which could he
replaced in the frame by rotating omce. He takes the equilateral triangle, the
souare, and all the polyrons and displays thes on the mat. (We do not taks thae
circle becanse we know ft is the 1imit of the polyrons and determined by a curved
line.}

5. The child matches the reading labels on the mat with the corresponding fieures,

6. ERepeat the rotation experience in the 6. From the seven trianrles of reality, we
frames now with each figure, noting that have cnly 1 triangle; from the six quad-

the rotation meang that the sides and rilaterals, we have cnly the square.

the angles are e£qual. Also werbalize Anid we have the polwvgons from the pentagon
this time during the rotatiom when the to the decagoh.

figure is cutside the frame and when Let"s try each fisure again in its frame
it is inside. and aee how it i= able to rotate.

If we can turn the figure once it means
that a1l the sidas and 411 the angles
are pgual.

This time tell me when the Fipure is
outside. . .cutside, . .in the frame,

7. ACTIVITY (this setivity comes after the reading labels, #5): The child draws in
hiz notebook all the displayed fignres and writes their names. OR ha draws the

Eipures using the frame, then colors them and pastes them in hiz notebook and
viites the name of sach,

B. Fow, after the #6 exercise, the child takes the paper on which he has shown or
drmm the figures. He colors cach of the equal sngles of the fipures red, and
traces each of the equal lines in blue. (The sensorial sxperience of expressing
the figures as equisngular and squilateral,

9. CONCLUSION: All the figures whichk were rotated and fit again into the frames are
REGULAR FOLYGOMS; those that did not Fit are IDRECULAR PULTGONS, The child titles
his page: My Regular Polvgons.



REGUTLAR ARD IREEGTULAR BOLYGORS

FROM THE IRRECULAR TO THE REGULAR POLYGINS: Second Lavel

Eaterial

1. The plane figures.

2. The plane, the box of sticks,

3. The cardboard strips which can be eut te any length when nesded for a side,
&, A box entitled "Esgular and Irregular Fol " eontaining:

a} Two special measuring angles: 108° and 120°,

b} Three series of reading labels: (these should not be used in the
actual pressntation when the child should write the labels with the
heln of the tescher, Howsver, they may be nsed later when he works
with the material alena)

{1} Series F1: & non-squilateral polygon
an equilateral polygon
2 non-equiangul ar polygon
an eaquisngular nolygon
£2) Series #2: This is & non-squilatsral and non=-aquianmular polygon.
This iz an equiangular polygon but mot an squilateral polvgor .
This iz an equilateral polygon but mot an equisnsular polen.
This {8 an equianpgular as well as an equilate=ral polygon.
(3) Serfes #3: Irregular Polygon
Bagular Polyzon

Presentation

1.

2.

3.

&,

Ask the child to take six different l. What can we say about this polygon?
aticks and unite them In random order. It has six sides. It is @ hexagon.
It does mot have squal sides,
‘nd we ses that it doss not have equal
angles,

Ask the child to comnstruct ancther
hexagon with the same six s&iu‘t!. but -
to unite them using the 120" measuring 1
angle and to show ltﬂ-hemgu batwesn i hﬂiﬂd
each of the sticks, thus constructing
an equisnpular hexagon. He finds that
he must cut one or two cardboard stripas
in order te form such a hexagon, elimin- » '
ating some of the criginal sticks. He
BeasuTes aach of the angles to make gy
that each is 120°,
WOTE: The hexagon has three diazonals
which form & triangles,
Since the three lmrlea af the
triangle = 180,
the sum of the interisr angles
of the hexagom = 180° X &,

= 720
In the regular kexaron, =ach E
angle will be 720° &, =0

each angle = l?ﬂ'ﬂ.

Ask the child to construct a hexagen #*3 O
with six sticks of equal leangth., Show 3
thiz hexagon with unequal angles on the

mat,

Ask the child te construet the same Vs
hexagon again, but this time to megsurs T
with the 120° measuring angle so that

all the angles are equal, at 1200







