Passages of Squares to Square BRoot
Passages from Squares to Cubes
Fassages of Cubes to Cube Roots

THE LAST PASSAGES OF THE BINOMIAL AND TRIRGMIAL

Presentation #1: Products of the Binemial with the Decimal System Materials
He have already seen the square divided into the binomial and the trinomial., The
child should be very familiar with this work and with that of the comstructien of the

decanomial, NOW we are prepared to multiply binomials which DO NOT GIVE A SOUARE AS
A FRODUCT, ¥

Material
1. The box of colored bead bars from 1 - 10,
2, The decimal system materials,
3, 3Slips and operation symbols.

1, Lay out the operation with mumber slips 1, This means that I have to multiply
and operation zisne. The child then shows (7 + 3) First times & and then times 7,
the quantities of the f£irst term-with the The addition sign between the & and 2
materipls. mesna that I have to add those two

ta t ther
2; The child shows 7 X & and 3 X & with the A - *
bead bars under the corresponding quam- { ooooooo- + wes ) X (4 +2) =
tities, Then HE TURNS OVER THE 4,
And beging the sultinlication of % ﬁ
the two gquantities by 2,

: S
+

coooo0o  ses X 2

3. He puts all the bead bars together: here we have a figure other tham a square: it
iz a rectangle,

&%, Show the child how the operation is written in mathematiesl caleulatiem,

S A A

7 utg +r.na%= 28 +12 = 40
(7+32) x 4 = (Txa

+(3xa)=I¥+ &= ao
+ I3 = &0

5. HNow do the reverse operation, showing the (& + 2) as the bead quantity times the
term (7 + 3). The multiplication then is by 7 and 3. The result iz the same as
showm by the subsequent calculation; BUT THE FIGURE WILL BE DIFFERENT,

6. The child shows the two cperations simultanecusly on the mat with the materials,
Presentation #2: Oparations with Fmmbers Greater Tham 10: 23 X 25,
l. We first write the proposed binomial: 23 X 25 = (20 + 3) X (20 + 5),

2. The child forms the first term with q‘ﬂll‘ltit!e.ﬂ R oo ) X L.
and shows the second with symbolas, HOW HE IS USING THE GOLDEN BEAD BARS, showing
the X as two golden ten bars.

3. He begina the operation by taking 20 X 20; that fs, he shows the first tem-bar X 20
and the second ten-bar X 20-—<he is, then, laving out 80 ten-bars, .28 below each
of the originally placed ten-bars, Then he multipliss the three-bar times 20,
laying out 20 three-bars below that quantityy~*HE TUENS OVER THE 20, indicating
that the sultiplication of both quantities of the first term have been multiplied
by 20. Then he multiplies sach of the quantities of the first term by 5, laying
out five ten-bars below sach of the two shown; and 5 thres-bars below the thres,
#¥¥are the child knows that 3 taken 30 times cam be 30 taken 3 times 50 he can
show 10 X 3 with three ten bars and then 10 X 3 again with three ten bars.

4, He combines the bead bars which show the multiplication to make a geometrical
figure,

5. THEN HE WRITES THE CALCULATION: (20 +.3) X (20+5)=
do+3) x 30 = (Ao xA0) + (3R 3A0) = HOO+ 60 = #&0

+3) X 5 = Cacox5)+ (33X 5)= jod+i15 = )i
5¢'_-F¢ 75 = Sa85



The Last Fassages of the Binomial and the Trinomial, , .

Fresentation #2: Operations with Sumbers

&, HNow the child can take the large

square 2] X 20 and tranaferm it

Greater than 10,

with & 100-sqoares. HIS CALCULA*
TIOM DESCRIBES THE FIGCURE.

. (20x20) + (3 xa0)+

ey, B W ®
&

e i (apxs) +(3n5)

= EO

m—— —
T
g

=I5

— o e
= ¥

= e

DIRECT AIM: The gecmetrical representation of products formed by units and tenms,

INDIERCT AIM: Preparation for the gecmetrical representation of multiplications done
with the hisrarchical materials. {colors)
ROTE: 1In the checkerboard work the child has a coler guide to follow

for the geometrical scheme: he
eoleor guide,

te he has abstracted further, beyond that

Presentation #3: The Binomial Square Bevond Units

Write on a slip 1
than write (10 + &32, . .

1.

2: The child shows the sparation az in the
precesding twe ocperationa, Hs shows the
first term with the gquantities in beads
and the second with symbols. This means
that I have to multiply (10 + &) first

by 10 and them by 6.

The child knows that 10 X 10 is 100, so
he ahows that suitiplicacion with the
100-square, He knows that 10 X 6 is
equal to & X 10-—ao he shows both of
thoze multiplications with ten ten-bars.
THEH HE SHOWS THE 6 X & WITH 36 TMWIT
EEADS,

He writes deem what has bean done:

Clearly explain why we follew the pat-
tarn of this figurs,

KOTE: When the child worked with the
bincaial and trincmial aquare he had £fi-
gures like this in wvhich he substituted
the parfect squares. BUT now we soe no
working with linsar messurss that go

in progressions of the powsrs of 10: 10
by 10, BOW we progress 100 by 100 which
rteprasents the SURFACE MEASTRES. And
measutes of surface DO NOT FOLLOW A LIME,

1. We want to raise to the sscond power
16, So we must decompose the 16 fnto
te and tens,
::i = (10 + 6)2
E—--rl----—bi-l-iﬂ-l-) x {I‘ﬁ{-ﬂl
a= |
I = (1o+6)w(/o+6) =
= (1o 10) (16X 10) +
GoIV2 (683 + o
= 10X +
= 00 + f:;lﬂ + 26
= 456
2= In any maltiplication, when we reach 10

of any order, we change that guantity
for one of the higher order,

To follow that rule, we must change the
the ten ten=bars Em.' the 1M=zgquare,
BUT we form the &° with the wnit beads
because we have not reached 10 of the
otder. The squarsa &f & i3 mot Eormed of
thres ten-hbars and 6 units, BUT OF 36
WITE,

THUS THLS WORE IS FARALLEL TO ARESA WORK.



b. Wmmwmﬁ 160 % {00

- 2o = From the square of 1
;;- ‘L 113,1. lgg 1%3: = Lgﬂggg which soupals 1 to the
E1= g 3 = 900 300* = 90000 Hu;n nfii which is B1,
4= T8 ¥0*= 1,600 400> = fag;uua L e Amm—
5‘-1% 50*= 2,500 500 =2s50000 o s, we uteﬂm
6 =3 &0 = 3,600 & 00™ '-'-Sidﬂﬂﬂ h; ; Progressing 10 by
7t = 49 70" = ,900 100> =490,000 1, |SUTiakat kN wov to
P28 | 3ZI8v08 | 435% -612833 | simpmdemmr

- = = 1 e
T = 81 90* = 8,100 G060 810,060 U OISR €

The progression of the
ANALYZE BY COLUMNS: chart, then, is 100 by
100emathe surface measury
Columm #1: When we get to 82 we have 16a--that is we have moved
to a square formed of tens and units; but because we are raising 4 to the secong power,
we cannot take a ten-bar and & units——-WE MUST TAEE 16 UNITS. And so for 52, 6°, ete,
Present the squarss of 1 - ¥ in the cabinet of powers, moting that
EACH SQUARE IS FORMED OF UNITS,
Whenever you multiply ONE MUMBER by itself, vou must form a PERFECT SQUARE. So in the
squares of the units from 1 = 9, no tepn-bars can be used., When raising one of these
numbers to the second power, we MOST FORM THE SCQUARE.

Column #2: Here we note the addition of two zeros for the square of 10, When we

reach ﬁ-ﬂ'ﬂ, we have four digits; but the measure is actually hundreds or sixtesn h'l:mdt\;du
as noted by the two zeros. And 2o the measure has increased 100 by 100, With the 10
we begin the STRFACE MEASTRE which has two dimensions and denotes every point which
composes the surface., That is, we show movement inm two dimensions, thus creating a
surface.

Column #3! Fow we have four zeros. Mnd again the measure has increased by 100, Our
measure is no longer following the line, but it follows the square, So the progression
is from humndreds to tem thousands. And whenever we multiply hundreds X hundreds or
hundred?, our measure is ten thousand. S0 at 5007 we have 16 ten thousands,

ROTE: Linear measure has one disension; surface measure has two; wolume measure has three,

7. PEepeat the binomial square with the decimal system materials: 147 (10 + &) X (10 + &)

Fresentation #: The Pagsage from the Real Square to the Symbolic Sguare

DIRECT AIMS: A, To give an understanding of the reasons why, in the squares of
mmbers, our progression geoes 100 by 100,
8s To make the child conscious that it iz impossible to carry out oper-
ations of LARGE MULTIFLICATIONS WITH NORSHIERARCHICAL MATERTALS.
G To show the technique of reducing the real square into the hierarchical

SquaTe,
I, The geometrical repressntation of mmltiplication with the hisrarchical
colors, R e A
INDIREECT AIM: FPREPARATIONPOR THE SQUARE ROOT. e
Material ..:;'_‘:_-:_::__T 1?-__}_: & @ o o
1. Tha peg board. i e AR T L I b R
2, TVWO boxes of the pegs in the hierarchical eolersl | |* * '_'_=_'_*__-_E,*T: = -
[+ - om & @ @ W B @ E
1, On the board, form a large square of _'_:_'_.!l‘_""_"_‘:':::
%rean pegs, 18 on a side, thug showing .!'.;..:..'..!.:_.E,'_'_.' L
he square which the child has just 8 Dl bl b N A d e |
conatructed as the sguare of the bino- s IR e L
misl. - .with the decimal system mater- 1 '_?__',.,"_".;.""_"_"1_"‘ el e
ials. e R
BOTE: We build the square in this way e e e e
only to shew the transformationm, o |2 cvesssetinsns
B PFeedsrsvsisres
What £s 182 equal to? 196 4 te M teas
LEh




iy ol

The Passage from the Heal Square to the _

Symbolic Squars. . ,

2. DFow we want to tranzform the green
square intd another square of
THE SAME VALUE. BUT THIS S{JARE
HOST BE SMALLER,

3. Transform the square: begin by

counting the first row at the top,
left to right, taking 10 green pegs and b
replacing with one blue. Subsitute one|
blue for each of the ten that begin the |
focurteen vows, THEN move to the last
four rows, counting down and substitu-
ting one ten for sach ten green unit
pegs. THEN transform the first long

i- -I-l- l'l_

| a0 la mi il'*‘

[+i% (21" 12| o tens
|.p-l o

I.-'i-il.:lii-l

jrisjeje)s,
‘lii.!l -

;'Iiligi;i.

.._q'-fq-'lq-;

O & &

tow of bluse tens into one red peg.

L, THET® END EBESULT:

DOES IT HAVE THE SAME VALUE? Tes.

What Iz the value? The child reads: 196,
5. HNow identify this square on the board with
the previcusly formed 10+ which the

€hild constrocted with the decimal system
materials.
P S (4F- -

- W
L L
&
[

B F s F @
& o % &

(io+4) % fl"ﬂf— )=

6. The child writes the whole ope= = (102 10)+( 4% 10) + (10 =4}+ (Hxd)
t'.-ti-n’n'#-l--l-ﬂ--r-l-rliilfiilri lf’ﬂ"“"ﬂflﬂ "f.}
& SO0 + GO + [
= 176
7. Two more examples: THE HIERARCHICAL SOUARE AND CALCTLATION,
ROTE: The child consults the table of sJuares for the big multiplieation of
the squares (30¢ = 900)
5"114 AR 3 =3 (N NN
(ao+s)x{204+5) rreree =<{3u+.'.'rjrl_’3u+;u segase
faox o) + (5 x2o)t+ Fr st (IOXIQY+LAx IO sabae
(aox5) + (5x5 ool i (2x 3+ axn i} s sed
20L L R(AOKETHE®  seeveas = GoRi {'Eﬂx"2+2“ sassss
a0 +~ Ze0 +F A5 N LN = QoD+ a0+
‘15 FEE B N | "'J.ﬂa

Fresantatiom #l: THE ALGERRATC BRTEOMIAL-
the Algebraic Binomial

p 48
write the caleunlation. (25)2

2s Denote the two terms of the expression 2.
as a (20) and b (5). 50 now we must
mnltiply both terms first by a and then
by b.

3. As the written expression develops,

place the appropriate sxpressions writ-

ten on slips on TOP of the correspon=-
ding parts of the numeriesl sguare

which iz ghoem on the board,

ROTE: We must also tell the child at
this point that when we show the
multiplication of two terms, we can
omit the smltiplication sign and still
mean the same thing.

Passage [rom the Mmerical Pinomial to

Agk the child to form on the board the numerical binomial (as above); and to

We are goling to call 20 "a™ and 5 "b.™
Using letters is not more difficult, but
easisr becauss instead of calevlating,
WE ARE ORLY INTERESTED IN SHOWIMNG WHAT
HAPPENS.

(a+¢)%
=Cat+t)x (d+4)
= (axa)+($xa)+(ax )+ (£xE)
= at + 2 (af) + £



THE ﬂ'ﬁ!hrﬂh Binomial. . .

b, Together with the children, write the rule: A is the First term: b is the sscond
term, In order to raisze a binomial to the second power, W Taise the first term
te the second power FLOS two times the first term times the second term PLUS the
second term raised to the second power.

HOTE: When he understands this well, he checks the rule in a math book,

5. The ¢hild can now represent his algebraic work on graph paper, using this chart
as a guide:
On this chart we not longer have the
blue color=coded becauvse in algebra
the colors are no longer essential.

6. The child may now 2o binomials which
do not give a square, Ha
may show these binomials on the
board wvith the hisrarchieal s S
pe#a. AND HE MAY MAEE THE
REPRESENTATIVE DESIGN, follow- |90
ing the guide of this chart:
The only requiresent for this
work iz that he mmat first
decide on a unit of measurs,
Also he uses the color-codimg,

7. At a certain point the child discovers that the units are always at the bottom of
the aquare at the right. That the tems are always to the left side and at the
top right., And that the hundreds are always found at the top left,

TAKE THE CHECKERBOARD DESIGHS WHICH THE CHILDEEN HAVE DONE IN THEIR NOTEBOOHS:
use as a comparison, observing the same arrangement of colors which are repre-
sented in that mmltiplication and this wultiplication work of the binomial.

WHEN HE HAS UMDERSTOOD THE BIROMIAL WO8K WELL:
Presentation #2: The Trinomial

DIRECT ATH: The geometrical representation of sultiplication by means of the
hierarchical artangement, given by the rule of progression 100 by 100,

INDIRECT AIM: PREPARATION POR THE SQUARE ROOT...and solving of second degree multipli-
catiocns,
Present the written trimomial: (235)2 = (Joo+ Bo+5) X (2co + 30 +5_} a
and show it decomposed, noting that

first we must multiply all terms by KOO X AOD = ﬁm;nmn

200, then by 30, then by 5. + Zoxlo0 = e, 000

Froceed through the work by shewing 53800 = 4,000

the written calculation for the [ Larll LFF. ¥
multiplication of all terms by the ome. lgusansal Hecarsan. woe_
first (200); then show on the pag mm%,ﬂ Lt Tkt
board. THEN multiply all by 30 and SO ﬂj

gshow that formation on the baards

finally write the calenlations tioes
5 and complete the formation,

L R T T
L B B I T T T



The Algebraic Trinomial. . .

Sow we must multiply all the terma by 400 x.30 f #‘:ggg
30, {(turn the 200 face dowm on the 35&'”3&: 50
mat—--that multiplication is £inished) x30= 7
R e wa R Foa
And, Eimally (turning the 30 dowm) we P e e o P e
must multiply the terms by 5. R S AR S
xaﬂ‘r‘{liiﬂii.lli
Y T rﬂag‘)ﬂ-
s B A W W
& & p B " = =58 88
x5 LR R A R
‘i' [ I T T
L T R R
Aoo x5 = 71,000
Joxs = 150
5X5 = a5

2)AN TMPORTANT OBSERVATION = The squares are on a diagonal, The squares will always
be on a diagonal because we are in the Fiald of the measures of surface. And we have
said that those measures increase 100 by 100. So we ses on the diagonal the vnite--
then the hundreds---them the ten thousands, The 100 by 100 progression, So the
squares form the backbone of the square, . .and the prégression is 100 by 100. We
can observe that along the sides of the sgquare we have the linear progression of 10
by 10, Moving along the right side from the bottom, we can read units, tens, and
hundreds. Mowing from the right along the bottom, we again have the linear progression
which is wnits, tens and hundreds, But now we are particularly interested in that
progression which is shown on the diagonal and follows the squares,

S)EEVIEW: Pow many figures were formed in the hinomial? (1
How many figures formed in the trinomial? g
There is an arithmetical progression which corresponds to the
square of the number of terms giving the number of Figures
formed,

4)ANALYZE each of the products répresented in the figure, This caleculation and the
analysis of it shows the linear measure,  We see that our products always
increase or decrease by the powers of 10—a 10 by 10 progression, We see
this in conmtrast to the surface measure of the Jiagonal squares, POINT OUT
THE PRODUCTS WHICH GIVE THE SURFACE MEASURE PROGRESSION OF 100 BY 100:
Unite X Units always gives Units; Tens X'Tens always gives Hundreds: Hundreds
times Hundreds always gives Ten-thousands,

= 200 X200 = ¥0,000 A

1 JoXaso= ¢ 000 4x =t

£ = SXA00= /000 o s J'ﬂ‘ﬂm-.ﬂld..a_f
o

g“ 200X 36
—"'3" 3o0x 30

5 x 30 e

5) Calculate th
E“Eﬂ:fb"’ % ;ﬂﬂxﬁ s fIm 1
+
Fra

EE

:
i

adding the pro- J3OXSE = /50

ducts, - 5LSx& =
55,245

il /ol
o
i
238
(1
wMx X
b
TR
Fn-ﬂh H‘-E‘(“‘
D6
nsoa MUY gf

NOTE: The child is still basiecally working at a sensorial level., He does not wet
know how the trinomial is written. When he is completely familiar with the
HIERARCHICAL POSITIONS AS SEEN IN THE TRINOMIAL, . .

6) Present the Guide Charts for the Square of the Binomfal and the Trinomial., In the
presentation of the two charts, we simultaneously show the calculation, the resulting
units as moted om the chart AND we place the pegs on the board showing that same
formation as the ecaleulation is made.
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Tht ﬂg‘hﬂiﬂ Trinﬂia‘.l- & =

9) With the child, form the rulet In the trinomial we have 3 terms: a, b, and ¢,
The square of the trinomial is equal to the square of the fipss term plus twice
the product of the first and second terms plus twice the product of the first
and third terms plus the square of the second term plus twies the product of the
Eecond and third terms plus the square of the third term,

AGE: 9 = 10

CRDSES MUILTIFLICATION': With the checkerboard to abstraction. . (AGE: 10 = K

Now we take again the checkerboard for mmltiplication, The work which the child
has done previously with the checkerboard is a strictly sensorial exercise. Now he
is Teady to work on a higher level. And we want to make him gware of the work which
he has already done, To understand the arrangement of the checkerbeard,

With the binomial and trinomial square on the pes board we begin with the 1008 and
the 10,0008~--then gradually decrease in value as we construct the gquare, NOW the
work of the checkerboard STARTS WITH UNITS and the squares are built, But the resulting
figure is the sase,

Fresentation #1: (111)? on the Checkerboard : Two Ways

#1: Taking the checkerboard, we show 111 X 111 with the white numeral cards at the
bottom of the board, representing the multiplicand and the grev numeral cards to
the right side, representing the multiplier. Then we show on each of the squares
that correspond to the usual multiplication ONE RED BEAD,

IHPORTART is the werbalization of each multiplication:
Units X units gives what? Poits
Tnits X tens gives tens, . . _—— = —
Each time we place the red unit bead as
the product, we analyze the formatiom of
the hisvarchy,
NOW THE SQUARE OF THE TRINOMIAL
HAS BEEN CONSTRUCTED. . .BUT WE
HAVE DONE IT FROM THE UNITS TP,
We read the answer by sliding the 1ike
hierarchies down the diagonal, combinimg @ — ——— =
them and reading the product from the beads,

#2: Remove all the bead materials, We still show the mumeral cards positioned as
in the fimore abowve. BUT now we gshow the products in a different order; First
we multiply all terms which will giwve unita: 1

1X1=] We shoer the rad bead on the green unit square,
Then all those terms which will give tena: 2
16 X1 = 10

1X10=10 We place the two products on the blue ten squares,

Then all those terms which will give hundrads: 3

100 X 1 = 100

10 X 10 = 100

1 X100 = 100  Show the products on the red humdred squares,
Then 211 those termz whish will give thousands: 2

100 X 10 = 1,000

10 X 100 = 1,000 Show the products on the gresn thousand squares,
Then all those terms which will give tem thousands: 1

100 X 100 = 10,000 Show the product on the blue ten thousand BquATE,

Hote how many products im each hiecarchy are shown: and the correspondence with
the total product of the trinomial square. 12,321 We again read the answer
from the materiasls on the combined bottom rems,

Presentation #2: Real Cross Multiplication with the Checkerbeard

1. Present the trinomial square: (332)2, The child shows the mltiplication in the

usual way, using the white cards below the beard as the multiplicand and the gray
cards to the right side as the muoltis? far,



Cross Maltiplication. . .

2, Az in the second mode of the first pre- 3, What terms in oor multiplication will

sentation, the child shows the products Five units? Them 2 X 2 = &4
of the multiplicatisn by hisrarchisge—— What terms will give tens? tens X units,
First multiplying all those terms which Then we multiply 2 X 30 = &0 and

i will give units, then tens, &te. . . 0 X = B0,

When the multiplication is completed in this way for all the hierarchies, the
child brings all the bars dowm on the diagonal and simplifies to obtain the result,

HOTE: The important thing in this work is the identification of the unite of each
square; and those factors which designate that particular hierarchy,

3. BSECOND LEVEL: Now the child makes a1l 3, (Hisrarchy of tens)
the maltiplications for one hierarchy and We know that tens X wnits give tens,
shows the sum of those multiplications with And units X tens give tens,
ONE BAR ON THE SOUARE CORRESPONDING TO THE So three tens times two gives 60 plus

HIERARCHY ON THE BOTTOM ROW. He is then, two times three tens siwves 120,
making the addition of the products for We place a two-bar om the ten square of
the hierarchy mentally: and he is also the bottom row ——— and carry over one
ecarrving over mentally to the next hier- hundred in cur mind to add to the sum
archy. of the products which give our next

hierarchy: hundrsds,
When we have finished the work, we have formed a square!!!

4, Increase the difficulty, giving the multiplication of a trincmial by a trinomial
which form= a figure that IS BOT A SOUARE: 357 X 324 =
The child proceeds with the operation as described in #3, He is again doing
cross multinlication: that is, all those multiplications which give one hierarchy
are done as a group, the sum of those products is caleulated mentally, and the
sum is them shown as ONE bead bar on the corresponding square of the bottom row.
And units of the next hierarchy are mentally ecarrisd swver, It continues to be
important in this work, that the analysis of the formation of each hierarchy is
verbalized, reinforcing the combination of hierarchies which result in another,

Presentation #3: Cross Multiplication Without the Material

1. The child writes the mmltiplication as showm, 1 1
using colored lines at First to indieate X
his hierarchies, He begins with the simplest i
trinomial. (111)2 A familiar one. ";l 2 ;‘"

o
o

2, Increasing the difficulty, he multiplies a
trimcmial by a trinomial, using the cross
eultiplication mode which he haz used with x ]
the checkerboard, but writing esch partial
Product beélow the corresponding hierarchy. M + 4L
3. Finally he does the same multiplication, but b i3 22 11 10
now he writes ONLY ONE DIGIT for sach hisr-
! archy, mentally carrying over to the next as oL
1 he did in the checkerboard werk, i

4

THIS IS MENTAL FLEXIBILITY % +

iy
-
=
o
OF



SOUARE ROOT

Al the atndies of the squares that the ochild has done precesds the stody of the
square root because it is precisely through the work of the souare= that the child
will be able to understand the work of the sgquare Toot, Thiz new work iz the oppo-
g#ite of the previous work with squares. We mmst make sure to give him this work when
he has thoroughly understosd the work of the squares,

In the Montessori method, there are always thres passages:

1} Experisnces through sctivities,

2} Clarification of the points of conscicusness

3) BReasoning a= a2 consequence: the summary of the points of conscicusness.
This fs the period when the child moves to abstraction,

When the child has carried out sultiplication, he haz encountersd the square as a
result of one mummber times Itself. At the lsvel of memorizstion, 3 X 3 forms a square.
This is an indirect preparation, one the child has had since the age of 6. He has
constructed the binomial squares, the trinomial souare, the decancaisl square. When
he worked with the checkerboard, he constructed the gecmetrical representation of
multiplication: sometimes that was a square, sometimes rectangles=, Again, we have
the indirect preparation for square root. The child smat-have had all of theass
experiences,

Material

1. The squares from the cabinet of powerg——-from 1 - 10.

2, The board for the work of memorization of division with the gresn beads.

3, The decimal svatem material,

&, The peg board and the hierarchically soléred pags,

5. 7 bowle marked with a smuare indicating use for the souare root: alsc amall
labels mark the different hierarchies and ordecs:

3 bowla: white labels: green, red, blue: for units
3 bowls: grey labels: green, blue, Ted: ¥for thousands
1 bosrlz: hlack label: gresn: for units of millions

6, Two guide charts for the bimomial and trinomisl souate.

7. Two guide charts showing the result of the histarchical =quare which can be
applied, in itz basic pattern, to the square of any number, (Shows the
combination of iqum: and rectangles as cpposed to the squaTe pattern of
(1132 and (111)* on the first two guide charts,)

8. Chart of the squares of numbers, (See binomial and trinomial werk)

For the most part, this is material with which the ehild has already worked, Few we
use it all agsin on ancther level. | In the cabinet of powers, he has seen how each
square 15 formed. . .

Prasentation

l. Bow we pressnt that series of ten squares 1, What iz this? A sguare,
again on the mat and GIVE THE CONCEPT OF Of how many beads is it formed? 16
SOIARE BOOT, Each side is formed of & besds,
The side of this square is the ROOT
of the square.

2. EBepeat the concept with each of the squares, This square iz formsd of 36 beads.
emphasizing the relationship of the square Yhat iz the Toot? 6 °
to the root, Becauze the side iz formed of 6 beads,

3. Mental exercizse: given a certain number 2, If I have 16 beads, what sguare can I
of loose units, what square can ba forsed? make?
. A square with sides of & beads,
If I have 81, . ,

L, FEMFHASITE THE CONCERT OF PINDING THE SQUARE What do you do to £ind the gouare oot

BOOT OF A MIMEBER BY MULTIPLYING THO Col= of a mmber?

SECUTIVE SIDES: Mote the secomd power, 12 I have 16 besds, what sguare could

HOTE: The child MUST understand the be formed? What did you do to find

concept of the square as a nusbetr raised cut that the square had a side of 47

to the zecond poser because FOW we sust Ve MULTIPLIED & X §: We maltiplied

de the oppasite woark to that wark of the two of the consesutive sides.

POET S That is, we oultiplied & nomber times
itoelf.

When a4 mumber iz multiplied times it-
aelf e raise it Fto & second

]J{H-FIE'-
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Square Boot. . .
Presentation #2: The Square Root of Unitas:

1, Begin with the board and 5% beads, 1.
PORM. SUCCESSIVE SOUARES FROMTHE
AMGLE om the board, beginning with
the square of 2, ste. wntil all the
beads are usged:

1 3|7|B8|al|a|4s
2 48| |22(3244
5 & 9|15|28|33\95
10 I 13 16| ay| 3y 46
17 1T 17 20 25|35| 47

‘%""4 "-ﬂe"r"iL:-‘ Those
ke o =re fovimad ap ;,,?L

With the THvision board and keads,

We want to know vhat square we can form
with &9 heads and of hose many beads its
gide will be formed.

With 49 beads we are able to form a square
the side of which iz 7.

.1"
Er.:-er't; Wt'#sfq

S R P J" = 1 5 el
1 ¥ i - L ) = o =
2% :1“;&35““ Wiopz Ll DETD 1Y o S SR D s
C 1 e T -*-'-3-_*.; -
31 5‘ .!i w #' ﬂ ﬂ -,ﬁ.-i'r'\-'.\'_-.: LS i, oy, .-'..-;:..'..--I.r:.::: -i:-l:j-' ;::ﬂ:—tdh

At Menem !l B lf_,—rl-'l_."_

12, %2 ¢ - -
PviEa Pl ik
! T ¥ 1r‘,__r. -{_

2. Imtroduce the symbol for aguare Toot, ?. When we want to carry out the square root,

how squars root Ls written and
NOMERCLATURE, {Inclvde the develop=
ment of the symbel,)

The aquare root 7, then, is
wrltten:

3. SHOW THE CHART OF — Y
the mmber of Ji gL -'EE-:-u_L-
eolmms of produ..
COBCLUSION: Because OF «.
100 progression (repfessnting Tw
squartes of srea), the digits of the
sguares increase, colum by column,
by 2,

FOTE:  Therefore, the nomber of digits
in the radical are divided inte groups
of two which will indicate how many
digit places the Toot will have: a
measure of surface, linear,

st dguses. Buyom i

Presentation -!'3 Y

From the Symbolic Sovare to Itz Side:

we use a special sigm called the radical
Sifgh.
This symbel began asz an g
e and wns written with L
& sweerping corve until it -?‘ 49
#ave w3 finally this =ign,
49 iz called the radiecal. It is the mumber
=antaining the root,
= word radieal comes Ffrom the Latin word
radix™ meaning "root.”™

[fhe squares of the nusbers 1 = 9 are formed

of one or two digits,

Frem 10 - 90, of three or four digits.

From 100 - 900, of five or six digits,

30, . .if we have the number 1600, we can

determine how many digits the root will

havte——2 ,

EXERCISES WITH OTHER MUMBERS:

3,860: How many digits will form the root?
2

How many digits will form the root?
3

¥hen we carry ocut the aquare root, we divide

the digite into groups of 2, We can see

that will indicate the mumber of didits in

the root.

12;321:

Hitht he peg board

1. Bepin with the chart of the tnm:..ﬂ 1. When we constructed this square, we multipl-

square, (dieum ins “Fiimemiat 7)

2, 5Show 12, 321 on the board with the pegs
in a vertical column: then constryet
the square. THE WORE IS GUIDED BY
THE CHART.

3. ¥e dizcover whers the root i= read. 5.

DIRECT AIM:

Direct preparation Lor the child to carry out square rToot,

fed (1113 X (111} and the result was

12,321, :
- s B [ ]
i--lﬂl < =
.. e b4
e -
ny :

Where can we read 1117 On the right side

or the bottem row. A
fde wrrite. : Y7.23.21




“ed sigm: mark the 1.
|
sl e, ot
dx 7 Fadre {uT
4 oy BT
3 g wr,an 8res, formimg i

: of the pagsare
=Successive square,

iy
I peens right side or 3.

SEIBMTE g ) b ANSWER,

)ot with the Decimal M7

e kn
twos,

A
"—Ll_.

e the radical off by

A

"

et for te. £ ad "o" for uwnits,

o

= o = will-be formed-of
two digis i,r.'.g?:. & can aleo write

What Is the bipdest gouare we can form
with hundred-squsres,
We can form a squares with g side of %0
four hundred aquares. Then we

must stop and. . .

naing

EXCHARGE the remeining two square= of our

anant
We mm

ity 625 for ten-bars,

gt farm & sgoare. . .20 ve show those
ten-bars evenly distributed on esch side,

He hawe TWO TEM-BARS BEMATNING=-=
EXCHARGE for units,
To complete the squars, we =ugt £i11 in

the enpty square left-—--we try to £{11 it
in with these unit beads.

It works.

The root of this sgvare {5 scusl to 25,

Fresentation #5: Sguare Boot with Hierarchical Materials: Second lLevel: Written

1.

2.

Barin by writing the squafe Foot pro- W L .
position in hierarchical colors. i - R R
_‘._2,"-_5 a @ ® a8 B g
Pat out the thres bowls which correge - &« a ® 8@ & g
pond to the hisrachies of the radieal, deast. ;_,..g TE YR
and £411 with the cuantity of colered - A ame 8 ag
pepa. (8ix red pags in the hundreds = R L
bowl, two blue In the tens, Five sresn — e ——
in the uvnits bowl.)
THE SAME WORK AS-IW THE PREVIOUS ROOT: =
a) Form the largest possible square &)  After using the Pour hundreds, we can
vith the hundreds pege on the write the first digit of cur square
PEx board, root: 2. We have formed & square the
b) Exchange remaining two for tens, aide of whick {2 7 (hundreds),
b} How many hundreds did we usa? L
Henr many remain? 2
We write that subtractiom.
And sxchange for twanty tens.
e} Before distributing the tens, e} We have 22 pegs in the second bowl,
we bring down the ten digit. . go we bring down the secomd dipit,
in the written calenlation,
d) Lay out the tens. d) We most form i aqUuare——-we showr the
tens forming equal sides,
#) Write the remsinder, exchange the &) How mamy tens did we use? 5
two remaining tens for units, We can now write the second digit, but
Then bring dewn the lost digit in we mst write it in pencil. . .oely
the ealealation, IF WE CAN CLOSE THE SOUARE WITH THE
UNITS can we confirm this digit.
£} GShow the units as the final square, f£) How we exchange the two tens for 20

Show the twe Square Root Guide Charts: ‘fulz Afond grtl
that onie used for the Trinomial and the JoDg — P T T
new ome which shows the ecmbination of L AegAssant "

squates and rectangles. OCOMYARE: The
Eirst formed of perfect squares: the new

s of O FUantd- [ actengded,

=l S

units:

D

We bring devn the lase dizit.

form the final square,
We CAN farm the last square. There is no remainder, We
hawve econfirmsd the last Aigit. We read the rookt. 25,

ok : ba Sle
%..-.um :
Ay et den gl s ehomgt .

L
T JRep—— i

we have 25 pegs in the bowl.
nd




Sguare Boot. . .
Zscond level., . .

Preagentation #5: With hisrarchiecal materials, . .

ROTE: In eartying out the sguate Toot, there are thres mosents: the first two are
alive, the third is dead. In the first twe we are looking for the root: in the third
we have found the root, ¥e are only £i1line in the last zouvare to confirm emt result.
{5ee caleulation in the presentation: marked accoerding te the threes parisds.)

B, TWO PROOFS of the square root:
a) Transeribe vhat £igures have been formed: Analyzing the square,
ng :ii iiuii=¢ 20 =l ¥ Q0
[ =
R i= n‘i‘sﬂ:ﬂﬂ =iﬁﬂnﬂ OO+ 100+ JO0 + 26 = LIS

el e ¥ AL = SR = w2&
b) Maltiplying one side times the consecutive side: 252 = 25 X 25 = 425
Presentation #6: The Square Root with a Remainder

In this work, we see the Importamce of writing the second digit in pencil umtil
it iz confirmed in the third moment of the root extraction. We begin, as in the
previous squareé Toot: 1) forming on the peg board the largfest aguare possible with
the & hundred pegs (locking for the first digit): 2) writing the digit, noting the
2 remaining pegs and showing that Te=ainder in the calculation; 3} exchanging the
two hundred pegs for 20 ten pegs and bringing dewn the second digit of the radicale;
5) adding those tens on each side of the square to Form twe blue rectanglee {looking
for the gsecond digit; 5) writing that digit (in pencil-_-5), noting the one remaining
blue pep amd showing that in the caleulation,

The first two alive moments ate completed; but the third moment of confirmation
shows us that the mmber of wnits, 15, is not sufficient to form the final square
which must correspond to the sides of the rectangle,

505 IS ROT THE RIGHAT SECONMD DIGIT, We mmst erase that digit and try &, We must
algo erase the subsequent calculation., And we must take from the board two tena from
each of the blue rectangles, So we now have 5 tens remaining which are exchanged (pegs)
one at a time to complete the Final square, With the 55 available mnits we are able
te form the corresponding square of 16, So now the second digit iz confirmed, The
squate is completed.

We read the square root from the peg display. The root of 615 is 24 BUT THERE IS
A REMAINDER, But note that we still have three ten pegs and nine wnit pege remaining
in the bowls, The subtraction in our caleulation confirms a remainder of 39,

i #F B Wk & &
- - 8 % & F A
£l e &

N """"‘.-

l‘-‘

lli'.‘

Check the order of hierarchies with the guide chart, Using small numeral cards,
we show on the hierarchieal colors the three moments.
Review the passages:

1. Using the hundreds, we are locking for
the first digit,

2, Using the tens, we are locking for the
second digit of the root.

3, With the unite we are confirming the
second digit of the root.

ABALYZE THE PEG SQUARE:

1. The SOUARE fia formed of squares and rectangles. The rectangles are determined by the
SIDES OF THE SQUARES. The rectangles are the supports of the squares.

s ":d:ill always follow the pattern: the square, then the rectangles formed on its
L e

3. Where do we read the root? The sides of the squares, found on the Jdiagonal, will
always cortespond to the digite of the reot. We can read the root, then, in three
ways: by the sides of the squares on the diagonal, down the right side and from
left to right on the bottom row, We can also read the digits of the root across
the top and on the left: {t will be the right quantity but not the right hierarchias.
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Square Hoot. . .
Pregentation #8: The Written Square Boot of the Trioomial. . .

Analysis of the calculation and peg board design:
(1) The first passage is always the search for the first digit. We discover
that the square of 2 can be built with the 5 ten thousand pegs. So the
firet digit ia 2, We show that square to the right of the radicsle caleulation
as 22 m 4, indieating the formation of the square, . .how it was obtained.
BRING DOWN A DIGIT OF RADICALE.
(2) Row we work with 15 thousands (green pegs). We are looking for the secomd
digit. We prolong the sides evenly, building on the side of the square,
In the written ¢calculation, we aprly the inverss property and show that
the seécond dimension of the Tectangle will be 3=-=that is, our second digit.
Then we also show the multiplication which represents the two rectangles
built; how they were obtained. Our remainder iz 3 thousands===they are
exchanged for hundreds, ONE AT A TIME AS NERDED, ., .0B THMEDIATELY.
BRING DOWN A DICIT OF RADICALE.
(37 Confirmation of the second digit. The first dead passage. The formation of
the square of 3 confirms our second digit AND we write 3° = 9 to show how
that square was obtained, Subtract in the calculation. Bow 27 hundreds remain.

{4) Seareh for the third digit. We prolong the sides of the first square again,
now the sides of the first green rectangles, looking for the two red rectangles.
Again we apply the inverse property, the first dimensiom of the rectangles given
by the side of the first square, Having boilt the two rectangles, we see that
the imverse property is confirmed-—-our second dimension is 6-——AND THAT IS
THE TENTATIVE THIRD DIGIT, We write in pencil. We also show the multipli-
cation for those two rectangles, : -

BRING DOWM A DIGIT OF RADICALE,

{5) First confirmation of the third digit: the formation of the Blus rectanzles,
the dimensions of which are obtained from the red square and the application
of the inverse property. We show again the multislication representing the
formation of the two rectangles, We kpow that the second dimension of that
rectangle must be the side of the final square, Dead passafe,

BRING DOWN A DIGIT OF RADICALE.

{6) Second confirmation of the third digit: the r;mthn of the final square

with the 36 units., WWe show that formation: 6° = 36, Dead passage,

Eead the square root as seen on the peg board. Check the square root in either mode;
1} Analysis of each hierarchy (for each gesmetric figure formed), writing the

corresponding nmumerical wvalue, and adding the results of those meltiplicationa.

2} Multiplication of the root times itself: that is (root)? to confirm the square.

Aetivityr: The child reproduces his work with the materials on colored paper, cutting
and pasting; or as a dreem deaignm,

FOTES: On the guide chart, we show again the numeral

cards which indicate the passages. e may 1 s of
also use two black atrips to indicate the
division of the "alive™ and "dead™ parts, 2] 2 5

And we ROTE FROM THE CALCULATION =

1} Locking for the first digie,

2) Locking for the second digit: wm are
using only the first digit of the se- 4 5 &
cond group of (two) digits.

3) With the second digit of the second
group, we are confimming the second
digit.

&) Zsarch for the third digit.

5) Confirming the third digit: using the first digit of the third group.

6} Second confirmation of the third digit: using second digit of the third group

BOTE: A, The First square (left corner) givesz one dimension to the whole top rows,

B. The rectangles of aimple tems have dimensions correspondimg to both the red
and green squares: AND these sides of the blue (last) rectangles correspond
to the last two digits,

€. The first square (top left) has the yreatest wvalue: the opposite cormer
gquare (green) has the least value,

D, The squares, placed diagonally, divide the whole square into two symmetrical
parts,
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Presentation #9: CQuadranomial Extraction of the Square Root, ., . .

Mpteriales: Add a Bowl: for the ten millions—--black/blue

The child proceeds £in the extraction of the square root im the same manner as for the
trinomial., He first shows the guantity of the radicsle in the series of bowls, using
the corresponding hierarchical colors of pegs in each, Then he simmltameously shows
the calculation and forms the root extraction with the pegs on the board. We analyze
the steps of the work:

1) Ve must always consider the WHOLE FIRST GROUP, That is, when there are twod igits,
wae uge both those digits, forming the Biggest Possible Square in order to find
the first digit of the root. Here our work is with the green pegs of millions.
(And so the first step is actuszlly the exchanging of the two ten million pegs for
twenty millions.)

2) BRasearch of the second digit. With hundred thousand pegs. Using the first digit
of the second group.

3) Confirmation of the second digit, Second digit of the sacond group.
&) 5till using the ten thousands. Research of the third digie,

5) EXCHANGE in the pegs iz necesssry to go to thousands, First confirmation of the
third digit. In this work each hierarchy must be completed before goimg on to the
next,

&) Eesearch of the Fourth digit. The materfal says It will be &4, but we do not know.
LAST STEF OF THE "ALIVE™ PART,

7} Becond confirmation of the third digit, (Completes the square of the third digit,.)

8) Pirat confirmation of the fourth digit. Because humdreds pegs atill remain we form
the two rectangles, thus completing the work of this hierasrchy.

9) Exchange remaining hundreds. Form the tens rectangles. Second confirmation of tha
fourth digie,

10) Final confirmation of the fourth digit. NKOTE REMAINDER,

CONCLUSIORS: This is not a perfect square because we have a remainder,

How can we read the square root? on the diagonal. . .
right gide and bottem, . .
left side =and top 1,000
 OBSERVATIONS: A, 1In the trinomial we have one internal scusre, not relsted to the sides
whick give the Toot,
B. In the quadrancmial, we have two sgquares and two rectangles which are
internal and mot related to those sides which give the roote-—-
we have a greater area that {a "dead.™
C. We note those squares which give us the dimensicns of the rectangles,

AGE: 9 = 10

AlM: TUnderstanding the organization of the square root and Giving the possibility
to visualize ft,



Square Root. . .

Presentation #10: Last Passage: Taking the Child to Abstractiom

All those passages which preceed this work are extremely important. The ehild
must have thoroughly understood the organization of the root before this point. Now
we carcy out the actual construction of the root with the materials im a simpler
process, utilizing what seems initially a more diffienlt written caleulation, But it
is a calculation which so falthfully describes the actual construction of the Toot
that it provides a passage to the abstraction of clarity and simplicity when understood.

S6 far we have conaidered only ome digit of the groups (as marked off in the radi-
cand); now we consider the group of two digits together. AND now, Tather than always
finishing the work with the materials through one complete hierarchy before preceeding
to the next, the child constructs in each period a whole square, thos working simultan-
eously with several hierarchies at a time. Rather than the previous work of reascning
and analysis of the resulting figures forwed, the child constructs and analyzes the
calenlations always in terms of the square formed,

The square is now constructed from “the angle,”

Ye begin the work with the materials by grouping the bowls containing the pegs in
pairs, thus representing the digit groupas.

The Binomial

5
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Understanding the rule:

a) Here we have removed the "upper right™ rectangle and
placed it adjecent to the "lower left” rectangle, Thus
we have shown, as a large rectangle, the whole area of
the square we have built (on the firat square); thus
the whole quantity used,

b) We can read "35" along any horizontal row of this large
rectangle. And the "S5’ the second digit we have deter=
mined gives us the mumber of horizontal rows.,

e) Bo we are calculating the area we have used in order to
determine the second digit of the square root and to
confirm {t. That area, as showm, is 45 X 5 = 225,
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Square Root, . .Last Fassage to m"-flﬂ:i.g!__ - i

i 1 GRT -

The Trinomial ok A =
& 3 the calevlation: show -HEI::: &E E m.m%‘; in 3 "pairs" of bowls.

k again is done as a construction of successive squares on the angle, In this
the child discovers positively the digits of the root: the material itself sets
the limit of the square. It can only be as large as the available pegs. The aim of
the work, at this peint, however, it to begin the movement away from the material,
And so, although the digit is determined im the work with the material, the child follars
the caleulation thromgh all those steps which would be necessary without the material,
does 5o, he discovers the abstraction rules with a full understanding of the

for that process of calculation.

%ﬂ? Forming the largest possible square. &)
-
S6+5: %L 2) Bring down sécond group of (twe) digits, Separate

the reserach of the digit from the confirmation,
Y2t F1=5 the dot between the 56 and the 2. With the
JAS x 5 - Yeax material, an exchange is necessitated (5 tem =
thonsand pege for 50 thousands.) The square is
formed on the angle. Bxchsnge for hundreds as
necessary. By displacing the upper right rec-
tangle, as in the previous work, we can see the
resulting area: how many we have used., 86 X 6,
ABSTRACTLY we divide 56 by the double of the first
digit. The quotient 7 gives us a multiplication of
B X 7, the product of which i=s greater than
the quantity we have available. So we try 6,
dnd 86 X 6 works, We have the second digit.

i)
*

gjfl

B} Search and confirmation of the third digit, We
form the square from the angle, The digit, with
the material ia 5. Eearranging this new square,
we can calculate what we have nsed:

(60 + 500 + BOO + 60 +5) X5 = 4625,
ABSTRACTLY we divide 462 (area of the rectangles
constructed on the side of the provious square
which has a zide now of 46) by the double of
that side (92). The quotient 5 {s the third
digit and gives ua the concluding multiplication
of 925 X 5 = 4525,
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Square Boot. . ,Last Passage to Abstraction
Trincaial, . .

The child, with both the work of the binomfal and the trinomial in this
make a proof of the sqguare root:
1) They may make the simple mmltiplication of the rect times {tself.
2) Or show the hierarchical multiplications for each Fipure,
3) OR here the child may make the hierarchical sultiplications representing each

angle constructed; add each of thoae successive square sums; snd then add the
total ¢f all the angles to confirm the root.

passage, again

AGE:

Even when the children abandon the material, they continue often to meke the

drawings which represent the square root extraction, thus providing a visusl

representation of the extracticom.

11

SPECIAL CASES

preeeed this work of the special cases:

With this work, we see how important & total understanding of the square root is,
presentetions of the special cases are in two periods:

1) The concept of the roat:

DIRECT ATM: TO UNDERSTAND the abstract exscution of the sguare root, ¥

INDIRECT ATM: Preparation for execution of secomd degroe equations,

There are three key pamsages which compose the work of sguare root extraction and

through the squares; that is, the work

with the squares from the cabinet of powers, the beads and the

decimal system material,

2} Organization of the hierarchies: the passages of the different
hierarchies shown in the work of constroctien of the root which
progresses “square to rectangle to square to rectongle. ™

3) The abstraction.

Example.
Presentation M : The Square BEoot with a Second Pt of Jare: Trinomial

A)
1.

2a

s

Preparation

Begin with the guide chart of the binomial:
show with small nmmmeral ecards valuez for each
side,

Taks fros the WAGLE SQUARES of the chécker=
toard the corresponding squatcs to construst
the trinceial:s organize the trinomiasl
pattern, GIVE THE SIDES A VALY, 2+/3)*

Sgbatitute a zere for the sseond Jgit of
the side of the trimecsial.

Turn face down those squares which repre- §.
sent the hieragrehies which will not be
present (as an sctusl figure in the constru-
etion.) Showing one at a time. . .vhy.

THEN REMOVE THE S{UARES WHICH HAVE BEEN
TURMED TO SHOW THE EESULTING PATTERM:

203

2.
ok
3

il

I mq_mwumﬁw,mruu e Ehe Aldiifwisg SPOXERRmS

The
A)Y Preparation and B) in

[iie

3

If we do not have wnits of thousawds,
ve have no second digit-——it is zaczo,
Then we will not hawve thea green Tec-
tanglee which are formed with the
mits of thousands, ANDwe cannot
have the hundreds becavss that humdred
squazre ia & pesulting square of the
mectangles. MAMND we will not hawve the
two bloe tons Tectangles which are
built on the side of that square
because there iz no square to support
them, They =ust be built on the side
of the square, We knewr, then, that
we will mot have these five figures
wher the sscond digit of the trinomial

oF TRE WTERARCHTES, o

S0 if we show the extraction of the
e

-







— — — - — ——— - e - = —

Square Root, . .
Special Cases. . .

5. Show the twe guide charts: of the hino- 5. Couwparing this new pattern with that of

mial and the trinomisl. Coopare the new the binomial: . 'E_
hierarchy pattern with both. Emphasize 1) This one starts with 10,000s rather
that although the missing hierarchies in than 1008, - -
the oew pattern have become zero which 2} Wheres we have hundreds, in the Hi-

eeans that it is not present in the pat- nomial we have tens, B
tern, it DOES EXIST. In cur later constr= 3) Only the wvnits squares correszpond.
uwetion, then, we see that we must indi- 4) In the new figure the tens are

cate this, misaing.

Comparing thiz new patterm with the

hierarchy pattern of the trincmial,

1} The 10,000 squares correspond,

2} In the mew Fipure the five INTERMAL
FIGORES ARE MISSING.

3} The units position is maintained.

B) Example: Figure constrosted by che angle.
1. Simultanecusly conatructicn of the figures and calculation,

At g
f\‘ 109182483
L = e P o Al 1) _Largest possible square
) [ B e B e H a0 2) There iz no remainder; we bring dowm the next -~
= ¥oOxe = O} group, but only the first digit is available to L
2) i OF | fans ¥0=3 construct the rectangles on the sides of the
L2 oF | ¥YoI3IxF = [209 square, He have only 1. We can"t proleny the

sides, THE SBECOND DIGIT IS ZERD,

Im the Eigure we must show that the hizrarehies
exist although we have no pegs because they are
not actually poesent. TUSE THIN SIELISS OF GRES
PABER TO IMDICATE THE TMNITS OF THOUSAMDE, . .
ARD A TINY DOT OF RED PAPER TO INDICATE THE S{UAR
The placenent is made a= though the angle mece
being constructed: green strip, Ted sneck,

: :i: : : | en atrip.
P I '3‘)"51§_m'ma¢=, then, Lz 1200; bring down the
- - - |
|

third group of digits. Ering down the last

pair of bowls: Iin the bowls we now have Bundreds,

Mo Tens, and Tnits, Constructing with this
material on the angle, we discover that we sust
gymbolically repreésent the tens hierarchieswhick
are not present: TUSE THIN BLUE STREIFR AS THE =
ATGLE COMSTRUCTION TROCEEDS=——ome for each of .
the "tens £igures."™ The t hird digit is 3.
ABSTRACTLY wa show the division of the area i
for the Ffigwres built on the side of the square,
which iz now &0, (In the Figure this iz indi-
cated by the square of & and the green atrip .
representing the hierarchy which is zero.)

2. The ¢hild makes a comparison of the resulting pattern he has shown on the peg
board and the two charts of the hierarchy guide patterna: SEE PATTERNS SHEET...f2

From the constructed figure, wa can |
read the digits of the square root
in the thres dwesl wavys, remembaring
that the presence of the paper strips
indicates a zero as a digit,

3. WHe draws the new and old hierarchy patterns, using the circle paper. . .SHEET #3,
indfcating the “Trinomial Pattern™ and the “Special Case¢ Fattern.™ In the second,
he must draw lines which correspond to the paper stripe used, A good exercise
of cosmparison.

1 )
b4, PROOF: Here the child begine by recon- 7 b =+ 0
structing the pattern of the trincmial e O e
with the squares from the checkecbeard. o E
He shows the mumeral cards, and LOCATES EeEEe -
THE ZEROS BY MAETNG TiHE MULTIPLICATIONS. 3 = E o
Again he turms owver those hierarchies s -
which the multiplications indicate as '
zero, THEN HE PROCEEDS WITH THE HIGR- A =T, 2002 Ho, 000
ARCHICAL MULTIFLICATIONS WHICH WILL L XA T R B A00 = & OO
GIVE THE FROOF OF HIS ROCT—-ACCORDING hﬁ,f{i#F A aﬂf:-ﬂx = P ¥
il Y

THE THE ACTUAL PIGURES IN HIS SQUARE,
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Square Boot. . -
Special Cases,

Presentation #2: Trinomial Square Boot with Last Digit of Zero
A) Preparation

1. Build again the trinomial hierarchy pattern
with the checkerboard squares, Give tha = o
sides a symbelic walue {231) and then sub- '
stitute zero for the last digit, 3

2. TUREH FACE DOWM THOSE HIEBARCHTCAL FIGURES TR X

WHICH WILL ROT BE FRESENT: If the third
digit is misaing (that is, zere); we wili
also lack those three figures which repre-
sent the confirmations of that digit.

3. FPorm the pattern for the special case with those squares which are actually present,
COMPARE THE PATTERH TOD THE BIROMIAL AND TRINOMIAL GUIDE PATTERKS,

&, The problem in our ealeulation and formation will Be: How do we resd the side of
the squarel

B) An Example: Figure constructed by the angle.
1 Innthe preparation of the materials, we see that the two bowls of the last
two hierarchies are empty: but we show them because the hierarchies exist.
B T

VE 2700[24 0
mf o oilh Voo il 1} Largest pogeible square
;=17 S =3 2) Research and confirmation of the second digit
il P54 . """‘:'illi"‘:—l':"i= = 2 ¥ shows 3, The caleulation givwes no remaindery
=) &80 EGE% =0 | and there is no material remsinings
L0 | FeO Dw ) 37 There is mo materisl with which to research
the third digit. BUT WE EROW THAT WE MUST
SHOW THE EXISTING HIERARCHIES EVEN THODGH
THEY ARE MOT PRESENT: We do thie with, by
SEE SHEET #3 for figure consttucted the angle, a naroow strip of ted, one of
on the peg board, blue, a dot of green, a strip of blue and
finally one of Ted.

?. Ask the ehild teo fead the side of 2. The right aide of the square and the bottom

the square: 2300, BOTE that we must rew, where we read the digits of the root,
divide thet by 10 to get the digits of give uws 2300,
the Toot, We can see by our paper strips, though,

that ocur square does mot stop here,

Our root digita myst be those hlerarchies
which are mot present in the actusl square,
BUT WHICH D) STILL GIVE US THE NIMERICAL
VALUE OF THE SIDE: So, because we are going
to read the roct digits im the next lower
hierarchy, we divide 2300 by 10 = 230,

3, Thild makes a PROOF in one of the two modes, He can, at this point, agsin recon-
stroct the cheekerboard pattern, showing the sultiplications of the hierarchies
which result in zero and then proceed with the hiersrchical mmltiplications proof.
OR he sultipliss the root times Ltself,

Fresentation #3: The Binomial with zere as the second digit.

The work followrs the same pattern, Here agaln; at the conclusion, we muzt read the

root inm & lower hierarchy, dividing 300 by 10 = 30, 3 waAg
F F ¥
E & 'i 13'
L

Presentatiom #4%: Special Cases with the (uadrancmisl

T A
A .T"!
VFTECF CO[£PR0 || saleas Xgpilzool

AGE: 11 - 12 "']"‘"
DIRECT ATM: TUnderatanding of the lﬁfjﬂfln of particular coses of the squabe Toot,




CUBE ROOT

Material

1.
£
3.

Box of colored bead bars,

trinomial to the third power,
B,
E.
G.
A

Cube of the algebraic binomial.
Cube of the algebraic trinomial,
Box of wooden neutral cubes —-- 1 em,>

Squares and cubes of all the mmbers 1 - 10 from the cabinet of PoWETS .
Large wooden box containing the wooden materials for raizing the bimomial and

Cube of the hierarchical trinemial (contains the cube of the bincmial.) -

B. Envelope containing materials for the algebraic binomials and trinomials,

Fresentation #1: From the power of a mmber to the power of a mm,

A,
1.

3.

2.

3.

From the Bumber to fts Square

Ask the child to lay out a horizomtal lime of the bead bars, from 1 to 10.

¥ow the child lays out bead bars corresponding to each of those shewn to construct

the perfect aquare of each number,

Substitute for each comstructed square the real square from the cabinet of powers,

From the Square to its Sucessive Square

The child shows the cgnzn'l.r;;;.nn. which he knows, of one square to its successive
R =

square, {(Example: &

DBSERVE wich the child:
to its sucessive square,

EEVIEW THE RULE, and make certain that the child understands it:

what beads and bars are necessary to go fro= one square
AND BOW THEY ARE ARRANGED: the pattern is Important.

In order to pass

from a square to the successive square, it is mecessary to add tws bead Bars the
length of the side of the square, ome on each of two sides, PLUS ONE.

From the Square to a Hon-successive Sguare
Agk the chil
“{Bxample: 4§

'_“'?}l.

REVIEW THE RULE: To pass from a square to a non-successive square,
ts add to the base square sz manmy bars, the side of that square, a=
between the First square and the one to which I want to pass (added

T uhgu the paszage from a Sgquarfe tO a non-successive

square,

it is necessacy
the difference
on twe adjacent

gides of the square) FLUS THE S(UARE OF THAT DIFFERENCE.

From the Square to its Cube

Discuzs the meaning of the power of a 1,
mmber,

HOTE: We have encouraged the child in
pravious experiences with the powers

of the rumbers to formmlate these

rules,

THE RULES OF THE NUMBERS: 2,

AND REVIEW THE WRITTEN MOTATION,.

How do we write the powers of 7 expres-
ging this rale???

71 = 7
72 = 7 X7

Ask the child to form the correspond- 3.
ing cubes for each of the squares: he
builds each cube, taking the real

squares from the cabinet and ROTING

that each construction obeys the law

of that grouwp. (7 squares construct the

eube of 71013

What iz the meaning of a power of a mumbe:
The powers of numbers are like countries,
gome small and some large.

Some with blg mmercsity (populations);
and scme with smaller mumercaity,

The nusercsity of the powers is governed
by perfect rulas comstituted of

AERSOLUTE OBEDIENCE TO THE LAW OF THE
GROUE .

fHow ia 7 formed?

7 is a bar formed of 7 units.

How is the square of 7 formed?

The square of 7 is formed of 7 bars of 7,
In the musber 7, the rale that prevails
iz the mmbar 7.

To form the mumber 7, we need 7 units.
To form the sguare of 7, we need 7 bars
of 7.

When we form the cubes of the numbers,

e#ach mmber must correapond to its owm

nEerosity.

1 £6 la—aBn 1 will alwavs ba 1.

To form the cube of 2, it sust ocbey the
law of 2:



=

CUBE ROOT. . .
Mmmﬂtﬂitumﬁ-;.

3. « «the formatica of tha cubes, obeying
the laws of nmerositvs .

Pazzage from a Cobe to the Sucessive One:

each mmmber: 27 squares and 1 cube.

of a darker; all colors correspond to those of the bead bars.
ONLY 1 - 9,

include the material for the musber ten.

Introduce the box of wooden material, describinz the contents:
The squares are of a lighter shade, the cubes

3. . Tao to tha third power is the two
taken twice--—two times.
7 to the third power iz 7 X 7 X 7:
OF 7 taken 7 times taken 7 timea:
OB—-we can write: 72 X7 = 73,

The child subatitutes the real cubes for all the cubes he has constructed with squares.

SENSORTAL
our box containa for

The box does not
We NHOTE: the squares for

the squares of 1 are cubes because the dimensfions For that square are 1 X 1 X 1o—a
the third dimengion necessitated because all of the squares must have some depth

dimengion:

one centimeter iz that dimension, thus giving us the cubes of 1.

Still, we can distinguish the one CUBE of one by its darker shade of red,

2., The problez=: to pass from the cube of
& to the cube of 5. Fow we work with
three dimensions, so we must add 3
SQUATeS &

a) Take the cube of L,

B} Add the aquares of & to THREE
SIDES. We can see that we have
achieved the dizension of S
mow on only one side,

Add Feur cubes three times as
showm (4 X 3),

Complete the cube with the cube
of 1.

Take the REAL CUBE OF 5 and place

e)
dal

&)

it adjacent to the constructed cube

to verify the construoctionm,

Second Work.

2.

We don't add bars of the ssme length
because they belong to another dimen-
sion: we add squares the same length
and width of the first cube,

« % = = = = & o WRLLIEN CQPEBATION
Dissesble the comstructed cube and display a= showm: THE ARRANGEMENT OF THE

MATERTALS IN THIS DISPLAY IS ESPECTALLY IMPORTANT.

Zs
TOGETHER; One reconstructing the cube
while the other writes the caleulation
for each step of the construetion, as
follows: -

83 + 52 + 52 452 + (B X1) + (5 X 1)
+x1)+1? =

= 6 + 16 +# 16 + 16 + B+ + 4 +1
= 135
4« Then the child subtracts this total
from the original cube (areade—e

64, to see what has been added to
form the cube of 5=

5 = 135
- 4% = g
61 has been added!

THE CHILD DOES HANY EXERCISES -PASSING
FROM THE DIFFERENT CURES TO THE

SUCCESSIVE ONE.

With the display as a guide, TWO CHILDREN WORK

AL




PR RS

A

Coba Hoot, . .
F, Passage from a Cube to the NHom=-Successive Cube 4> —» 73
SERSORIAL
1. Review the rule of the square passage to 1. In the passage from a cube to a nom-
a mob-successive Sguare. successive cube, we mast add on three
faces because we are working in three
2; The problem: to pass from the dimensions,
cube of & to the cube of 7: ;
a) Begin with the cube of 4,
b)) On three faces add three
squares of 4 (7 - & = 3) B
We can see that we have f,..-""
reached an altitude of 7 om
cnly one side. . .30
2} Add B SOUARES OF THREE-THREE
TIMES, as showh.
d) Complete the new cube with the
CUBE OF THREE.
e) Show the cube of 7 adjacent to the
congtrocted cube to verify the
construction,
Second work, . WRITTEN OPERATION
1. The cube iz dissembled and displayed im a patterm for analvsis as in the previous
passage,
na
3 - 42 3 - 42 3 - 42
5.3 § - 32 b - 3%
33
2. Two children work together: Using the display as a guide, one child reconstructs

the sube while the other simultanecusly records the construction as a caleulatioBes-
to sees what has been added for the passage,

73 = 33 e 2T+ B2 X + 2T+ (32X8) + 32 x8) + (32 x8) + 3
= G4 + 48 + 58 + B8 + 36 + 36 + 36 + 27

= 343
:-'szm
- 4° = 64
278

has been added



Cobe Root. . .

Ga

1.

2.

3.

6.

Cobe of thae Sum of Twe Terms (Cube of the BEinmomfial)
The passages from one cube to the successive and non-successive cubes take
us to an wnderstanding of the cube of a sum; that is, the cube of a binomfal.

Beview the cnnutrm:tign of Ehe cube
intMmsagefrguu 7"« We see that the
resulting cube (7°) correspomds to (4 + 3)~7,
S0 WE CAN WRITE THE PASSAGE 43— 73 28:

& * 3:!‘. BUILD THE GCUBE. And that is:
=43 + 342 X 3) + 3(32 x §) + 33

The problem now: To raise a binomial to the third
power, IF 73 = ?231: 7.
THEN (& + 3) -l‘.l_:a}?:t{#dr N

= B2+208x3)+3 x (8 +3)
WE CAN ShOW THIS WITH THE MATERTAL. . . . .with the square
of fpur, then two groups of B X 3 (for this we use the
1 cm” meutral cubeg-=it is handy to have them scotch-
taped together as two groups of 12 for this presentatiom), o
and finally the square of 3. The result is the firat
Eigure showm. . sorganized as the square of the bino=
mial. .

SHOW THE MULTIPLICATION OF THE BINCMIAL WITH NUMERAL
SLIPS AND SIGRS ON THE MAT,

Bow I mmet snltiply this binomial by & znd
then by 3z
a) Moltiplying the first term by &4, we
have 52 X Bee-and we know that iz the
cube of 4,
b) Second terme—=(f X 3)———mmltiplied by
:E E.i“’ s two groups of three sguares
¢) Third term---3% X bme—gives us four
squares of 3,

a) Maltiplving by 3: the
firat term will be
shown as three
squares of b,

b) Second term by 3
gives us
el
groups of
four squares
of three.

c) By the
last term,
12x3 =
the cube of 3,

.

The ¢hild has, as he constrocts
the cube of the binomial as
described, alsc shosm the
notation for the comstructionm, 0!
ghowing an operation for each figure,

How we combine the two multiplications as represented by the figures, lifting as
one piece the binomial product of 3 and placing it on top of the binomial product
of 4, (indfcated by dotted lines) The placement corresponds £igure for fipure so
that we have formed the cube of 7.

Compare the constructed cube with the cube of 7,

TAEE THE ORIGINAL SQUARE (0OF THE BINCMIAL) AND COMPARE IT TO EACH FACE OF THE CUBE,

o o it e e ek
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THE WOIE OF THE CUBE ROOT

Presentation #1:

The Comcept of the Cube Root

1. Before proceeding to the understanding of the cube root, we must be sure that the

2.

3a

child is prepared to go on,
FOLLOWING CHARTS, asking:

What is the meaning of square root?

Therefora, at this peint, we PRESENT AGAIN THE TWO

The side of the square,

What are the roots of the squares frem 1 (1) to 81 (9)7

Wby, in looking for the square root of a mmber, do we divide
the radicand inte groups of two digits?

Why, in locking for the cube root of a tumber, will we divide

the radicand into

groups of three digits?

B R = 1{[10° = 1000 [700° = 1,000,000
2 | 2= ¢|22= g 2% = glac* = g000 |200F = §000,000
3 |32s §|39- 27 39 = 27130% = 27000 |300° = 27.000,000
o R g |5 oy | 4= Ly lHO% = ¥ 000 Y007 = oF 000,000
5 |5%:=25|5% = 125 57 =735 (807 = 125600 [500° = (25 600,000
b |6?=3[L2= 216 &% 2/6|¢0% = 2/6,000 [¢00° = 2/L) 000,000
7 g},#? F¥=z g 43 sris FHE | Tod = Eqiﬂﬂ'ﬂ FOHO3 = S¥3, OO0, 00
7 |F=c|93= 5,2 I¥3=8/0| 80° = 5/&,000| 8007 = =a 000,000
g [F?= |93z 727 |#2= 729 | 90® = 7aF o000 |Fo0? = gad cad con
Lisplay all the cubes and correspon- 2. What iz the square root of this souare?
ding squares of the numbers frem 10 - (taking the 2-square) -
1, in that order, on the mat: give What is the square root? The side of
the concept of cube Toot, the square,
If the square gives the sguare root, the
REVIEW THE CONCEPT OF CURE ROOT AND cube will give me the cube root.
SQUARE ROOT WiTH ALL THE NUMRERS® The square root of 4 (the sgquare) {s 2.
MATERLAL: What iz the cube root of B?
THE square root of the aquare is 5: (taking the cube of 2) 2
we multiply 5 X S, The cube root is the sdge of the cuba,
The cube root of the cube is S: So the two roots are the same: the square
we multiply 5 X 5 X 5, root of 4 is ?; and the cube root of
8 iz 2, . .because the Beight of the
cube corresponds to one of its sides,
In the square we have 2 dimensions; we
have 2 measures: 2 X 2.
In the cube we have 3 dimensions and
three (3) measures: 2 X 2 X 2,
Show how to write the cube root: we 3. -«t(———
note that enly the radiecal root mmber 125 &
changes,
Compare the radicsle root mumbers and &, When we say a mumber squared, why do we
the reasons for them: uwse the exponent "™27%
5L — 25 |5 We write "2" because the number is re-
peated twice,
83 — 7 When we use the expoment "3" we know that
the mumber is repeated three times.
The mmber repeated twice always forms
ROTE: Raising a mmber to a power is 4 square,
repeated multiplication; extracting The nomber repeated three times always
the root is repeated division. S0, . . forms a ecube,

the cube root procesa for 125 fs:

125 5+ 5+ 8 = 1
Because the division by 5 is repeated
three times, we have the "third root
of cube root of 125, The trick is to
arrive at one, an interesting comparfison
with the work of sultiples and long
(er group) diviszion,

S0 when we use the mumber two in the ra-
dicale sign, we are indicating that
number which, when repeated two times,
will form a square.

And, when we use the number three in the
radicale sign, we indicate that mmber
which, when repeated three times,

will form a cube,



Cube Root. . .

Prezentation #2: ‘The Cube BEoot of the Binomial: With the Wooden Besl Mumber Materialsa

| ol 4 L1 This work of the cube root is a sensorial

V7T S0T |5 3 experience, as indicated by the use of the

12

2)

3)

&)

5)

6}
r)

)

e colored "real nember™ materials of the cube
f 55 work. We do not write any calculation, but
only record in the motation what we are
buildings

57 - The first step in the work is for the child
44 | to mark off the digits of the radicand into
'”1? groups of thres, beginning from right to
[T left: mnow he knows that the root will be
84 Formed of two digits, and he indicates thisz
EL] with "t™ and ™" The cube charts remind
34 us of the reason for this initial process.

The cube iz built from the sides and altituode,
o0 completing those dimensions in steps 1 - 4
and then it is Filled im.

By comsulting the chart of cubes, we discover that the largest possible cube
contained in the First group of digits iz &: that gives us the Eirst digit.
WE BEGIN THE CUBE, THEM, WITH THE JUBE OF 4: noting that this wvellow cube
ne longer has the walue of 4 since we have tens; but we afe giving a visual
picture of the digit,.

Begin research of the secomd digit: we know that we must add the squares of
4 ge indicated by the first cube, And that we must prolong three sides here
as opposed to the two sides which had to be prolonged equally in the square
root.

Three more. squares of four can be added: continming the research of the second
digit.

Three more squares of four can be added, With a remainder of omnly 11, we see
that the research of the second digit ies finished: we hawe taken three groups
of (3 X 42), so our second digit is 3, (OR WE CAN COUNT SIMFLY THE NIMBER OF
SAUARES WE HAVE ADDED TO ANY ONE OF THE THREE SIDES=-3)

End of the alive part.

Bow we must begin to £il11 in the cube. BRING DOWN ONE DIGIT. Sensorially we
mthatutm&dtgt squares of 3 o £i11 in the cube; and that we have have
three groups of (3 X 4), (PLUS THE CUBE OF THREE) We note that we take the
squarss of three because three is the second digit: and & time= because the First
digit is &. But for the child, it i= simply a wmatter of seeing what is required
to complete the cube. (3 X 3 X 4)e—athree times, The first group is placed and
the corresponding subtraction is made.

Second group of 32 A 8.
Third group of 32 x b,

BRING DOWN LAST DIGIT: Take the cube of 3 to complete the cube, The cube root—-
specifically the second digit--—is wverified,



Presentaticon #3: The Cube Root of the Binomial with the Hierarchical Materials
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In this sec paszage, we record the caleulation as the construction proceeds,
The hiersrzhical materials now provide a guide For the actual hierarchical walue
of the digite bhich we discower, In the caleulation, howewsr, we contimue to
work with one it at a time; and with the onit as our term of cperation. The
work beging with the writing of the probles; and we LAY O0UT THE MATERIALS OF THE
CUBE IN HIERARCHICAL ORDER, Indicating the order of construetiom.

1} We conault the chart of cubes to determine the largest possible cube which can be
formed with 421: we see that it is 7, That gives us the first digit. It also
gives a symboliec value to the side of the RED CUBE WHICH WE ROW PLACE: 70,

2} Wa know the three dimensions of the cobe must be prolonged simultanecdsly: we
ADD THE THREE ORARGE FRISH TO THE THREE DIMERSIONS, shewing thiz addition of
the figures in the multiplication: 72 X3 = 1a7. Then, in order to depermine
what digit this figure represents; we oust divide the total available volume
of 7B8 by that product: 147, That gives us the second M pgit: 5, And the
volume used: 735, Here we have subtracted all five groups at the same time,
End aliwve part,

3) BRING DOWN OME DIGIT: Pirst confirmation of the second digit., We mow know the
svabolic value of the next figures which must be added to the completion of the
cube: 52 X 7. And we know that 'l-IEH'I.'IEt add that figure in thtee peositiona:
the resulting moltiplication is 3(5° X 7) which is subtracted,

4} Second confirmation of the second di‘.g[t: We add the white cubs, knowing its
dimenszions by its symbolle walue: 5“9,

Presentation M4: Moving Towards Abstractiom: With the Algebraie Cube

Y +
Vis LT 5 4
LD ﬁ & £33 = 108 Miﬁ' s d.a.g,_:i‘
P e e T T i ctigit
- s =S W i Asesno . oo .
3) S| (507 ¥+ (42 x50) + 43 . .

= Bo,000+ 32, 400 + b¥ @WMW
EET

In this passage, we bring dowm the whole group (of three digits). Thus, after

the research of (the second digit, we do the work of the confirmatiom using the actual
hierarchicoal wvalues, And THE HATERIAL OF THE ALGERRAIC CURE IS OUR GUIDE FOER THE
CALCUTATION OF THAT CONFIRMATION WORK. =

1) Using the chart of cubes, we determine the largest possible cube, showing
THE RED CUBE OF o,

2} We bring dewm the whole second group of three digits, and RESEARCH THE SECOND
DIGIT. Im order te do this, we mark off the last two digits in order to work,
in the determination of the second digit, without the real hierarchical values,
We now place the figures of 3(afh),

3) The mf!’.mtingu Tuons :un:-g the pattern of the algebrale cubs: we are
Hi::l-::ﬁ Mat X b) : :E: Ih:l *b“. &And this scounts for the total volume
ve represented in the mmber 327 453, t is, we are cal
the total volume -3f the cube minus the w:l:-a of a”, mé g0 the ::nﬂ";i:ﬂ
and its confirmations are represented in the HIERARCHICAL MULTIFLICATION



Cube Eoot. . .
Presentation #5: Carrying out the Reot Abstractly (Binc=ial Cube)
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The mode of caleulation is "by the book:™ and not altogether logiczl mor clear,
But it provides the method of abstractly calculating the cube roct of the hinomial.

Presentation #6: The Cube Eoot of the Trinomial: With the '"Real FMumber™ Materials
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Although the construction of this cube root is with the "real nusber™ wooden materiale,
the children must become aware of that hierarchy which corresponds to the bringing
dowm of the next digit. Thus we display throughout this work the hierarchical

cube, noting by its colors when the hierarchy has been completed, an indication of
the naxt digie,

1} The largest possible cmbe, as indicated by the chart of éubes———the white cube

2)

3)

(5]

5)

61

7)

of 7., C(BLUE CUBE OF MILLIONS: )

RBesearch of the second digit. Through the multiplicatisn and divisisn in the
caleulation, we detefmine that we can add three squares of seven to each of
the three dimensions: white squares, (GREEN PRISMS: a<b)

Cnn!ii'na.l:i.m of the second digit, The construction itself Indicates the need

Eor taken seven times on each of the three dimensions, (FAT BROWT PRISMS:
3(ab=)}

Regearch of the third digit, THE PRESENCE VISUALLY OF THE REMATNING BROWN
PRISMS INDICATES THAT WE DO WOT BRING DOWN A ER DIGIT, We determine the
third digit as 2. (TALL BROWN FRISMS: 3(a“c))

First confirmation of the third digit, Use prisms composed of the neutral cubes
(7 X3X2)six times, (EED PRISMS: &(a X b X c))

Second ::nnfirga.tinn of the second digit. The cube of three. (RED CURE OF
THOUSANDS: b~)

BRING DOWN DIGIT. Confirmation. Cube construction indicates three groups of
22 taken three times. (TALL ORANGE PRISMS: HUNDREDS: 3(bZe))



G, Cube of the Sm of Two Terms. . .

Second Work. . .WRITTEN OPERATION
1. The cube fz digsembled and displayed in a2 pattern for written anelysis:
ROTE: The firat comnstructicon DOES HOT INCLUDE THE TWO CURES as showm in the
previcouns £igure.

Bk
b - 42 B - b - 42
P 5 -3t n - 32
3 - a2

Z. Two childrem: One reconstructs the cube, figure by figure and the second shows
the corresponding caleulation:

52 s 2(a X3 + 32 X B+ D

2 2

= X +28x3X8) + xR+ 2 x2x3) ¢ 3223
3. SUBSTITUTE THE REAL CUBES POR (42 X &) and (32 X 3), snd REWRITE:

= sl xa) + 32 x8) 4 a2 x3) 4 2032 x 1)
4, SUPERIMPOSE THE TWO LAYERS., And make the caleulation:

= o4 + 96 + 36 + L8 + T2 + 27

e 73 COMPARE WITH THE REAL CURE OF 7,

Third Work. . .RAISING THE SUM TO THE THIRD POWER,
CORSTEUCTING FIRST THE SIDES AND THE ALTITUDE: Here we no longer begin with the
base layer, tut instead we construct simultaneously the three dimensicns of the cubej
achieving first the three sides and altitude. . .AND THEN FILLING THE CUBE IN,

(5 +3) = (4«30 +3)s + 3) Dissémble the cube sgain, rebuilding it
and showing the written sperations:
5 X0 XE = N . .. iaiassao. .. Thecudeofsh,
BX3X86 = 52X 3 . 4 v s au e s« Thé square of & three times built om one
2 side of the cube.
IXL XL = #-:IE-.......---.Thnalquqruﬂt#builtnnamdniﬂ.
b XLX3 = 4 X3 . ..4.0.2 4+ . Three squares of & built on a third side.

At this point we have two sides of the cube and {ts height:
now we mueet £111 it im,

{50 i foe ok G R g e rperpeney e » «Four squares of three to complete the alti-
2 tuds of one side,
SX8X3 = 3FXB . ..... ... . .Pour squares of three to cooplets a second

2 altitnde,
EHSIﬁ-r321'4-..-.......;.Fmrlm:ufthutmphum:ms.
3XAXI = 3 . i s s s s« s s s s olube of three complates the cubs,

ROTE: The smltiplications represent the figures used for
the construstion: im the sultiplication as indiecated:
(F = 33(& + 334 = 3), the child may draw connected arcs
below to show those terms multiplied each time,

EEWRITE: ha + 3042 x 3) + 3032 x8) + 37 DISSEMBELING THE CUBE ONCE AGAIN AND DISPLAY*
ING according to this new written operation. NOTE: We see @ight figures indicated
in the written operstion; and eight figures sheem with which we conatruet the cubs,
= B The cube of the BINCMIAL is constructed with ei;ht figures,
that is, the cube of 2. When we have a bincmial raised
to the third powsr, we will hawve aipkt figures:
AND when we raise the trinomial to the third power we will have = 27 figures.



Cube Root, . .

H. The Sum of Three Terms Raised to the Thicd Power:
-SENSORTAL CONSTRUCTION

First Work, .

1. The problem: (4 + 3 + 2)3 =

THE CONSTRUCTION IS EY LAYERS, berinning
with tha layer as shown here at the

=

= T3

h+3+ 22 X (4 +2

= l:ﬂ.2
+ 33

= §B +
= 243

+ (32

The Cube of the Trioomisal

2)

ROTE: All those
rectangles which are
composed of the small
neutral wooden cubes
are scotched together
for ease Iin handling.

Second Work: WRITIEN OPERATION

1. The cube is dissembled and displayed:
then reconstructed, one child building
and a second récording the construction
with the written notation:

(8 +3+22 X4 +34+2)

m;xlr.]*:(lz:s:[#}*z(&r?l:!ﬂ

+ (37 X4)+203X2X8)+(2°X58)

'-tr"-zl:uz:a:n*;{uixz}ﬁzzxu:
P+ 2(8 X 2 X B) + (2

X &)

I

! = B4 + 96 + 64 + 36 + 48 + 16
i m 325
I

ek

{4;!13:: +2(B X3 X3) + A8 X2X3) +

+(3I°X3) +2(3 X 2X3) + (22X

xs:r+z{u::az;é+mxzxs:r
+ 2032 X 2) + (2 X 3) .

72 + 88 +9 + 36 +12

ek

2)-:(&:3::}*2(;:::12)
X2 +2(3X2X2)+ (2 X 2)

(a2 X 2) + 24 X 3,X 2) +2(4 X 22)

{41 X

s xns23x2H + 2°x D)

32 + 48 + 32 +18 + 24 + 8

= 162

]
324 + 243 + lﬁg
]

{SHOW CUBE OF 9.)



Cabe Boot, ., .
H, The Cube of the Trimomial. . .
Third Work: Constructing the Cube of the Trinocmial Through the
Diagenal: Construction of the Sides and Altitude and
Then Filling In. .

1. Reconstruet the cube of the binomial (& + 3}31 constructing from the sides and
writing agaa.n the calenlatiom, figure by figure:
(& + 3)
X8 XH 43

(NOTE: & figures)

R EEEE N
W WL
N R
W W W E W
5o e B
WL
mow MW E NN
E
Bl o D P
FEFWWW
b
f-

2, Going to the trinomial: constrecting the
thres dimensions first as the notation
indicates:

(h +3 %233 =

2l

)GX2Xh = B X2
2X4X04 = g2 X2
L XL8X2 = 42 X 2
bl)ixzxg = %
T LE o X=X
e) b X3X2 =
I T At TATL)
sxax2 = 2 )
el X2%x2 = 1§xn
2X4X2 = 2, X4
2X2X4 = 2°X& .
L |
£)3X2%X2 = 32 x3 :
7X3X3 = ﬁ:z " ag
iX3xX? = 3°“Xk9
gd3xaxz = ﬁxa
2X3X2 = 2;X3 iy
2X2X3 = X3
R} 2X2X2 = 2°

ROTE: We have 27 figures.

Fourth Work: WRITTEN NOTATION OF THIS OPERATION
1. Dissemble the cube and display the figures horizentally in groups, representing the
27 Fipures:
8 382 X3) = 3BT X 2) a3} 337 X D — 62 X I X D) o 337 X D) -
3(22 X 8) — 3022 x 3) — 2°



——_
Cabe Root, . .
The Trinomial Cube, , .Fourth Work: Second Writtem Motation (frem the Sides), . .
2, Beconstruct the cube from the sides as before, going from the displayed groups and
=aking the hﬂta&iﬂn: 9
4 +34+20° = & Escn’fza: +302 X 2) #3 +3(32 x4) + 608 X3 x2)
+ 38 x2) +3027 x8) +302°2 X 8) + 3¢22 X 3) + 93
J. The Hierarchical Cube of the Binomial
We hawe raised the binomial and the trinomial to the third power when thosze
expressions were composed of units. Now we must raise both to the third power with
hierarchical values. For this we take the matefials for the hierarchical cube of
the binomial from the hierarchical trinomial bex. The materials are the £igures
which compose the cube with values of units, tens, hundreds,
1. Begin by displaying those figures with which we will do the hierarchical work:
1
|
(3)
_ We note that we no longer have separate pieces: we have two cubes and other
. figures which represent these groups of squares which we have used before in
' the cube of the binomial. (SHOW A COMPARISON, taking the group of three four-
squares ugsed in the constructiom of the binemial as the first level and comparing
it with the orange rectangular prism.) Juxtapose the two cubes.
2. Give the hierarchical waluye for each piece, writing the notation:
Bed cube: 1l:|'3 = I0X10X10 = £XtXt = k = 1,000
Ocange : 10°X1 = 10X10X1 = tXtXu=h= 100
1n§x1 = 10X10X1 = tXtXu=he= 100
I0" X1 = 10X10X1 = £XEXgeh-= 100
Tan : 12X10 = 1X1X10 = uXuXt = 10
1§x10-1'1:111u=u:¢u::t= 10
1"X10 = 1 X1X10 = aXuXt = 10
White: 17 = 1X1X]1 = wIuXu = 1
1,591
J. The Construction of the Hierarchical Binemial Cube

The problem: To raise 54 to the th!.rg powsr, How we do not uze the Firs:
Passages, but we begin with the cube (107X 10) whieh will here be given the
value of (500° We have already said that this first cube is egual to unita
of thousands; so we can begin with the whole cube, In the same way, we can
take the orange prism and give it a symbolic value of (50° X 4) bacause we have
50 designated the figure as (t X t X u) hundreds, When we establish the problem,
then, we are giving the sides of the hierarchical figures certain symbolic walues,
In the work, we construct the cube and make the correspending notation,

47 = (50 +8)° = (50 +4)(50 + 5)(50 + &)

= 50° + 3(50% + 5) + 3¢4? X S0) + &7

n

125,000 + 30,000 + 2,500 + &4

= 157,464
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NOTE: During the multiplication times "a™ we show

X o a® as | | gf- [

Se

Introdnetion of the Chart of the Cubes of Fumbers 1 - 9 (10 - 90), (100 - 900)

With the chart of the cubes of numbers, we are demonstrating the progressisn
of the number of digits according to the powers of the mmbers: we see an
increase of three digits between the cube of 1 and the cube of 10m=-and agafn
an increase of three digits between the cube of 10 and the cube of 100, That is,
with the addition of one zerc in the cube root, we have an’ increase of three
digits in the radicand. Thi= iz in contrast to the progression by twos in the
radicand of the square root, And so, with this chart, we show why, in the cube
root work, the radicand is divided from right to left into groups of 3 (inatead
of the groups of two for the square root.

Specifically, we note in the first columm the number of digits in the cubes of
the numbers 1 - 9: 1 - 3; second column cubes of the numbers to the second power,
& - 6; third ecolumn cubes of the numbers to the third, 7 = 9,

We observe that the number of digits representing the hierarchical cube is 6
for the cube of 50 (red); and 2 for the cube of 4 (white,) (54)

SEE CUBE ROOT I for the complete chart,

Raising the Binomial to the Third Power with an Algebraic Value
Fer this work we take the ALGERRAIC CUBE (the figures which compose it shown
belew.) And we give the binomial an algebraie value. Prior work with "letter
optrations™ is indicated.
First Work. . .SENSORIAL CONSTRUCTION

*resent the problem with small numeral symbols and signs on the mat,

u?*ﬁ-b"’}xuw} = (a+b)

éuting the problem: To raise a binomial to the third power we must multiply
all the terms within the parentheses times "a” and then times T

Shess on the mat a prepared "base guide card™ that corresponds to the square of
11 (az showm). . .on which the materfals of the algebraic cube fit exactly,
Thiz card provides a guide for the construction of the cuba; and one iz used
for both periocds of the construction: X a. . .and X b,

Bach term fs multiplied by a: werbally we
degcribe each f e in "letter terminology:"
"What does "a*™ mean? SHOW ONLY THE FACE
OF THE CUBE.
Then how do we mmltiply it times a?
SHOW THIRD DIMENSION
OF CURE,
And FLACE ON CARD. . .

the numeral cards: " X a™ beside the base
card, bringing the smltiplied term for each
operation alengside those cards, then returning
it to the parentheses,

When all terms have been
multiplied by a, we Teturn a to the wquation,
turn it over, bring " X b" beside a SECOND BASE
CARD and construct the second layer.

el T S ——

s — S p—
s

adxa= |afx a*x¥s|odx
i afs

atxas:|fa x| LAE
attr | vaf?] agr |<g

oo

Unite the layers to form the cube: We have
conatructed the cube of (a + b)
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2.

3.

1.

3)

3
(3)
(&)

(3}

(3)

(3}

Binomial to the Third Power with the Algebraic Materiasls. . .
Sacond Work. . .WRITING THE OFERATION

Display the parts of the algebraic cube as imdicated below, IDENTIFY BACH WITH
THE CORRESEONDING LETTER CARD placed on top of each figure:

o a’b a’p a®p ab? ab?  ab? b
Combine the labels 5.? Eroups=—and th; figures in groups to show:
a*h ab
33 a’b abg h3
a’b al

Introduce new mmeral (letter) cards to shote:

& 3Ca?n) 3(ab?) b

The Cube of the Trinomial of Hierarchical Value: With the Hierarchical Cube

Display the figures of the hierarchical cube of the trinomial horizontally on
the mat, according to hierarchies (beginning with the largest: the blue cube
of milliome} and showing similar £ipures in groups.

Degseribe the hierarchical wvalue of esach figure, writing with the child:

100° = 100X100 X100 = hXhXh = ¥ = 1,000,000

301002 X 100) = 100 X100 X10 = hXh Xt = Hk = 300,000

3(1002 X:3) "= 2100 X'100'X 1 = h Xh Xuw = T = 30,000

3(102 X 100) = 10X10X100 = tXtXh = Tk = 30,000

. (100 X10X1) = WOXI0X] = hXtXu = k = 6,000

,_. 10° = 10X10X10 = ¢tX¢tXt = k = 1,000
& (1< X 1007

= 1 X1 X100 w gXueXh = k = 300
‘ 20102 X 1) = 10X10X1 = ¢X¢tXu = h = 300
i 312 X10) = 1X1X10 = gXuXt = t = 30

@ 13=1::1;1-&xu::u-u:=1

The Hierarchical Som: 1,367,631

To further indicate the hierarchical sum, we group the £igures according to
color, noting those hierarchies which are represented by two different figures,
but whose hierarchy is indicated by like colors.



Caobe Root, . .

N. DRaising the Trinomial te the Third Power

The sensorial censtruction is through the
diagonal, constroeting first the three dimensions
(two sides and the altitude) AMD completing each
successive hierarchy, In this way, we have a color
contrel for the constructism.

We begin with the blue cebe (millions). Then
the three greem prisms are added on three sides of
that cube, and EVERYTHING IS GREEN. Next we go to
the brown prisms (tem thousands), adding the (second
digit) dimension te the three dimensions, THEN WE o, Do He L
MUST COMFLETE THE TEN THOUSANDS HIERARCHY, so the e

second group of three brown prisms The Hierarchieal ﬂuhs ¢f the Trinemial
is added (in the first confirmation (h + £ +u)

position) and EVERYTHIMC IS COVERED 3

EROWN.) HMext the six prisms of (842)

red I:hnunndurg addéed snd the (600 + 80 + 2)(600 + 40 + 25(600 + 40 + 2)
0}

red cube (af 1 and EVERYTHING

IS RED, The addition of the first = §00° = 216,000,000
group of orange prisms (hundreds) + 3(600° X 40) = 43,200,000
completes the dimensions of the twe + 306002 X 2) = 2,160,000
sides and altitude (third digit peosi- + 3(80° X 600) = 2,880,000
tion) and £hen when the next group + ﬁtgnn X8 X 2) = 288,000
of orange prisms is added, we turm + Lo = &4 000
EVERYTHING TO ORANGE, The tan prisms,  + Jtzizx 600) = 7,200
tens, five us the second confirmation + 3(a0° X 2) = 9,600
of the third digit and the last place- + 3(22 X 50) = 480
ment (third confirmation) is that of + 23 = 8
the units hierarchy, the white cube, 264,609,288

" In this work, the construction of the cube and the caleulation are done
gimml taneocusly,

0, The Algebraic Cube of theTRincmial

Material: The algebraic cube of the trinomial, Here there is no hierarchical
color guide. The colors are, rather, a referemce to a, b, and e,
And omnly those faces of the figures which show the square of the
particular letter are colored, Other faces, representing the product
of two different terms, are black. The colors, however, continue
to act as an aid in construction because color faces must be matched,

1. Display the 27 figures of the algebraic cube for the trinomial:
s 82> a%b o’ ale a’c alc abe sbe sbe b ab2 abl ab?
sbe abs abe

W

2w bz'c 'hzl: hzc .=.n.r:2 acz ac? be® buz hr:: u3

2. Bring forward the three cubes and 2+ Bow inatead of giving the trinomial cube
state the problem, naming the cubes, a nmerical valuve, we will give it letter
(2 +b +e)d values.,

3. Using s=mall cards for the symbols and signs, lay out the problem on the mat:

Ca+*bese) = r$+:§+h?-ﬁ+¢9: X (aXbXeo)

- We must multiply all the terms within the parenthese times a, times b and times c,

i A Sk S e ok ok e el e ek o ek e

A GRATEFUL ACEROWLEDGEMENT to Phil Gang for the original drawings of the "Passages to
the Cobe Root." Bergemo, 1974



Cube Root., . .
0, Tha Algebraic Trimomiml, . .

%, The constructicn of the algebraic
trinomial rafsed to the third power
is done "™ayer by laver,™ as indi-
cated in the figure shown,

Each layer is built on a base
"guide card,™ as in the construction
of the algebraic binomial raised to the
third power. Now, however, the gulde
ecard ¢orresncnds to the square of 111;
again the card actes as a guide in the
pPlacing of the figures.

O e -

atxasx |atxae |ac

. . = e ey

e e e L L K R

ﬂ_." -ﬂ_""ﬂ'- :':_-ﬂ.r
= '
ae -
X |
I
-ﬂ.'g‘ﬁﬂ‘-r '[:-";{;_ fep :
= o = af? A :
ﬂ.'a"ﬂ. 1
aexe=ate |Fexa: |X
E-Hr wed

When all terms are thus multiplied by a,
it is returnsd face down to the equation,
and & second guide card begun for "b."

5, Dissemble the cube, lining the figures
again horizontally on the mat, as in the
first dizplay: SHOW THE CORRESPONDING

LETTER CARD ON EACH FIGURE,

6. Then combine the cuﬂcin front of tha

figures: 2, e e

3 4 % * a%e**ﬂ-u"......
a

a
aec abe
abe

abe

—— . S i e e

7+ Introduce new cards which simplify the
equation and SHOW THE FIGURES GROUEED
ACCORDING TO THE EXPRESSTION:

2® +3(a2p) + 3(afe) + 6Ca X b X ) + b

3(b2a) + 3(b%e) + 3¢ea) + 3(e?d) + &°

{_____._.---._-_--- i —— —— - -

(a + b +ec)

8. Pormulate the rule: The cube of the [ !
trinomial is equal to the cube of the First
term plus three times the product of the |l '
square of the First term times the second
term plus three times the product of the
gquare of the first term times the third
term nlus six times the product of the

three terms PluSs o « « - = = % = 5 = & = @



Cube Root. . .
The Cube Eoot of the Trinomial: With the "Real Fymber" Materials. . .

a8} Emf:.mﬂ.nn of third digit. Cube constructisn indicates thrn-a groups of the
i‘ taken seven times, (FAT ORANGE PRISMS OF HUNDREDS: 3-(l.l: 1)

9) Gsnﬂ.mti.un of the third digit., Cube construction indicates 'I'_hl'ﬂ gg-e:upl
taken three times, (NEW DIGIT BROUGHT D(WN: YELLOW PRISMS: 3(be®)

10) BRING DOWN FINAL DIGIT. Final confirmation, Cube of 2, (WHITE CUBE: o)
HOTE: We work with only a few examples of this construction due to the difficulty

of handling the tiny neutral cubes,

HOTE: Thmmgheut this construction, we hawe given hierarchical value to the wooden
materials which originally represented only wmits. We are thus equipped
to pass easily onto the work with the hierarchical trincmial.

Fresentation #7: The Cube of the Tripnomial with the Hierarchical Cube

\a’f._.ﬂ 8200718 4

= i
E-ﬁ_a‘ E‘IEK-E ?5'33!’-'—?3=$

2 0o TS X # = 340 eler g ot R
= Jiy¥axL) = 240 W
A i .

27O 53x3 =75, 270-75= 3
=T TE 2 3 =£ﬂ£ . -.f";ﬁu -ﬂf—dtlglii
& 53 LiS ¥ #%3)= F60
ﬂﬁ&
CIE] = G4
e‘ﬁ-'?ﬂ EXCEFERENT
Hfé B 32 w5 /34
i g} (A< x4)= ;of
— a7 3% =87
=24

In this work, we continue to bring down one digit each time the hierarchy changes,
or iz completed, And this completion iz indicated by the material itself. The
material contimoes to be the guide for the order of comstruction, And finally, it
gives the hierarchical walue to the work which is still lacking in the caleulation
itself,

Presentaticon #: Moving Towards Abstractiom: The Trinomial Gobe Boot with the
Alpebraie Cube Materials

‘fr’ Efﬂ lod/ 53 o .?r_i

Ls T*EJLéﬁ’_ﬁmr a?
febd/f Y, b4 =3

35@&&*x50}‘i3{39¢x‘§nﬂ)+3ﬂ5- Ha? 2 )+3LE+ 12
H.f -';-"c-cr ooC+ |, c}E'::r -:mc:r+::r -:xn:: ;
= IS5 8507 00D D _ £ 2 '
TR afa

3(#80% X 3) = 9% 6, 000 Tt + 3(ate)
* & (oo X 30 x2)- |44, 000 %jﬂaﬁdﬁut HACE Y

3¢ 28 x Yoo = ;,e. Foe +8(c® a’
+t3dotxa) = 5§ 400 +3(f% e
+3(ﬂ’“h’$,} = “'340 P3(et2)

Fi
(17,565

=|n

~_u_:z.ﬁ;ir s



Cobe Boot, . »
The Trinomial Cuobe Root with the Algebraic Materisl. . -

In this passage, we move to abstraction. The groups of three digits are brought
down at one time, In the research of the second and third digits, however, the

lagt two digits are separated to indicate that the mmltiplication and division
operations donme to research those digits are not hierarchical ones. This is an
indication, too, of the setual volume which is available to determine the dimensions
of the cube: the last two digits act as confirmation digits.

The use of the algebraic cube is important in this operation because it gives a
guide for the calculation of the confirmations. No longer will the hievarchical
materials be adequate for the calculation that includes the entire confirmation,
The pattern for that confirmationm iz given in the algebraic representaticm.

We mote that with the confirmation of the second digit, our resulting construction
is a whole cube, the root of which is 43, (Hierarchically this is 430, but the
digits are indicated without hierarchical value. Thus, in our search for the
third digit, we have 837 X 3: we indicate that we must build in three dimensions
on the side of the whole first cube.

Presentation #9: To Complete Abstractiom: Without materials, . .although the
e¢hildren may continue to use either the hierarchical materials or
the algebraic cube as a reference and visual guide,

. ok AT
VFC G2l 563 o -
A S 48 = g ot ceg it
f ol gﬂéx.s; 4?3
e == K = ék&ﬁﬂ ﬂ:?:ﬁ
‘-'g‘;r:: & Bk Y32 = 7FSTOT _

FEOT lecond deg cypfi§¢égna¢hi;ba;hg
FITH& HEE =845 ; 557 K3 =;;¥? i

[ S = SERT = A Tl
2o Ll S&F) : W
~Sosar Se8| #432%= §o, ¢/, 568

O Fngd dig ik Emﬁ"'qwﬂzilh )

PARTICULAR CASES OF THE CUBE ROOT

Introduction: As a preparation for the particular cases of the cube root, we
review with the children the work of "squaring™ and "cubing" with the materials
{peg board/hierarchical pegs and hierarchical cube), the child writing the cor=
responding notation:

108 = 10 X10 = 100  (RED PEG)
10° = 10X10X10 = 1,000 CRED CUBE of the hierarchical binomial cube.)
ey o e o o ey
112 = 0+ 1?2 = 102 + 2000 X 1) +12
100 % 30 %11 (PEG CONSTRUCTION: CUIDE CRART
= 171 comparison of 11°)
13 = o+ = 10° +300° T 1) + 302 X 100 + 13
= 1,000 + 300 + 30 + 1 EHIERARCHICAL BINOMIAL GUBE)
= 1,331
sl sl v e e e vk ol P
1002 = (100 X 100) = 10,000 (BLUE FEG)

100° = (100 X 100 X 100} = 1,000,000 (BLUE CUBE OF HIERARCHICAL TRINOMIAL)



'[:'I-lbﬂ Mﬂt- & L]
Particular Cases: Introduction (Review), . .

m? = (109 # 10 » 1)?
= 100" + 2(100 X 10) + 2(100 X 1) + 102 » 2010 X 1) + 12
= 10,000 + 2,000 + 200 + 100 + 20 + 1 (YEG SQUARE)
= 12,321
1117 = (100 + 10 « 513 2
= 135- + 3(1002 X 10) +3(5nn1*111 + 3(10 X 100) + 6(100 + 10 X 1)
* 1 + 31 £ 1040) + 310 X1y + 301 £ 10) =1
- 1,000,000 + 300,000 + 30,000 + 30,000 + 6,000 + 1,000 + 300 + 300 + 30 + 1
= 1,367531

(TRINCMIAL CUBE)
il L T ——

Particular Case: Constructing the Square and the Cube of 101: Preparstionm

1017 = (100 + 10 + 1)2 = 1007 + 2(100 X 0) + 2100 X 13 + 02 + 200 X 1) +17
= 10,000 +0 + 200 + 0 + 0 + ]
= 10, 201 (PEG CONSTRUCTION OF THE SQUARE AS

SHOWN IN PASSAGES TO THE SQUARE RDOT)

INTRODUCE THE TRANSPARENT TRINGMIAL CUBE: With these materials we can show, in our
special construction o the trinomial cube, those hierarchies which are zero and
therefore are not present even though they exist, DISPLAY THME FIGIRES OF THE
HIERARCHICAL TRINOMIAL CUEE, grouped accerding to hierarchies in a horimontal

o, 4And, in front of &ach group, show that corresponding transparent Eigure
vhich will be substituted whenever it is showm in the caleulation to be zero:

1017 = (100 + 0+ 137
= 100° (Blue cubse)
+ 301002 x 0 {Transparents)
+ 23(100% x 1) (Tall Brewnm)
+ 3002 X 100) { Transparents)
- 351&1 X0X1) (Transparents)
* (Tranaparent)
+ 302 x 1) (Transparents)
+ 3012 x 100) (Tall orange)
+ -3512 X 0) (Transparents)
+ 1 (White cube)
= 1,000,000 + 0 + 30,000 + 0
* 0 +0+0+300+0+1

When the construction is complated, we can take cut the entive middle because the

tvo center columns, then finally take out

blus cube, tall brown

§m, two erange prism and
And that gives us our

tens digit was zero. Slide out the
the entire second layer,
prisms, and orange prism;
white cube, Representing:

1,030,301

ealenlated sum,

What remains is:

and, Second layer:
:3' + 3(ae) + 3(cta) +

First layer:



Cubse Boot, . .
Particular Cases. . .Introduction: EBeview, . .

Farticular Case #2: Constructing the Square and the Cobe of 110: PFreparation

12102 = (100 + 10 + 032 = 1002 + 2(100 X 10) + 2€100 X 0 + 102 + 2(10 X 0) + 02
= 10,000 + 2,000 +0 + 100 +0 + 0
= 121155 {PES COMSTROCTION OF THE EWARE: SEE

SPECTAL CASES OF THE SQUARE ROOT)

110° = (100 + 10 + 0)3
= 100° (Blue cube)
+ 30100% X 10) (Green prisms)
+ 301002 X 0) (Transparents)
+ 3(102 x 100) (Fat brown prisms)
* Eéiﬂﬂ X 10 X 0) (Transparsnts)
+ (Red cube)
+ 30192 X 0) (Transparents)
+ 3(0° X 100) (Tranaparents)
* 3§u2 X 10) (Transparents)
* {Transparent)

= 1,000,000 + 300,000 + 0 + 30,000 + 0 + 1,000 +0 +0 +0 + 0
= 1,331,000

Because the units digit is zero, the construction of the cube results in a cube of
which the entire external part is transparent; that is, the two terminal sides of the
construction and the top layer, We can then remove those sides and top and what

remains iz the cube of the binomial construction. . .but in this case we gee a different
hierarchical pattern; and we note that in reading the cube root from this coastructiem
it is necessary to add a zero which is the final digit represented by the transparent
part.

Particular Cases: REAL CUBE ROOT =+

In the cube root work with the particular cases, we again utilize the transparent
cube along with the corresponding hierarchical cuhc‘ The transparent figures are
inserted into the construction whenever the result of cur operatiom, as showm in the
caleulation, is zero.

fiaq;xlnﬁlinh*hlt =

[ £ u
T 367 @341 I |

_Lt-_...-' T 1 ¥ = T3
0367 I x3=3; 3+3=|

3a; po0| 3(100%x + Frrodx joo) w10t = 231,000 %
b &3)] JH*=x3s 3L3; Jobt 365 =] 2

36 631 | 3crootx )+l lo0x mx;;}+3f‘:?x reo)+306*%])

; + FCI2 R jo) 4+ |3

= 30,000+ L, 000+ 300 +3c0+ 320+ |

{2

= 36,63
(Haetincclars Oaae. T/
o e T
Vie3o3o) [ L O |
i B 2.1 .
0030 ITx3=2;0%8 =0 :
0 3 o0 x ng-sgﬂﬂxmr:rl*-g =0

3o 30| IO ¥ 3 = 800; 303~ 300 g
3030 | 3¢/003x 1)+ Lfa’ﬂﬂiﬂ"ﬁ J}-p&{r:n x ) +3012 % 100)
L + 31t xo)+ |*

= Bo30)




