| e e

The Tiling Game. . .
Second Lewvel : In two parts: Without the Circle and With the Cirele: AGE: G
FROELEMS: Putting Into Relationship the Caleulatiom of the Area of Different Figures,

Material: The series of squares, cireles and the corresvonding curvalinear square,

A strange man wants to arrange circular bottles in a cupboard. We know the dimen-
siens of the bottles and the dimensions of the cupboard. That is, the circles and
the squares available. How will I know how many circles will £it in the cupboard?

Solution: To determine the number of bottles, we must divide the area of the ghelf
by the area of the bottle.

Acuphoard + &g = Mumber of bottles We hawe GROUP DIVISION,
If the shelf dimensions = 60 X 40
then Acyphoard = 2,400
Ay = T r?
T = 3
= qr 25 = T8.5
S 2500 = 78.5 e 31 r. 66,5

BUT, laving out those circles on the pavement (our board) which is &0
X 50, we ges that we can only €1t & X &, or 28 circles,

Wy?

Becaunse 1 camnot divide the total area of the space by the area of only
the cirele, I.mmst also use that area which circumscirbes each circle:
our curval inear square. SUPERIMPOSING the circle on the SJUATE W= CAT
see FOUR EMPTY SPACES, the sum of which iz that curvalinear square. I
can put four circles together to note the internal figure which is equal
to one of those sopty spaces (one of the cornere) X 4,

301 Acuphoard = Asquare = A

Third Level: To calculate the area of the other figures necessary to cover the surface,
we must go on to trigonometrV. . . - - . A BN R | -

VOLUME

Hatarial

1. The blua (red) mumber rods.

2. The broad (browm) stair.

3» The pink tower,

&, The 30lid cylinders {solid insets),

5. Box of small gecmetrical sclids,

6. A wooden box of 250 netral cubesz: each 2 cu,3

7. The rectangular solid and 5 rectangular solids whose sum s agqual to the Firat
square=based rectangular solid: wyellow and having similar markings to the yellow
area materiagl. (SEE PICUEE) In a large wooden box,

B: The cubez from the cabinet of powers,

9. Ten hmdred aquares,

IRTRODUCTION

In the study of volume, we £0llow the same pattern £or the stody of areas because the
starting podnt is the same.

Has the child had the concept of volume before? We divide the study inte two partai
the concept of solids and the sctual measuring of the solids which ia volume,

The contept of the so0lid as s body cccupying apace is one the child has in some
activities in children's house. The sducation of the visual sense includes a perfection
of the concept of aize. This sense has been developed with: 1) the blocks; that is,
the rods, the stair and the cubes (of the pink tower); and 2} the solid inset series,
the cylinders in which we repeat the same characteristies of the rod, the stafr and the
cube, In casa he also has experience in the comcept of solids with the small geometrical
solids; training the stereognostic sense as well as the visual experience of size, He

has alse had experiences with selids in the world itsel#, a comsciousness that sverything
in the world occupies space. E
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Introduction. . .

The concept of volume, the measuring of these solids know at home and school, has
been introduced through experiences with the decimal system, In the first presentation
of the decimal system materials we present the cube: "This is a thousand.” ‘nd then
in the second presentation we stack ten hundred squares to ereate the thousand, 'Tha
child has started constructing the so0lid as socon as he adds one square to the next. And
so the child has received helps from mature and from the method.

The only thing we must bring to the child*s conasciousness is that evervthing in cur
world is composed as a solid, occuping space and having three dimensfons, This s the
measure of reality which our stersognostic sense rvecords.

Presentation #1t The Solid and its Tronsformatiom at the Level of Area and Equivalence

Material: The box of 250 (2 cu®) cubes.

Let*s try to construct something with

1. Take twelve cubez frem the box and 1.
FIRST CONSTRUCT A ROD, theze cubes,
Hote that with this fermation of the He see that every face is & square,
cubes, we can show cnly two positions, This are the only pogitions this farm
Vertical and horizontal: 1 X 1 X 12, can take,
2, Porm the pavallelopiped: 3 X 4 X1, 2. We can unite these twelve cubes in this
Zhew in thres positions, wag: mnow we have a Figure half the
length of the Ffirst and dovble the wideh,
And we g¢an show this form im THREE
POSITICHS.
3. Construct the rectangular prism: 3. This form has only twe possible positfions,
252 X-3
4. Comstruct the parallelopiped: 1 X 2 X 6: again we can show thres positions,
5., CONCLUSTIONS: The more divisors the form has, the more positions we can show; the

more wariables the work has.
ALL THEE FIGURES ARE FORMTD OF 12 CIRES:
BOUIVALENT VOLIME.

therefore, they all have

HOTE: Tse a polaroid to show all the different forms sioultansously, smphasizing the

equivalences.,
cerrrTreeeee - (iod - Y-
(0 @ (® 73 '
Presentetion #2: Volume of the Parallelopiped
Material
l. The wooden box comtaining: the yellow square-based mgnngulnr solid:

10 X 10 X200 em

and ¢ Ffive yellow rectangular porallelopipeds, whose sim
iz eoual te the Firat rectanpular solid.
1. Take from the broad stair the thickest stair and classify: a prism,
2, Compare the vellow priss (of the new caterisl) with the stalir, verifying equiva-
lénce. Puot the brown one aside: the yellow now iz the sediater,
4. THE PROBLEM: How can I measure this 4. This iz a square. (Loocking at the top)

prigm? We cut thi= square into slices, using the
snme unit of messure we used far fhe
areas.

He would mark off ? cm. line serments,
and cut vertically with a knife.

We obtain Five slices: the height is the
Bame; taken together the base is the same,
I cannot measure the valums with these
slices unless my figure is made specifi-
cally of slices. . .so

Introduce the five rectangular priess:



Volme, . .
Presentation #2: The Volume of the Parallelopiped. . .

3. . .the problem of calculatifg volume.

B,

3.

N7
Show the box containing the 250 ecubes:

Consider the mmber of cubesz contained
in one of the five rectangular parallele-
pipeds created by the slicing of the
equare-based rectangular solid: use that
one divided into cubes, Then fndicats
the mltiplication for total wvolume.

Show the szingle neutral eube as the wvnit,

5,

3.

3. » B0 1 transfer my unit of meagurs to

two sides, resulting in these prisms
divided horizontslly and vertically,
into long and short rectangles.

I obtain this prism, divided inte cubes,
Each edge of each cube iz equal to the
mit of measure ve have used to =ake

avery cut,

THE CUBE is out unit of measure Ffar

volums,

{VOLUME HOMENCLATIRE:

ovoid

ellipsoid

aphere

right circular cons
equilateral cylindsr

regular hexagonal right prism

right pentagonal prism

cube (remular hexahedrom)
regular triangular pyrsmid
right rhosbic parallelopiped

rectangular parallelopiped (rectangular solié

square-based rectangular solid

right cireular cylindar

right sguate pyramid

Casa nomenclaturs :

ovaid

ellipsoid

sphere

O

t¥linder

square pyrazid
triangular pyramid
cubs

square prism
triangular prism )

If I want to ealeulate the volume of

this rectangular solid, how many of these

cubes are contained
We conld remove the
their place Ffit the
We have divided the
(ecobes) that can be

in that so1id?
cubes here and in
rectangular solid.
50lid inte units
counted,

We can count the mumber of cubes in one
of thess Five asctions:

a0,

There are 50 cubes here as there wers
50 aquares in the rectangle in area,
But in this square-based rectangular
thers sre five ssctions. . .80 e can

count the cobes:

50, 100, 150, 200,

250, 750 cubes that all look 1iks ehis.



Volume of the Parallslepiped. . .

BOTE: The pedagogist F. Frobel eresated didactic materials which provided am fndirect
preparation for some of the work of Dott.sa Momtesaori, He spoke of hi=z owm work as
his gifts. And among those gifts were what he called "The Primce Solids:™ the sphers
and the cube end the evlinder.

The sphere iz limited by a curved surface; the cube by planes, So the eylinder pro-
vides us with a mediator between the cube and the sphere (plane surfaces and curves),
The cylinder iz composed of lateral surfaces which are curves and bases which are planes,

Dott,sa Montessori takes Frobel"s cube which is divided into bricks. (SEE The Discavery
of the Child). Montessori on Frobel: The cube and the sphere are called the censtru-
cetors of reality because all things are limited by either the plane surface or that
curved one of the sphere. Frobel's obsession with these three figures is total.

And Dott.sa Montessori, separating herself from some of the clder concepts, keeps
certain parts of his work: the concept that the sphere and the cube are perfect solids,
The perfection of the sphere iz primitive: all planats are sphereid, The perfection of
the cube iz given by the fact that in any position it is the ss=s. And 211 cubes and
spheres of reality are similar,

At the level of area all triangles, squares and regular polygons are similar among
themselves, In area, then, we take the perfect square as the measure, Given the per-
fection of the cube, we have taken it as the measure of space, of volume, We can take
ANY CUBE as the unit of measure in the same way that we give the specific square which
is our measure of area no specific dimension. Any square was sufficient; any cube in
volme will serve,

The point of conscicusness here, them {s that we oust decompose the solid into cubes
and then the nusber of cubes (the stm of those suhes) {3 the neasure of the volume of

that so0lid,.
Pregentation #3:

l. Show the square-based rectangular 1.
solid and the five sections:
STATE THETFROBLEM: How can we arrive
at the sum of 250 in a simpler way?

The important thing i= that we commt the cubes; and their svs is the volume,

Arriving at the Formula for the Volume of the Farallelopiped

We know that in each of these secticne there
are 50 cubes: and therefore, this square-
based rectangular solid is compoasd of

Eﬁﬂ c'uhl:a..

But we need a faster method of discovering

SHOW THE BOX OF CUBES, indicating that
this fipure than counting all the cubes,

we could count them all,

In out work with ares, we dizeccversd that
we could obtain 50 by multiplying one side
of 5 by the other of 10: 5 X 10 = 50,

2. BRecall the solution at the level of 2.
ATSA.

Hogr are these 250 cubes obtained?

Here wa hawve thres adges concurrent to the
game point: the common wertex,

If we £i1led the figure in, how many cubes
would we haved 250

Then these three edges represent the thres
dimensions of our square-based Tectangular
solid,

And we have ecaleulated the sum of the cubes
that compose this solild by sultiplyving the
thtee sdges times each other:

5X5X10= 25

3. Show the solution of the product of 3,
the thres dimensions: Take 9 cubes
and form a vight angle on the mat,
then add 9 more on the common vertex,

)

b, Bepcond solution: econstruct a
square, side of 5 cubes,
then show nine more cubes on
on verte:
5o = 25 X 10 = 3580

x5

5

5. Third solution: Show the five sliced A0
gections: these represent a multipli-

cation of: 50 X 5 = 250

51



Volme of the Parallelopiped. . .

6.

Preszentation #Mi: The Foroula for the Volume of the Pﬂral'lt‘.l.?'pipzd

l.

Za

&.

CONCLUSIONS: We have organized three ways to caleulate the volume of this solid:
1) 250 =58 X5 X 10 The product contains the three dimensions of reality,

2) 250 =52 X 10 =(5X 5 X 10 Here we zee those thres slements grouped in
a different way,.

3y o= {10 X5) XS Again the elements are grouped &ifferently, but all
thres are present in the calenlaticn,

For the calevlation of volume we will use only the first and second solutions,

not the third, We do not use the third because it requires a certain orientatiom
of the square-based rectangular selid, the wvertical ones, (Here we have used that
position because the two bases are equal and we take the name from these two faces;
with the sliced sections of the figure, then, we construct the vertically-positicned
g0lid.) Then, the elements of the solutiom (10 X 5 X 5) give the dimension of the
height first, and this must be the LAST element of our formula,

The first snd second products provide a formmla in which the thres dimensions ars
named fin correct order: a XbXe . . where a i3 one dimension of the baze, b
iz the second dimension and ¢ is the height:

1) 5 X5 X100 = lxb-:"-'.ﬂ- basze X base X height

2) (5X5)X10 = (aXb)Xe = product of the area of the base X height

We ses that our formmla mmast inelude the elementz in a certain ordear: the area of
the bLase must be given first times the third dimenalon,

80, . .we conclude: we have discovered two ways to calculate the wolume of this
solid: by cultiplying the three dimensions (a X b X g) AD by multiplying the
area of the base times the height {a X b) X &,

Showing the yellow square-based rectangular solid,
give the ncmenclature.

|
|
I
1

Introduce the letters shosm on the figare:
Everything that forms this solid is piven
by the produst of a, b, and c——us 231l
this product of the threes elements VOLUME,

Show on the sat the formmlas Y = abe
In the Eormulz we have indicated the dimensions
follewing the EDGES to the COMMON VEERTEX: we
can toeh It thres times: mo more,

Rearrange the formula with parenthesss: The volume of the solid is d so Eiven by
the area of the base times its height,
¥ = {ablXe 350 we can show the formula in a different
way with parentheses,

Invite the child to take a unit of measure, that one used for the measurement of the
area of our first rectangle in the yellow material of area (2 Cm,): and to measure
a, by, and c. Az he measures each of the dimensions of the solid, he takes the
corresponding slip and wri;us on the back the numbesr of units:

A =

b = 5§ Fowr the formmula reads: V = (S5 X 5) X 10

¢ = 10 Bewmoving parentheses: ¥ = 5 XI5 X 10
And we note again that the third dimension is always the third term: height,

I‘nt‘r.‘u?une the correct nomenclature and 6, This square-based rectangalar solid is eal-
fts significance in volume work: 2ol %idithz square-based right-angled parcal-
hd, G LALL _Poana s Caleolndy OPiped.

& - . This iz our point of refersnce at the lewel
A ”"“‘ﬂ"'”":’f'“" oL har -'“t"““b‘-"r-‘-”-‘l-""J of -.m:tmes just as the rectangle was for



Volume. . »
Materisls for the Study of the Volume of other Solids

1. A Box #1 containing: a) Two regular triangular right prisms; one wheole and ome
divided into two smaller ragular right triasngular prisms, .
by tracing an altitede of the first from one wvertex to
the opposite base,

b) A vight rhosbic patallelopiped.

&) Two regular hexagonal right prisms, one whole and the
other divided inte three parts by the joining of two
nof-adjacent vertices snd then by tracing an altitude
of the resulting isosceles triangle, (SEE pressntation)

2. A Box #1 containing:

Family #1:

a) right triangular prism
‘b)) right triangular priss, h = 1/3
¢) regular triangular pyramid

Family #23 |[°B

&) sguare<based Tectangular solid

(right parallelopiped)

b} square-based rectangular seolid,
h =173

€) right square pyramid

Family #3: a) right sirveular eylinder
b) right eireviar evlinder, h = 1/3

e) right cireular cons

Fanmily Mi:
{ 1 a) sphere
b} ellipsoid

e} owroid

3« A Box #3 containing: ROLLOW FIFERES OF s :J tall rectangular parallelopiped
b) short rectangular parallelopiped

) right square pyramid
: 4.: Hn-mln e mminin; the ﬂuh: divided into THREE EQUAL mm.m

.



Volone, .

INTROIUCTION: To the Caleulation of the Volume of Other Solids
We know that the solids can be divided inte three groups: prisms, pyramids and
solids of rotation (rotated bodies,) We hegi.n our work of volume with the prisms
taken from the Box #1.

Fregentation #1! The Volume of the Right Triangular Prism

Materials
1.

The yellow rectangular parallelopiped.

into two prisms,)

From box #1, the blue regular triangular right prisms (whole and that cne divided

1« Fresent both the rectangular parallelo- 1. These are both prisms,

plped and the right trisngular prism: First we must orient our solids.
Hams both as PRISME. Show both figures We can show them horizontally, the triafs
horizontally resting on each of the la- gular prism in three positicoms that
teral surfaces, Then orient vertically. agch look the same,
The lateral surfaces of both. prisms are
rectangles,

2. Show both prisms on their bases, giving 2. We oust orient the solide on ome of the
complete nomenclature for the triangular equal bases: these two faces sre opposite
orism, egzeh other which determines them as

the bases.
Because of its position, we give it a
Tiame §

This fs a regular. . .becaunse the baze iz an egquilateral triangle
right-angled . . .because its edges form a right angle with the plans
trisngular prism,

3. Compare the heights of the two prisms, 3, These solids have the same height, but
NOTE: We note here that the third d4i- bacause their names differ; we know
eension is secondary. The real secret that their bases will differ,
lies, then, in the AREA study of the The secrat of the solids lies Iin the base.
regular polygons vhich gives us the cal-
culation for the bases.

4, The PROBLEM: how do we calculate the 4, We have understood that we cannot divide
volune of the regular rightsangled tri- this figure exactly into cubes. . .&
ansular prism? problen similar to the division of the

triangle into squares in our ares work,

Ls Introduce the MEDIATOR: the right tri- -
angular prism which has been divided \ \
ints two right triangular priscs by a
line traced from the altitude of one
vertex to the opposite base and them a
eut, SHOW CONGRUENCE. . .and then com- + =
bine the two to compose the rectangular ik
parallelopiped. ¥

We have two equal solids: we want f_ ’
to caleulate the Wols of only one. i
We begin by doubling that one £igure: {%I
Can we decompose this into cubes? :a
TES, *E
5
6. Introduce again the yellow prism. Compare the mewly constructed one with that

prism, neting that WE DO HOT HAVE THE SAME PIGURE.

HOTE:

If cur starting point iz the base of the eguilateral triangle, then
we know that the height is not equal to the side:
The height iz, in fact, slways shorter than the side:

o =
O = &

In the fszosceles triangle, we can constouct h = a. . .
e triangle, the double of whick would give uz our szquare-bazed rectangular

golid, That i=m, we neaded h = s,

But here we must work with the equi-

lateral base, so we have a FEW () side.



Volume of the Right Triangular Prism. . .

6..,N0TE, . .with the children that when we calculate volme, it is immortant to have a

7.

8.

figure whose bases are formed of edges perpendicular to ome another. That is,

it does not necessarily have to be a square, but simply right angles on the

base 3o that we can decompose the figure into cubes, So, , .this new rectangelar
base will serve,

Compose the formula: 7. From this figure we can compose the formm-
la for the w lume,
"?TP = Ab Xh He write the area of the base X the height.
BUT QUR FORMULA IS INCOMFLETE, becanse
2 it represents the w lume of TWO £igures.
So, .+ .for the wolume of one regular
Vop = fh_.g_'l right triangular prism, we sust divide

that produoce by 2,

REMOVE THE MEDIATOR: now we work with ONLY THAT TRIANGULAR PRISM composed of the
two pieces. Wa have a new problem: to form a solid with its base angles perpendi-
cular using cnly these two pisces; that is, ONE RIGHT TRIARGULAR FPRISM.
a) Using these two pieces (prisms) we first discover a prism with another
TRIANGLE as the base. And we discover ome with a DELTOID as base.
b} As inm the constructive triangles (Series #1, Box #2), we discover that
the secret is turning over sme pilece: now we zay discover TWO PARALLELO-

GRAME a=z the base of the prism.
e) And finally we arrive at the solution: o
& rectangular parallelopiped with base et
angles that are perpendicular. . .
+ =+ «this rectangular parallelopiped i= ﬂ
equivalent to the regular right triangolar prism, : ~
gﬂ-, * .? = K h [

d) Bew we must identify b. Tp mﬂhm of the original _&ﬂr i‘h-,.
figure. What is our base? Turn over the pisce and again form the
triangular prism. Now we can show that we have divided the base of the
triangular priss into two equal parts, So the base of the newly formed

rectangular perallelopiped has b = ihtp. /md the formula for the AREA
of the BASE of the parallelopiped will be: A = % Enh

£) S0 we recocpose the formula: ?Tph {%:{h}xh CE A Xh

Presentation #2: The Volume of the Right Bhombic FParallelopiped

1.

Introduce the figure. Give the name, 1. This is a Tvight rhoobic parallelopiped.
Hote apain that the Ffigure takes its Can we decompose this eolid into cubes?
name from the opposing faces, or bases,

Introduce the MEDIATORS: the two right
triangular prisms. rut the two together
and VERIFY CORGRUENCE, showing the equality
of the bases and heights between the

two figures,

Put the thombic parallelopiped asfde:
With the mediator, the child discovers
again the rectangular parallelopiped. . .
we recall that the base s HOT A SQUARE,
but a rectangle.

We can compose the formula from thisz eguivalent
figure.
a) & Ih . . .but because we have a rhombic parallelopiped, we must
b) Idémtify that (b) in the first term, using the nemenclature of the chombus:
show the diagonals of the rhombus bage. They form the sides of the Tectansle
baze of the new figure: bp =4 X Senmorially, we again build the
rhombie parallelopiped to verify thelterms,
e} Bo wve compose the formmla: o
Tp= (@XZ)Xh OR A Xh



Presentation #3: The Volume of the Regular Right Hexaronal Prism

1. Introduce the whole selid (from Box #1) and TDENTIFY the BASES: regular hexagons.
Show the largest circle From the plane figures and the regular hexagon plane figure
in relarionship to the base of the solid:

e =« oEhe hexagon base L8 eircumseribed
about thiz circle of 10 e=, diameter.

« + sthe hexagon (with a diagomal through
the center of 10 em,) is inseribed in the
hexagon base,

HOTE: A Sensorisl Preparation here for the
Identification of the apothem,

2. Give the nomenclature: 2, Thie is & regular (the base beinz a repular
polygenl. . .right (the lateral surfaces
are perpendicular to the plane). . . . .

« » 2 s 5 » = bexagonal (base) prism,
3. Introduce the medistor and describe 3. To calculate the volume of this figure, we
its division, SHONING CONGRURNCE WITH must Introduce a mediator.
THE FIRST. This congruent solid, amother regular right

hexagonal prism, has been divided first

by a line joining non-consecutive vertices,
(That is, skipping ONE vertex)

The resdlting iscsceles obtose-angled tri-
angle gives us & vight triangular prism,
Then that prism has been cut along its
euly interior altitude., . .and we obtaim
two smaller right triangular prisms,

%. Pat the whole hexagonal prism aside and the child works with only the mediator,
He must transform the prism into ome with a rectangular base (that is, a base with
perpendicular wertices) so that he can achieve that sc0lid which is divisibie into
eybes, ALLOYW THE CIILD TO EXPFLORE THE POSSIRILITIES AND PIND THE SOLUTION, . .
which iz, finally, the sgquaTe-based rectangular solid,

« +» owe have transformed the regular right
hexagonal prism inte an equivalent rectangular
prism,

s Using the two small triangular prisms, show the equilateral triangle of which the
hexagon base is built, Identify the side of the hexagem as the base of this triangle,
that ia, each of the small triangular prisms has a side which corresponds o 179
the aide of the hevsgon. . AND identify the altitude of this trisngle se she APOTHEM,
that is, the apothes is equal to 1/2 the dispomal traced betwesn non-consecutive
vertices. Then identify the lines of the rectangular prism in terms of the lines
of the hexagonal prism which form it: THIS IS THE RELATIONSMIP OF LINES IN En0I-

VALENT FIGURES:

' A A et
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Volume. . . - =3 -
Prementation #: Vaolusme uf the Right Begular Hexagonal I‘ri.s-. -l

6, STATEMENT OF EQUIVALENCE: The hexagon which forms the base of this prism is equi-
valent to that rectangle which has a base equal to two times the apothem of that
he¥agon and a height equal to 1/8 the perimeter of that hexagon.

ROTE: We have now developed corollary of that original formulas which we developed for

the area of the regular rolygfon. . AND we have, at the ssme tioe, found & new
rectangle which represents this corollary:

Agp = B ()

-,&'- e . da

7. Formulate the formula for the volume of the regular right hexagonal prism:

‘ Tgp=(pAHX20)Xh OR Wy = Xh

FYRAMIDE: The Second Family

Materials
1. From Box #1, the rectangular parallelopiped and the triangular prism.
24 The solids from Beox #2,

3. The "hollow™ solids of Box #3, (rectangular parallelopiped, second short rectangu-
lar parallelepiped, h = 173, and square-based pyramid.)

4%, The cube divided intc thres sgual Dyramids,

5. Blue cardboard,

&, Sand

Presentation F1: The Volume of the Right Sgusre Pyramid

1. Showing the new figure, the right square 1. This is a pyramid. . .its origin takes

pyramid, give the etymology and the us back to Greesce and then back to Bgypt,

nomenclature, point cut the characteristics From "pyre" meaning "Ffire, ™
af the fimira: base: and lateral Ffaces, Thia figure has the shaps of a bumeh of
: sticks prepared fo-be burmed,
What kind of s pyramid is this? a right. . .because if we had a plumb line
passing thtough the wertex to the base, the line woupld eoineide with the
center of the base, « « & = & 2 » that Ia, the height of the pyra=mid, . .
square, . the fipurs rests on only one
base (the characteristic of the pyramid familys the other end being a
poingl. . «and that base is a square. . .pyramid,

This is a right square pyramid.

2. Pirst constroction of the formula: SENSORIAL by analogy.

g} Take the rectangular pacallelopiped and
verify thet both figufes have the zame
hase and height,

b)) Take the two corresponding hellow Figures
and wverify congruence with the two solids.

c)l Take a bucket full of dry sand, a knife and
papar, Pi11 the hollow pyramid exactly and
£ill the hollow rectangular parallslopiped:
it requires THREE TIMES the asount of sand
contained in the pyramid, se the proceszs
gust he repeated three times with sxactneas,

d)  Conclusiom: We need thres tises the guantity
of sand in the pyraz=id to £1i11 the prism. . .
$0 the wolume of the prism iz 3 X that of the

prramid OR .; the volume of the pyramid is equal
to 1/2 the volmes of the prism,

Yspy = Vmp -




Tolune, . . ’
Pyramids: Fresentation #l: Sguare Pyramid, . .
Sensorial proof. . .

3.

Presentgtion #2: The Volume of the Esgular right Triangular Pyramid

1

2.

Je

£

e) Take the short rectangular parallelepipad and the corresponding hollow figure:
verify that they are congruent, with the samé base and height,

£) With the SOLID SHORT PRISM, measure its height off of the height of the tall
solid prism: b, =13 The height of the short prism is equal

to ong-third the hﬂlghl: of thk tall prism,

g} Note that the SAME RELATIONSHIP EXISTS BETWEEN THE THO CORRESPONDING HOLLOW

FRISME,

h) Fow £i11 the short hollew prism with sand and pour it into the pyramidz:
we discover that the same zand can be contained in both figures,

1} Cemclusions: The pyramid is equivalent to that prism having the same base as
the pyramid and 1/3 the height of the pyramid, That is, the right square

pyramid s equivalent to the short prism,

§) Thus, starting with the tall prism as our reference, we can construct this

formula for the volume of the pyramid:
Vopy = 4 X W3
Second proof: With the special prism, the trisected cube,

a} Introduce the largest cube of the pink tower as a special priss, a sped al

rectangular parallelopiped, The faces are all aquares!

(each square a 10 em?)

b} Introduce the trisected cube, first verifying consruence with the first:

This i= our mediater.

¢) Dissemble the cube, noting that THE THREE SYRAMIDS WHICH OfMPOSE IT ARE

BOUAL AMONG THEMSELVES.
d) Identify the base and height of the pyramids
as equal to those of the cube,

€¢) Therefore, we can say that the volume of the ’ YT
pyramid is squal to obe—third the volume of
the cube having the same base and height. ' &
Because this cube is formed of three equal 5

pyramids, each with a base and height equal
to that of the cube or prism,

v
) Pormulatd e ,P"i‘"

g) Ldentify the lines: #first
of the cube (cube edges are the

02 gides of the squares that form
it.) Then, the special right-
X ¥
Vo ™ # angled iscscelas and scalene

trianglez that form the lateral

surfaces of the pyramid,

Introduce the trianmular pyramid and give the nomenclature:
this L8 a regular (note equilateral base) right trisnrular
pyramid.

Compare the tall and short prisms (triangular). Note that
the height of the short prism is 1/3 the height of the
tall, measuring off as before.

Build a steeple with all three figures (see figure), noting
that all three hawe equal bases,

How the child will easily deduce the relationship of 1:3
between the tall prism and the shert prism and betwssn
the tall pris=m and the pyramid. . .

concluding: The regular right triangular prism is equivalent
to that triangular prism baving a base equal to the base of
the pyre=id and a height equal to ene-third the hefght of the
pyTamid, 1

/ h
then: Vg, =M X 3
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SOLIDS OF ROTATION: The Third Fas=ily

Pregeptation #l:

The Volume of the Cylinder

Material

1

2.

Fresentation #2:

1.

1a

Give the nemenclature and etvmology of 1.
the eylinder, Show the new solid simul-
tanecusly with the regular right hex-
agomal prism. ROLL first the hexagon (a
poor reller) and thenm ROLL THE CYLINDER.

Compare the lateral faces of the two

prisms: the concept of the cylinder as
the 1imit of the regular prisms. ROLL
WEMAGAIHTGE-EH-&SEEEIEEM?L

2.

Hoer will we calculate the wvolums of the
eylindet?  The formula.

3a

S0. . .VCp = {Tr)

The Volume of the Cone

Homenclature and etymology.
Tdentify base, height, point of the
cone,

Introduce the SAORT CYLINDER:
the base of the cones
identifying egual bases.

The regular right hexagonal prisa, bex #l.
2. The right circular cylinder, box #2.

This is a cylinder. The word cylinder
peans "envelops! . . “surrounds all.”

It alse means "it rolls.”

What is the shape of the base?

8o this is a circular cylinder,

snd because the line traced from the
eesnter of one bagse to the center of the
lower base forms a perpendicular with the
plane, it is a right cireular eylinder.

How many faces does the regular right
hexagonal prism have? 6

Imagine a prism of 100 faces, then 200,
to an infinite nusber of faces. . .until
we come to the cylinder, the limit of
the splid prisos.

The cwvlinder Tolls wvery fast,

I know hew to caleulate the volume of
thiz prism: ?ﬂ‘p =b X h,
But here the base iz a eirecle. . .

Xh OR VopuwidgXh

This is a vight circular cone,

The base iz circular. . .and that line
dropped from the vertex would pass thra
the center of the base and form a
perpendicular with the plane,

"Cone" comes from two words: one mean-
{ng "pine cone (conifercus)™ and the
other from "home™ which iz a stone with
this shape once wged to sharpen knives.

identify the figure. Identify the base as equal to
Shew also the TALL CYLINDEER.

Build a steeple with the three,

Then measure the befight of the short cylinder with that of

the +all cylinder:s 1/3 he
3, Show the two cylinders, reidentifying them as the limit of the prisms,

Then show the THREE PIRAMIDS, the triangular, the square and finally the cone, and

identify the cone azs the limit of the pyra=ids,

having an infinite number of sides.)

(It is a right pyramid, the base

b, Conclusions: Fnowing the volume of the c¥linder, I can cilculate the volume of the
cone because the cone has the same relaticnship to the eyvlinder that the nyramid
has to the prism, So I ¢can organize the formula in the same way: the volume of
the cone iz equal to the volume of that eylinder having an equel base and height
to the cone DIVIDED BY THREE.

¥ = "hl' X h
SOnE "T
And, . .we oust Temczber that the base of the f£i is the circle, zo again the
caleulation for the area of the base must be 1T .
a

Demonstrate the equivalence of the right circular cone and the short cylinder,

NOTE: If these pieces are constructed of the same wood, they will have equal weight,

an interssting and important part of the demonstratienm,



Volmme, . .

Prezentation F3: Formation of the Solids

Materials

1.

2,

S

=1

generates the surface of the solid: here the ?;"" " -
cylinder, Botate the piece in the sand, NOTE =h =
" the RESULTING PATTERN IN THE 3AMD, the base of F

1. Paper, Heavy blue cardboard from which we cut the figures of the sllipse and oval.
2. 3Sand,

3, The plane insets: from the metal fractional inszets, the rectangle formed by the

epedian in the square divided into halwves. The half from the circles, The half -
of the egquilateral triangle.

Pour some sand on the paper,
Take £irst the rectangle and and hold it

vertically in the midst of the sand: identify
the axis and the generatrix, that adge which

the crlinder, Bt o

Bepeat the experience with the right-angled scalene trisngle from the metal insets

(% the equilateral triangle.) The generatrix generates the cone; here the generatrix
iz the hypotenuse of the figure. The long leg Iz the pxiz of rotatism, The short
leg gives the base pattern in the sand. The point of the triangle becomes the vertex
of the cone,

IRTROICE THE THREE CIRCULAR S0LIDS: the sphere, the ellizcid and the ovoid,

a) Using the half of the circle from the metal insets, rotate the fignre in the
sand, the dismseter now being the axis of rotation, the semi-circumference
the generatrix, MMENCLATUERE: “Sphere™ means "ball,”™ We note that the
rotation of the half circle generates the solid of the sphere,

b) Using the frame of the ellipse, cut the ellipse from stiff cardboard, then
fold the cut-out firure on the major axis and cut im half. Bepeat the
rotation exercise in the sand with the half-ellipse, using the major axis as

the axis of rotation.., ROMENCLATURE: The #1lipsoid is called "prolate spheroid,”™

meaning that it is a relative of the sphers, but something happened to that
sphere-——it was stretched,

¢) Trace the oval on paper in the same way, cutting on the major axiz and using
one half to show the generation of the oveid in space,

Display the three circular solids, their frames and the inset figures from the cabinet,
Demonstrate the diameter(s) by showing the solids in
the plane inset framess
a) The circle of this frace represents the maxiom
eircle of this sphere. Casting a light on this solid
would give us this cirele shadens,

b) Ome picture of the ellipsoid weuld be that one we
see when we show the ellipsoid in the ellipse frame.
But we can also get a gsecond picture: showing the e11i-
pse (by the minor axis position) in the frame of the
6 co, diameter circle frame. The pioture from this end
will be a circle of 6 cm, diaseter.

e) By showing a series of frames (using the frames of the
circles from the circle drawer) on the oweid, we ses that
we could have many pictures of this solid, There are circles
of an infinite nusber of diffesrent diameters repoesented in
this solid. . .50 we cannot have a fixed rule for each oval
or ovid wvhen calculating the area and the volume,

3



Volome, . .,
Solids of Rotationi.. .

b Presentaticn #: The Volume of the Sphers

A 1., TIntroducing the problem: To find the volume of the sphere, we must know the
;' * area (A) of the spherical surface, . .because we can observe that there is no dif-
ferentiation between the faces and the bases, Archimedes discovered for the first

i time the wolmme of the sphere, . .and the ares of the spherical surface. This was

confirmed later by Galileo, and then bv his & sciple  Bonaventura Cavaliesrci during

the first half of the 17th century. Cavalieri was a professor at Bologna. And it

is from his work that the theory of the ares of the spherical surface takes its name,
These mathematiciana discovered that the area of the scherical surface iz equal

to the area of the maximm circle of the sphere times &, . . OR. -.AI =0 -

This maxisum circle times & gives gives us the area of tha spherinﬁ surface of that

sphere having the same dismeter as each cirele, AND, , .those four circles give

2 new ¢ircle which Iz four tizmes the area of one of then,

INTRODUCE CARDEDARD CIRCLES AS SH0WH: A M 4 = Y, mim;

; ATRX H = daris)®
3: = . -.-1:; 34 = —apkarical awrface
w yirer Mﬁim&f of e e

: . Ao = mre tunede. :
= HYrr(5)% 0 o 5 Ipf = TR
. _ roo = i
e nadices of dthe ma) torcis 0 =

@ﬂi.ﬁhumimmﬂ.- { {
e Mﬂ’.&%ﬂﬂmm Fe 2,

BOTE: We can prove this equivalence as shown above (four circles equivalent to the
larger one) or we can prove the equivalence by weight. Then measure both radii,

2., INTRODUCE THE SHORT COME, that cone with 2. We caleculate the volume of the sphere

a base equal to the spherical surface of with the formula we have developed for
the sphete smd a helght equal to the the pyramids amd the cone:
radins of the sphere. Vg = .-':Fi".E_E;l sutface X T

BECAUSE the sphere is equivalent to

T thiz cona, ]

“-ﬁ- bt - ¥hy? The new cons has a base equivalent
& 'MJ’WF‘ to the spherical serface of the sphere

Hote that the new cone (wooden neutral) has (b)) znd a height (h) aqual to the radius

a base that is four times the area of the of the sphere.

10 cm. diameter circle, the largest circle
of the sphere.

.

- 2
3s Concluding the Formulac: Vg = E‘-_.Eﬁ g Vs -% =

B. Ve have now discovered three solids equi-

valent to the sphere: 2.9,
\ A =20 (¥xr) = e
\ %= fr':"'{-:""::-Z ) Veune

i :i‘w:%@.em

= =t
r‘l-s B P
@ = — 4 ¥ b7 Ve = rdef = (52 - .07
£ o 7L

| regres)
A = - : “ 3.4 xAEX L.LT =523.5..
; = #Tre™ = ¢ _#Or2.y  Harish. 5
. 3 é{‘i:fb :'_ir':-‘-' _15..;' Vl;n.-' T -—%-i__

570% 3 ] = 523 3

' = ﬁﬂ'\?-i ;
{ WOTE: The two cones pre equivalent because they have the same proporticns, but thosze

imtnsions are inverted., We have already proven the equivalence between the
tall cone and the short cylinder, ]



Yolume, . .
The Volume of the Sphers=, , .

The secret of the squivalence transformation from the sphere to the short cone is
in the rerplar polvhedrons. We have five rerular polyhedrons: tetrahedron (four

equilateral triangles), cube (hexahedrom) (six squares), octahedron (eight e=quilateral 4
triangles), dodecahedron (twelwve pentagons), and the icosahedron (twenty equilateral P
triangles.) b |

The icosshedron iz composed then of 20 faces (twenty equilateral triangles), . ,OR, . .
twenty regular right triangular pyrapids, The keight of each pyramid will ba the
distance from the mid-point of the side to the center (the altitude of the pyramid.)
Then, if we opened that icosahedron so that each of the faces became a base on the
same Plane, we would have s patiern of pyramid vertices with which we could show a
pro0f similat to the proof of the refular polygonm trianmgle conversion, That i=s, con-
necting ome vertex to the base of ¢ach pyramid, we could transform that volume into
the volume of a single pyramid.

Then, if we have an icosahedron of 100, 200, 1,000,000 pyramids, we begin to aprroach
the limit of such a proof. Until we have the sphere which iz the 1imit of those
polyhedrone with an infinite nmumber of faces, BEach point on that spherical surface is
then the base of a hypothetical pyramid or a cone, And we can transform this regular
bedron in the same way, with the resulting short cone of ocur proof. The.cone will have
A baze squal to the spherical surface and a height equal to the radius of the aphere,

Going on from here, . .to the Volume of the Ellipsoid and the Ovoid. . .

to Totel and Latersl Surfaces of the Solids,

The Study of the Five Regular Polyhedrona

Analvsis of the Regular Folyhedrons and the Caleuvlation of their Volume

and Chapter VI, Relationshipa '



